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THE  PREFACE. 


•HTHE  principal  objeft  of  the  prcfent  Oollcdlion  of 
TraAs  is  to  explain,  and  illuftrate  by  examples, 
Mr.  Raphfon's  and  Dr.  Halley's  Methods  of  Refolving 
Aflfe£ted  Algebraick  Equations  by  Approximation,  and 
to  compare  thefe  two  methods  with  each  other,  in  order 
to  be  able  to  form  a  judgement  of  their  refpe£live  merits 
and  determine  to  which  of  them  we  ought  to  give  the 
preference.  With  this  view  I  have,  in  the  beginning  of 
the  Book,  reprinted  Dr%  Halley's  Difcourfe  on  this  fub- 
jeft  from  the  Second  Volume  of  the  CoIle£lion  of  Trafls 
called  Mifcellanea  Curiofa^  which  was  publifhed  in  the 
year  1708.  In  this  Difcourfe  (which  is  written  in  a  very 
concife  and  obfcure  ftyle,)  Dr.  Halley,  firft,  gives  an 
account  of  what  had  been  done  by  Mr.  Raphfon  and 
Monfieur  De  Lagnj  of  Paris  with  refpe£t  to  this  bnf^pefs 
of  refolving  equations  by  approximation,  and  particularly 
in  the  refolution  of  pure  equations,  or  the  extradion  of 
die  roots  of  numbers,  and  then  proceeds  to  defcribe  his 
own  method  of  refolving  affeBid  equations  of  all  degrees 
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by  approxiipnation)  which  he  confiders  as  a  great  improve- 
ment of  the  method  that  had  been  given  by  Mr.  Raphfon 
for  the  fame  purpofe.  This  defcription  is  but  ihort, 
being  contained  in  only  two  pages,  to  wit,  pages  12  and 
1 3  of  the  prefent  publication  j  and  it  is,  in  my  opinion, 
very  obfcure  and  difficult  to  underftand :  but  it  is  illuf- 
trated  in  the  following  p^ges  of  the  Trafl,  (to  wit,  pages 

14>  159  ^c 21,}  by  being  applied  to  the  refolutibn 

of  three  numeral  equations,  to  wit,  the  cubick  equation 
«f*  —  fjx*  +  ^^x  =  350,  the  incompleat  biquadratick 
equation  *♦  *  —  3**  4-  75;^  =  io,ooo,  and  the  com- 
pleat  biquadratick  equation  I4,937x  —  1998**  +^  80** 
—  :r*  =  5000.  This  Difcourfe  of  Dr.  Halley  I  have 
endeavoured  to  explain  and  illuftrate  in  a  very  long 
Appendix  to  it,  which  extends  from  page  25  to  page  183, 
atid  of  which  the  principal  contents  are  as  follows : 

The  firft  X2  pages  of  this  Appendix,  to  wit,  pages  25, 
26,  &c,  -  -  -  -  37,  contain  a  very  full  defcription  of 
the  grounds  of  both  Dr.  Halley's  and  Mr.  Raphfon's 
methods  of  refolving  equations  by  approximation,  and, 
indeed,  of  all  other  methods  of  the  fame  kind ;  which 
con  flit  of  the  four  following  operations  i  to  wit,  in  the 
fird  place,  to  find,  (by  a  few  eafy  conjectures  and  trials, 
with  fmall  numbers  confiding  of  one,  or  two,  figures, 
or  by  fome  other  method  fuggeded  by  the  conditions  of 
the  ^equation,  or  of  the  Problem  from  which  it  is  de- 
rived,) a  tolerably  near  value  of  Xy  or  the  unknown  root 
of  the  propofed  equation  ;  and,  fecondly,  (calling  the 
{aid  near  value  ^,)  to  put  z  for  the  unknown  difference 
between  a  and  the  root  x  ^  and,  if  a  is  lefs  than  x^  and 

confcquently 


THE    PREFilCB.  Vll 

eonfe<)ueAtly  x  Is  equal  to  a  +  ^i  to  fubftitute  the  bine* 
mial  quantity  a  +  »  inftead  of  x  in  the  terms  of  the 
original  equation }  and^  if  a  is  greater  than  x^  and  con* 
fequently  x  is  equal  to  a  —  2;,  to  fubftitute  a  -^z  inftead 
of  A^  in  the  terms  of  the  original  equation  j  by  which 
fubftitution  the  original  equation,  of  which  the  un- 
known quantity  x  was  the  root,  will  be  transformed 
kito  another  equation^  of  which  the  unknown  quantity  z 
(which  is  much  lefs  than  x,  and  ufually  lefs  than  a  tenth 
part,  and  often  lefs  than  a  hundredth  part^  of  it,}  will  be 
the  root ;  and,  thirdly,  to  omit,  or  rejeA  from  the  faid 
fecond,  or  transformed,  equation,  of  which  z  is  the  root^ 
all  the  terms  that  involve  any  higher  powers  of  2  than 
it's  fquare  ziHf  or  than  it's  fimple  power  z;  and  then,  in 
the  4th  and  laft  place,  to  refolve  the  remaining  equation 
{which  will  be  either  a  quadratick  equation  or  a  fimple 
equation,  according  as  the  terms  involving  zz  are  retained 
or  reje£ted,)  in  the  common  methods  given  for  that  pur* 
pofe.  For  by  thefe  operations  we  (hall  obtain  a  near 
value  of  the  fecond  unknown  quantity  z,  and  confe- 
quently  a  near  value  of  a  +  »,  or  a  —  «j,  or  of  the 
root  X  of  the  original  equation,  which  will  be  nearer  to 
it's  true  value  than  the  former  near  value  of  it,  ^,  was. 
Thefe  operations  are  the  grounds  of  both  Dr.  Halley's 
and  Mr.  Raphfon's  methods  of  approximation  :  and  the 
difference  between  them  is  only  this ;  to  u  ic,  that  Dr. 
Halley  retains,  in  the  fecond,  or  transformed,  equation, 
of  which  z  is  the  root,  all  the  terms  that  involve  the 
fquare  of  z  as  well  as  thofe  that  involve  it's  fimple  power, 
and  is  thereby  under  the  neceflity  of  refolving  a  quadra- 
tick  equation  in  order  to  obtain  the  value  of  z  ;  whereas 
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Mr.  Raphfon  rejeds  all  die  terms  that  tnToIve  the  fquare- 
of  z  as  well  as  thofe  diat  involve  2;',  k\  8%  and  it's 
other  higher  powers,  and  retains  only  the  terms  that  in- 
volve the  fimple  power  of  a,  or  z  itfelfy  and  by  fo  doing 
is  enabled  to  find  the  value  of  %  by  refolving  only  a 
fimple  equation.    The  confequence  of  this  difference  is, 
that  the  value  of  z  obtained  by  a  fingle  procefs  of  Dr. 
Halley's  method  will  be  more  exz&,  than  the  value  of  St 
obtained  by  a  fingle  procefs  of  Mr.  Raphfon's  method  } 
but  the  difficulty  of  obtaining  it  is  confiderably  greater 
in  the  former  method  than  in  the  latter.    How  far  one 
of  thefe  advantages  counter-balancea  the  other,  and  which 
of  the  two  methods,  upon  the  whole,  deferves  to  be  pre- 
ferred to  the  other,  can  only  be  determined  by  a  clofe 
and  carefull  comparison  of  the  two  methods  with  each 
Other  in  the  application  of  them  to  the  refolution  of  the 
very  fame  numeral  equations,  and  by  carrying  the  invefti- 
gations  of  the  roots  of  thofe  equations  to  the  fame,  or 
nearly  the  fame,  degree  of  exaclnefs,  or  to  the  fame,  or 
nearly  the  fame,  number  of  figures,  by  both  the  methods. 
This  therefore  is  what  I  have  endeavoured  to  do,  with 
refpeS  to  the  three  numeral  equations  above-mentioned, 
(which  have  been  refolved  by  Dr.  Halley  in  the  preceed- 
ing  Tra6l,)  in  the  fubfcqiuent  pages  of  this  Appendix. 

The  cubick  equation  x^  —  17.V*  +  54.V  =  350  is  that 
which  is  firft  examined :  and  the  refolution  of  it  begins 
in  page  37,  and  ends  in  page  49,  taking  up  12  pages. 
In  pages  38  and  39  I  fliew  how,  by  various  eafy  reafon- 
ings,  -conjectures  and  trials,^we  may  conclude  that  the, 
true  value  of  a?  is  fomewhat  lefs  than  the  number  15. 

9^  And 
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And  then,  putting  a  for  15,  and  e  (in  conformity  to 
Dr.  Halle/s  notation,)  for  the  unknown  difference  of  a 
and  x^  I  fubftitute  a  — -  ^  inftead  of  «  in  the  equation 
x^  —  17**  +  54*  =  350,  and  thereby  obtain  the 
transformed  equation 

tf'  —  3/jV    +   yie"  —  #» 

==  3io,  which,  (by  fubftituting  in  it,  inftead  of/i,  n*, 
and  A%  their  feveral  numeral  values  15,  225,  and  3375, 
and  by  making  the  fubtraflions  and  additions  of  the  terms 
which  are  neceflary  to  bring  all  the  unknown  terms,  or 
terms  involving  e^  to  the  left-hand  Cde  of  the  equation,) 
becomes  219^  —  28^*  +  e^  =  10.  From  this  equation 
I  then  rejeft  ^%  as  being  very  fmall  in  comparifon  0/ 
219/ and  28^%  and  thereby  obtain  the  quadra  tick  equa- 
tion 219^  «^-  28^*  =s  10 }  which,  by  a  divifion  of  all  it's 

terms  by  28,  is  reduced  to  the  equation  — g-    —  f*   = 

— r- .'    And,  this  equation  being  rcfolved  by  the  propor 

methods  of  refolving  quadratick  equations,  we  find  that 

.  .    ^  ^  2"9    ,     216.427,817  8rc  ai9 

it^s  two  roots  are  —  +    '  ,   and  -—  — 

56  56  56 

^  '       i    of   which,    ( by    proper    reafonings 

grounded  on  our  knowledge  of  the  limits  between  which 
the  original  unknown  quantity  x  muft  lie,)  we  conclude  , 

.1  X.\    rr  210  116.427,817,    &C  .,         , 

that  the  leffcr  root  -^  —   l-il.-L2 mufl  be  the 

56  56 

value  of  e  that  Is  wanted  for  our  purpofe*   And  therefore 

23  .  wc 
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wc  conclude  that  f,  or  the  difference  between  15  and  x^ 

will  be  nearly  5=    — ~    —    — ( = 

2.572,183,  &c  .  J         r  .1      1 

— ii — --= )   =  0.045,932,  and  conlequently  that  ap, 

or  a  —  ey   or    15  —  /,    will  be,    nearly,    =    ij    ~ 
0.045,932   =    14.954^068.  <^  E.  I. 

Having  thus  gone  through  the  refolution  of  the  equa* 
tion  x^  —  jjjr*  +  ^^  =  350  by  Dr.  Halley's  method^ 
I  pi^oceed  to  refolve  it  by  Mr.  Raphfon's  method,  begin- 
ning the  approximation  to  the  value  of  x  from  the  fam^ 
number  15,  which  was  taken  for  a^  or  it's  firft  near 
value,  in  the  foregoing  r^folutioQ  of  the  equation  by 
Pn  flalley's  method- 

By  fubftituting  ^  —  /  inftead  of  k  in  the  equation 
x^  -^  lyjr*  +  54flp  =  350  w^  transform  it,  as  before, 
into  the  equation 

3^»  —  e^ 


1       —  17^**  +  34^^  —  17^* 


=  350  ;  and,  by  rejcfting  from  this  equation  the  three 
terms  yie^  —  17^*  — r  ^*,  (which  involve  the  fquare  and 
cube  of  ^,)  we  reduce  it  to  the  fimple  equation  a^  — 
:  17/1*  +  54/?  —  yi^a  4-  34^7<r  —  54*  =  350,  which  (by 
•  fubftituting  in  it,  inftead  of  «,  «%  and  a',  their  refpcc- 
tive  values  15,  225,  and  3375,  and  by  making  the  proper 
fubtra£lions  and  additions  of  the  terms,  to  bring  all  the 
ynknown  terms,  or  terms  involving  ^,  to  the  left*hand 

fide 
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fide  of  the  equation,)  becomes  219^  =  lO.  And,  tlus 
cafjr  fimple  equation  being  refolved  (by  dividing  both* 
fides  of  it  by  219,  the  co-efficient  of  e^)  we  have  e  =» 

-—  =  0.0456,  and  confequently  x^or  a  —  e^  or  15  — •  r, 

nearly  =  15—  0.0456  =  14.9544.  .    <^  e.  i. 

This  procefs  is  evidently  much  (horter  and  fimpler 
than  the  foregoing  procef^  by  Dr.  Halley's  method,  and 
gives  us  the  value  of  x^  or  the  root  of  the  original  equa- 
tion x^  —  1 7**  +  54^  =:  350,  exadl  to  five  places  of 
figures,  the  error  of  the  nulnber  14.9544  beginning  only 
in  Ac  laft*  figure  4,  which  in  the  more  accurate  value  of 
jr  is  a  cypher.  This,  however,  is  a  very  confiderable 
degree  of  exa£inefs  obtained  by  a  fingle  procefs  of  Mr. 
Raphfbn's  method,  which  Is  much  eafier  than  the  former, 
or  correfponding,  procefs  of  Dr.  Halley's  method. 

I  then  proceed,  in  pages  46,  47,  48,  and  49,  to  find  a- 
more  exad  value  of  Xy  or  the  root  of  the  propofed  equa* 
tion  x^  —  i^x^  +  54J?  =  350,  by  means  of  a  fecond 
procefs  of  Mr.  Raphfon's  method,   taking  i4'*954>  (or 
the  five  figures  that  are  exaft  in  the  number  14-9544, 
which  was  obtained  by  means  of  the  former  procefs,)  for 
the  ground-work  of  the  new  procefs.     I  therefore  fub- 
ftitute   14*954  inllead  of  x  in  the  trinomial  quantity 
4?*—  17X*  4-  54^,  and  finding  that  the  refult  of  this 
fubftitution  is  =  349*985,150,664,  which  is  lefs  than 
the  abfolute  term  350, 1  conclude  that  14.954  is  lefs  thaiit- 
the  true  value  of  ;v,  and,  putting  c  for  14.954,  and  /* 
for  the  unknown  difference  by  which  this  number  falls 

a  4  (hort 


XU  THI    F]tEFAC9« 

fliort  of  the  true  value  of  x^  I  fubftitute  the  bioonual 
quantity  e  +y  inftcad  of  fc  in  the  equation  m^  —  ijx^ 
+  54jr  ss  350 }  hj  which  it  is  transformed  into  tha 
equation 

—  17^*  —  34c/  —iir  }  =  3S<^ 

+  54^+54/* 

I  then  rcje£i  from  this  equation  the  three  terms  y/^^ 
—  I7/S  and  +  /*,.  agreeably  to  Mr.  Raphfon's  direc- 
tions; and  the  remaining  terms  form  the  fim  pie  equation 

<*  +  3^y—  '7^*  -  34{/*+  54^  +  54f  "c^^y  =  3S0». 
which  (by  fubftituling  in  it's  terms^  inftead  of  c,  c\  and 

r^,  their  feveral  numeral  valuesi  and  by  making  fuch 
additions  and  fubtra£^ions  of  the  feveral  terms  as  are 
neceflary  to  bring  all  the  terms  that  involve  the  unknown 
quantity  f  to  the  left-hand  fide  of  the  equatioui)  pro- 
duces the  fimple  equation  216.430,348  X  /  ^  0.014^ 
849,336.  And  the  refolution  of  this  laft  equation,  (by 
dividing  both  fides  of  it  by  216.430,348,  or  the  co-effi« 

cient  of/,)  gives  us/  (=  ^^^^^)  =  0.000,068, 

610,2.  Therefore  ;r,  or  r  +/  or  14.954  +/  will  be 
nearly  (=  14*954  +  0.000,068,610,2)  =  14.954,068^ 

6;0,2.  •  Q.   E.   I. 

This  number  14.954,068,610,2  is  probably  true  in  all 
it^s  twelve  figures.  But  it  is  certainly  fo  in  the  firft  ten 
figures  14.954,068,61 ;  of  which  the  firft  eight  figures 
14.954,068,  are  the  fame  as  thofe  of  the  former  value 

of 
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of  If,  which  was  obtsuned  liy  Dr.  Halley's  method  of 
approximation.  So  that  one  procefs  of  Dr.  Halle j^s 
method  of  approximation  gives  us  the  Talue  of  x  in  the 

cubick  equation  4?*  —  17**  +  54*  =  35^  ^^^^  *© 
eight  figures  by  the  refdutiqn  of  the  quadratick  equation 
219/  —^  a8<*  ^  iOi  which  has  two  roots,  of  which  tho 
lefler  is  the  value  of  f  wanted  for  our  porpofe ;  and  two 
proccfles  of  Mr.  Raphfon's  method  of  approxxmattoo 
give  us  the  value  of  the  fame  quantity  exa£l  to  at  leaft 
ten  places  of  figures  by  the  refolution  of  the  two  fimple 
equations  219*  =  10,  and*2i6.4309348  >Jc  /  =  0.0149 
849)336.  The  reader  muft  now  judge  for  himfelf  to 
which  of  thefe  two  methods  he  will  give  the  preference. 
For  my  own  part,  I  give  it  to  Mr.  Raphfon's  method. 

The  next  equation  to  be  confidered  is  the  iacompleat 
biquadratick  equation  ••  —  34r*+75;p=  io,ocx>. 
This  I  therefore  proceed  next  to  refolvc,  firft,  by  Dr. 
Halley's  method  and  afterwards  by  Mr.  Raphfon's^  in  a 
-strj  full  and  diltinc^  manner,  in  ^agcs  49, 50,  5  i|  &c  -  •  65. 

And,  in  the  firft  placC)  in  pages  50  and  51  I  find,  by 
means  of  fome  eafy  conjedutes  and  trials,  that  the  value 
of  X  in  this  equation  will  be  greater  than  9,  but  lefs  than 
10,  and  nearer  to  10  than  to  9.  I  therefore  make  ^  =  10, 
and,  putting  e  for  the  difierence  between  a  and  Xy  fubfti* 
tute  a  —  f  inflead  of  x  in  the  propofed  equation  ;c*  •  ^^ 

3**  +  75^  =  lo,ooo ;  which  is  thereby  transformed  into 
die  equation 
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+  75«—  7S^ 


c:  io>ooo.  From  this  equation  I  then  rejcfl)  according 
to  Dr.  Hallcy's  diredions,  the  two  terms  —  4ae^  +  f*, 
which  involve  in  them  the  cube  and  founh  power  of  /» 
and  thereby  reduce  the  faid  equation  to  the  quadratick 
equation 


/ 

t       +  7S«  -• 


6ae    ^  y"-  y-    10,000, 

7S«  -  75^ 


which  (by  fubftituting  in  it,  inftead  of  /i,  tf*,  a\  and  fl\ 
their  feveral  values  10,  100, 1000,  and  io,ooo,  and  mak- 
ing the  feveral  additions  and  fubtradions  of  die  terms 
which  arc  neceffary  to  bring  all  the  terms  that  involve  the 
unknown  quantity  e  to  the  left-hand  fide  of  the  equa- 
tion,) be(:omes  changed  into  the  numeral  equation  4^15^ 
—  597^*  =  45  b,  and  (by  dividing  all  the  terms  by  597, 
or  the  co-efTicient  of  ^*,)  into  the  equation  6.725,293 
X  r  —  ^^  =  0.753,769,  which  is  a  quadratick  equation 
duely  prepared  for  refolution. 

This  quadratick  equation  I  then  proceed  to  refolvc, 
and  find  that  it  has  two  roots,  to  wit,  3.362,646  + 
3.248,633  and  3.362,646  —  3.5148,633,  of  which  (by 
confidering  the  limits  of  the  magnitude  of  x^  or  a  —  ^,. 
which  is  known  to  be  lefs  than  ic,  but  greater  than  9, 
which  makes  it  ncccflary  for  e  to  be  lefs  than   j,)  I  find 

that 
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that  the  Icflcr  root  3.362,646  —  3.248,633  muft  be  that 
which  win  be  fuited  to  our  purpofe,  or  will-  be  nearly 
equal  to  the  diffcrcncie  between  a,  or  '10,  and  x.  I 
therefore  conclude  that  f  will  be  nearly  =  3  362,646  — 
3^248,633  =  0.114,013,  and  therefore  that  ^,  or  <j  —  e, 
or  10  —  f,  will  be  nearly  :^  16—^0.114,013  or  (nc- 
gle£^ing  the  three  laft  figures  013,  as  probably  not  exaCb) 
s=^  10  —  0.114  =c  9.886.  Q.  B.  I. 

•This  number  9.886  appears,  upon  a  trial  of  it,  to  be 
Y^y  nearly  equal  to,  but  fomewhat  lefe  than,  the  true 
▼aliie  of  X  in  the  propofed  equation  ;r4  *  ^—  3**  +  75* 
cs  io,ooo.  In  order  therefore  to  find  a  more  accurate 
value  of  *,  I  put  e  for  9.886,  and  /  for  it's  unknown 
difference  from  the  true  value  of  x^  and  fubftitute  the 
binomial  quantity  c  -h  f  inftead  of  a*  in  the  equation 
jr4  •  —  2x*  -f,  y^^  -s;  10,000  J  by  means  of  which  fiib- 
ftitution  the  faid  equation  is  transformed  into  the  equation 

^*  -*-  4^*/  +  6ry»  +  4^  +  y* 


J      ^  yc  -^   bcf  -^ 

I     +  75^+  75/ 


=  10,000,  of  which  the  fmall  quantity  /  is  the  root, 
I  then  rejeft  from  this  equation  the  two  ^erms  \cf^ 
and  f^j  which  reduces  it  to  the  quadratick.  equation 

io,oop  i      ^ 


-  zee  -  bcf  —  3/* 
+  75^  +  75/ 


and  (by  fubftituting  in  this  laft.  equation,  inftead  of  r, 
c\  c\  and  r*,  their  fcveral  values  9.886  and  it*s  fquarc, 

cube, 


•  •.•_ 
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citbe,  and  fourth  power,  and  b]f  making  the  fcveral  a<iU 
ditions  and  fubtraf^ions  of  the  terms  which  ar^  neccfiary 
10  bring  all  the  terms  that  involve  the  unknown  difier- 
ttiQcf  to  the  left-hand  fide  of  the  ec^uacion,)  this  equar 
tipn  is  converted  into  the  numeral  equation  3880.437, 
593,824  X/+  583'397>976  X/r=  o  oio^8o,863,984i 
and  this  equation  (by  dividing  all  it's  tenns  by  583*3979 
9769  or  the  numeral  co-efficient  of//*)  is  further  re* 
duced  to  the  equation  6.651,441,646  X  /  +  ff  = 
0»oOQ^oi7y965,204,569,0339  which  is  a  quadratick  equa^ 
tioii  duely  prepared  for  refolution.  This  equation  (which 
has  only  one  root,)  is  then  reiblved,  but  not  without  a 
great  deal  of  laborious  calculatior^  %  and  it's  root  J  is 
Sound  to  be  =  0.000,002,700.  Therefore  x^  or  €  '{rft 
or  9.886  +^  is  nearly  (=:  9.886  +  O.opo,oo2,70!o)  ss 
9*886,002, /CO ;  that  is,  the  root  of  the  propofed  Uqua^ 
dratick  equation  is  nearly  equal  to  9.886,002)700. 

<^  fi.  I, 

Dr.  Halley  makes  this  root  to  tre  nearly  equal  to 
9.886,260,393,649^5.  But  I  believe  he  mud  have  made 
fome  midake  in  his  calculation,  becaufe  the  other  value 
of  X  here  found,  to  wit,  9.886,002,700,  is  confirmed  by 
the  lecond  refolution  which  I  have  made  of  this  equation 
by  Mr.  Raphfon's  method.  This  fecond  refolution  is  as 
follows : 

Let  10  be  taken  for  a,  or  the  firll  near  value  of  x  m 
the  equation  a?*  *  -^  3.r*  -f  75^'  =  io,oco,  as  it  was 
in  the  foregoing  refolution  of  that  equation  by  Dr.  Hal- 
ley's  method  ^  and  let  ^  r—  ^  be  fubftituted  inftead  of  x 

in 
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in  tlie  three  tcnns  •,  3^*,  and  75^.  Then  wM  the 
tnnsformed  equation  refvking  from  fnch  fubftitution  be 
(as  before) 


—  3fl»  +  bae   —  y* 


—  4tfr*  4-  #♦ 


rs  iO|OOQ^  wfajich,  by  rcjc£ling  the  four  terms  6flV  -^ 
^^  —  40^  +  ^  according  to  the  dirediiona  of  Mr. 
Raphfosy  will  be  reduced  to  the  fimple  equation 


{«♦  —  4ilV 
—  3<j*  +  bae 
+  75«  -  75' 


=     IO,0CO. 


And  this  laft  equation  will  (by  fubftituting  in  it's  terms, 
inflread  of  tf,  a\  /i',  and  «♦,  their  feveral  values  10,  100, 
1000,  and  I0|0oo,  and  by  making  fuch  additions  and 
fubtraflions  of  the  terms  as  are  neceffary  in  order  to 
bring  all  the  terms  that  involve  th«  unknown  quantity  e 
to  the  left-hand  fide  of  the  equation,)  be  converted  into 
the  Ihort  numeral  equation  4015^  =  450.  And  the  re- 
folution  of  this  lafl:  equation  (by  dividing  both  fides  of  it 
by  4015,  the  co-efficient  of  the  unknown  quantity  ^,) 

gives  us  r  (=  — —  )  =  0.112.     Therefore  jf,  or  a  — ^» 

or  10  — f,  will  be  nearly  =  ic  —  ana  =  9.888  ^  or 
the  fecond  near  value  of  x  in  the  propofed  equation 
^*  —  3**  +  75*'  =  io,ooD,  obtained  by  this  firft 
procefs  of  Mr.  Raphfon's  method  ol  approximation^  will 
be  9  888.  Q^  E.  I. 

Tha 
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pofed  equation  ;r*  ♦  —  3**  +  JS^  =  zo,ooo,  but  with 
«n  omiflion  of  the  terms  that  involve  either  g\  g*,  or  ^, 
agreeably  to  Mr.  Raphibn*8  diredions ;  and  by  this  fub- 
ftitation  I  transform  the  faid  equadon  into  a  fimple 
equation^  which,  when  the  terms  of  it  are  properly 
rangedi  becomes  the  equation  3880.449,261,795,383,204 
X  g  ^  0.028,313, S70»294i077,i44,0i.  And,  this  laft 
equation  being  refolved  by  dividing  both  fides  of  it  by 
the  eo»efficient  of  g^  we  fliall  have  g  (^ 

d/)28,s  V3»; 709294,07  7, 1 44»oi  \  ^    z: 

— 00  /  Q       ' — )  ■=    0.000,007,206,467, 

388o.449,»6i,79S,383,ao4     ^  *      '*  ^'^  '* 

and  confequcntly  x,  or  9.886,01  — ^j  =  9.886,01  — 
0.000,007,296,467  =  9.886,002,703,533 ;  that  is,  the 
fourth  near  value  of  x  in  the  propofed  equation  jr^  *  — 
3**  +  75*  =  10,000,  obtained  by  this  third  procefs  of 
Mr.  Raphfon's  method  of  approidmation,  will  be  9.886, 
002,703,533.  q:  E.  I.  " 


Of  this  number  9*886,003,703,533  it  is  almoft  certain 
that  (if  no  miflakcs  have  been  made  in  the  calculation,) 
the  firft  ten  figures  9.886,002,703  are  txzCt.  And,  as 
the  firft  nine  of  them,  10  wit^  9.886,002,70,  are  the  fame 
with  the  firfi  nine  ligures  of  the  laft  value  of  x  that  had 
^en  found  by  the  fecond  procefs  of  Dr.  Halley's  method 
of  approximation,  to  wit,  9.886,002,700,  I  think  we 
may  be  confident  that,  at  lead,  thefe  nine  figures  muft 
be  exad,  and  therefore  that  Dr.  Halley*s  number  9.886, 
260,393,649,5,  given  above  in  page  15  for  a  mod  accu- 
rate value  of  X  fcarce  exceeding  the  truth  by  2  in  the 
laft  figure,  muft  be  erroneous. 

It 
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tt  feems  to  mc,  from  the  comparifon  of  the  two  mt- 
thods  of  approximation  in  this  example^  as  well  as  in 
the  laft|-  that  Mr.  Raphfon's  method  (which  proceeds  by 
the  refolution  of  only  fimpie  equations)  is  fo  much 
fimpler  and  eafier,  both  to  underftand  and  to  .pra£liCe» 
than  Dr.  Halley's  method  (which  proceeds  by  the  refo- 
lution of  quadratick  equations,)  that,  notwithftanding 
the  advantage  of  the  latter  method  in  giving  us  more 
new  figures  of  the  root  fought  cxzSLly^  in  every  fingle 
procefs  of  it,  than  are  given  by  a  (ingle  procefs  of  the 
former  method,  it  very  much  deferves  to  be  preferred  to 
thebtter,  or  Dr.  Halley's,  method* 

I  next  proceed  to  Dr.  Halley's  third  example,  which  is 
the  biquadrattck  equatioti  14,937^*  •*—  1998^^  +  Sck* 
—  ^  —  5000.  This  equation  he  juftly  confiders  as  a 
very  difficult  one,  becaufe  it  is  of  that.fprm  which  ad-* 
mits  of  four  different  affirmative  roots,  and  becaufe  ihtt; 
cd-efficients  of  x  and  4r%  to  wit,  14,937  and  1998,  ars 
very  great  numbers  in  comparifon  of  the  refolvend,  or 
abfolute  term,  5OC0.  And  in. truth  this  equation  hat 
four  affirmative  roots,  to  wity  the  decimal  fraAioil' 
0.350,986,045,866,06  &c,  the  mixt  number  12.756,441^ 
794,480,744,022,  Sccj  the  mixt  number  32.060,290,  &c» 
and  the  mixt  number  34.832,280,  &c*  But  of  thefe 
roots  Dr.  Halley  finds  only  the  fecond,  or  leaft  but  one, 
to  wit,  112.756,441,794,480,744,022,  6tc.  This  root 
therefore  I,  in  page  65,  proceed  to  inveftigate,  firft,  by 
Dr.  Halley's  method  of  approximation,  and  afterwards 
by  Mr.  Raphfon's. 

b  la 


tn  the  firft  place  I  todjefhire  that  jt?  id  nearly  equal  to 
16,  and  I  fubftitute  lo  inftead  of  x  in  the  qitadrinomial 

quantity  1493  7«  *^  ^S^P^^*^  +  ^^^  '^*'^f  ^^  ^  ^^^  ^^ 
value  of  the  faiA  quantity  refulting  from  that  fubftitutioti 
to  be  19)570^  which  is  almoft  four  timer  as  great  as  5000* 
or  the  abfolmte  tenn  of  the  propofed  equation.  I  then 
form  a  fecond  eonjediure  about  it's  magnitude,  and  fup* 
pofe  it  to  be,  nearly,  sc  12,  and  fubftitute  12  inftead  of 
X  in  the  qu^ddnomial  quantity  I4^379r  ««•  1998^^  + 
8d^  —  x^,  and  find  liic  refuk  of  this  fubftitution  to  be 
9)036.  Thb  refult,  though  much  lefs  than  the  former 
refult  19)570,  is  yet  much  greater  than  the  abfelute 
term  500a 

• 

By  thefe  two  con^flures  and  triads  I  find  that,  whilt; 
X  xncreafes  fxom  to  to  12,  the  quadrinomial  quantity 
14,937*—-  199^*  +  iox^  -^  **  decreafes  from  19,570 
ta  9,036*  I  therefore  fiippofe  thae,  if  x  were  to  increafc 
further  from  la  to  13,  the  faid  quadrinomial  quantity 
would  decreaCe  further  from  9,036  to  fome  lefler  number. 
And  fo,  upon  trial,  I  find  it  to  da  For,  if  jt  is  =  13^ 
the  (aid  quadrinomial  quantity  will  be  =  3,718,  which 
is  kit.  tixmk  the  labfolvte  term  5000.  I  therefore  now 
eoticlude  with  .certainty.. that  ^  muft  be  greater  than  12, 

biK}^rthaD.ii3«         .. 

(■.■•■■      •■ 

.••••-  .... 

» ^Further,  10  order  |o  obuia  a  flUl  nearer  value  of  ir,  I 

md(e  ufe  of  thi^  foflDwing-conjedural,  but  very  parobable». 

atfd  (aa -appears  jitpon  trial,)    very  ufeful,  (Vppffiuoo. 

iMnce»   when  4ir  is  =^  la,    the   quadYiuoniial.  quantitf 

'4*93?^  "i^- 1998^'  +  80^  r^  T  A'*  «J  «  9^036,  ond^ 

whctt 
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>0^ettjr  i|  eqval.tdi  the  root  of  tfa^  ptnpoied  eqtatioii 
^4)93?^  ***  J9981V*  4**  Soj^  rrf*  AT^  ,»;  SOOO»1  the  IJud 
qutidiiiiomifll  qaantity  19  =;  5000,.  zxkiy  wbeijiv^  is  sa.  1.3^ 
the  fatd  quadrinomial  qnandcy  in  fff  ^fiA^  it  betas  ]xh>^ 
bable  that  the  difierence  of  the  firft  and  third  pf  ,the  firft 
thxee  quantities  12^  ^r,  and  13,  towitytfae  difierenoe 
1  J—- 12»  or  i^  irill  be  to  the  difTerence  of  the  firllani 
fecond  of  thefe  cfamtities,  to  wit,  m  ^12^  m,  ncaxlf^ 
the  fame  proportion  as  the  difference  of  the  firft  md 
third  of  the  latter  tliree  quantities  9,636,  5000,  anil 
3,718,  whibh  correfpond  to  the  firft  and  third  quantities 
12  and  13,  of  the  fiift  fet,  is  to  the  difFei^ence  of  .the 
firft  and  fecond  of  the  latter  three  quantities  9,035^ 
5000,  and  39718,  which  correfpond  to  the  firft  and 
fecond  qmntitics,^  l%  and  x,  of  the  firft  fet;.  that ^' is, 
tliat  1  will  be  to  AT  «-  12  in,  nearly,  the  fame  proportjoa 
*»  9»o36'MH.  3*718,  or  5f3i8,  is  ta  9,036  —  5000,  pt 
4,0369  and  cox^equendy  that  k,^^  12  will' be  nefrfifr  :^ 

VL±S^  «  ±2I|  «  a?  &c,  an4  thetc&re  that  x 
5,3*8  5»5l8  /        »      -^ 

VfiD  be  nearly.  =  I2.7« 

■■-.'■  -        » 

Having  th«8  oibtained  1 2«7  for  2  fitft  near  vahiek>f  jr 
that  is  fiiffictently  near  to  it*s  tnie  ^raluc  to  become  the 
bafis,  or  ground-work,  of  a  farther  appro^Limation  to  it's 
true  value  by  either  Dr.  Halley's,  or  Mr.  Raphfon's  me- 
tiled  of  a{)proximatiofi,r  proceed  4o  make  ufepf  it  for 
okaisifl^  2lAk>re  exaAfatfe  of  xby  Dr.  Hallo's  method 
<>f  <iqpi^f0BBnaiidn.-  AmA  for  that  porpofe  I  bipgin  by  fob« 
fthifti^  It  infieiaa  of  x  in  the  qnadrinomial  t^uantity 
•Ifi^S?^-*  19984?*  +  «ar*  —  *♦,  in  order  to  difcovcr 

b  2  whether 
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Whether  the  value  of  the  faid  quadrinomial  quantity  re- 
fulling  from  fuch  fubftitution  will  be  greater  or  Icfs  than 
5000,  or  the  abfolutc  tejm  of  the  propofed  equation 
I4>937'^  —  ^998^^  +  So**  —  0:4  =  5000.  . 

Now  the  refult  of  tliis  fubftitution  is  5298.6559.  And 
therefore  it  appears  that,  while  x  increafes  from  12.7  to 
13,  tlie  quadrinomial  quantity  14,937.^  —  1998^*  + 
8oJf'  —  **  will  dccreafe  from  5298.6559  to  3,718. 
And  therefore,  when  x  is  of  fome  intermediate  value 
between  12.7  and  13,  the  faid  quadrinomial  quantity 
will  be  equal  to  the  abfolute  term  50CO,  or,  in  other 
words,  the  true  value  of  x  in  the  propofed  equation 
'4>937'^  ~  1998*'*  +  8ojr'  -r-  AT*  =  5000  will  be 
greater  than  12.7,  but  lefs  than  13.  We  mud  therefore 
now  make  12.7  =  /j,  and  12.7  4-  ^,  or  fl  +  ^,  =  x, 
and  fubftitute  a  -^  e  inftead  of  .v  in  the  propofed  equa- 
tion, but  with  an  omiflion  of  the  terms  that  involve 
cither  e^  or  A  .This  fubftitution  wijl  produce  the  tranf- 
formed  equation 

f         14,037^ .  +  M>937'  ^ 

J      —  1998^*  —  3996^^    —   1998^*  ^^ 


] 

[4,037^ 

+ 

M>937' 

— 

1998^* 

— 

3996^^ 

— 

1998^ 

+ 

80.;' 

+ 

240^*^ 

+ 

24  07^^ 

« 

rt* 

• 

4flV 

— 

ba^e"- 

I       -       rt*       -  4flV        —  6/2V*  J 

2=,  nearly,  5000,  And  (by  fubftituting  in  this  equa- 
tion, inftead  of  a^  j%  <?*,  and  tf*,  their  feveral  values, 
to  wit,  '12.7,  and  it's  fquare,  cube,  and  fourth  power, 
and  making  the  feveral  additions  and  fubtraftions  of  the 
terms  which  arc  neccflary  to  bring  all  the  terms  that 

involve 
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\ 


IdvoIv^  the  unknown  quantity  e  to  the  left-hand  fide,  of 

m 

the  equation,  with  only  a  known  number  on  it's  right- 
hind  fide,)  we  further  reduce  it  to  the  equation  5296.132 
X  e  —  82  26  X  ^*  —  ^98.6559,  and  (by  dividing  all 
the  terms  by  82.26,  or  the  co-cflicicnt  of  e\)  to  the 
equation  64.382,834,9  x  f  ^  e^  ^  3-63^1633,357,646,48, 
which  is  a  quadratick  equation  properly  prepared  for  re- 
folutioQ. 

This  quadratick  equation  (which  has  two  roots,)  is 
then  refolved,  but  not  without  a  great  deal  of  laborious 
calculation :  and  it's  two  roots  are  found  to  be  32.1919 

4^M  +  32-^34-.976,5>  and  32.i9i,4i7>4  —  32-i34> 
976,5,  of  which  it  is  evident  that  the  former  root  (which 

is  greater  than  64}  cannot  be  the  value  of  e  that  is  f^ited 
to  the  pre&nt  purpofe,  or  is  nearly  equal  to  the  differ- 
ence between  12.7  and  the  true  value  of  Xy  which  we 
know  to  be  lefs  than  13  ;  and  therefore  we  conclude  that 
the  fecond  root,  32.191,417,4  —  32-  =  34>976,5,  is  the 
root  that  is  to  be  adopted  on  this  occafion.  We  there- 
fore conclude  that  e,  or  the  difference  between  x  and 
12.7  will  be  nearly  =  32.191,417,4  —  3^->34>976,S* 
or  0.05 6,440,9,  and  confequently  that  *•,  or  a  +  ^,  or 
12.7  +  fy  will  be,  nearly,  (=  12.71  +  0.056,440,9)  = 
12.756,440,9.  0.  J2.  I, 

This  value  of  ,x  is  exact  in  the  firft  feven  figures 
22,756,44,  it's  more  accurate  value,  as  computed  both 
by  Dr.  Wallis  smd  Dr.  Hallcy,  being  I2756,44i,794> 
480,744,02. 

b  3  Dr. 
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•  'Dr.fitUey.Qn.thUoccafiQp  points  out  a  corre£%ion  t(^ 
be  made  to  the  value  of  x  juft  now  obtained,  to  wit>  the 
number  I2«756,440,^  without  entering  upon  a  compleat 
feooxtd  proce£iQ£  hb  method  of  approximation,  and  tells 
UB  dial  we  maji  bjr  this  corrcflion,  find  the  value  of  .r 
to.be  sa;:  1 2*756544 1  t794t4^  or  to  thirteen  places  of  fi- 
gureif  all  exaft»  This  corredkion  I  have  endeavoured  to 
esplaili  and  ta  put  in  praflice,  in  pages  73,  74*  and  75. 
But  I  am  not  fure  that  1  have  perfe£lly  underftood  it ; 
and  the  value  of  x  refulting  from  my  application  of  it 
dSfcmot  agree  with  the  value  afligned  by  Dr.  Halley^  to 
W^,  I2756,44ii794)48j  but  differs  from  it  in  fome  of 
th^i  latter  figures^  being  12.756,441,794,387.  The 
relfon  of  this  difference  I  do  not  know.  But,  as  I  do 
not  approve^of  this  correftion  for  the  reafons  alledged  in 
W^  34^  p2ges  76  and  77*  I  fliall  fay  no  more  of  it  in 
this  place,  but  (hall  proceed  to  give  an  account  of  the 
compleat  fecond  procefs  of  Dr.  H  alley's  method  of  ap- 
proximation which  I  have  gone  through  in  pages  77,  78, 
79,  -  -  -  82,  and  by  which  I  find  the  more  accurate 
value  of  X  to  be  12.7516,441,794,480,744,022,60;  of 
Vhidh  I  believe  the  firft  20  figures,  to  wit,  12. 756,447, 
794,480,744,022,  tobe^xafl. 

,Ia  order  to  begin  the  faid  fecond  procefs,  t  fubftirute 
/  S'9-7£6»44   inftcad  of ,  <;r  in  the   (juadrinomial  quantity 

/  J4«9J7*  rr'  '998x*  ^  Box'  —  *♦ ;  and  i  find  the  ?alue 

o)^' the.  ^Id  quantity  refuldng  from  fiich  fubitirution  to 
*>•  Ji>^?p09,48^44,489,476,503^cv^  \  which  is  a  very 
liule  greater  than  5pp0y  or.  the  abfoluce  term  of  the  pro- 
pi^d  equation  14,937^  ~^)99^'**  •*"  8ox^  —  a*  = 

50C0, 
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5000.  And  I  thence  conclutie,  for  the  reafons  giyez^  In 
art.  ^9,  that  tliehiiinbds  sx«7s6^4;  is  fonaewhat  left 
than  die  mie  Valtie  of  x. 


I  •'*.' 


<  ■. 


I  therefore  put  ^  for  the  nun&bef  ix»75tfk44i  and  /  for 
it*8  unknown  diflbrence  ffom  the  tt^  ratve  of  x^  and 
fubititute  the  binomial  quan^ty  c  -f  /  iiiildad  of  ;r  ia 
the  propofed  equation  »4,937«r  --  1998^*  4»  8ar'  ^ 
x^  =  5000;  by  whtdk  fubftitutfbfi:  die^^id  equation  is 

transformed  into  the  equation 

•1    •    '  -   .. . 

=  10,000,  or  (omitting  die  three  terms  8o/\'  4^  an4 
y*)  into  the  equation 

(  14.937''  +  »4.937/  V 

J        —  i998f»  —  3996^/  -  1998//  \^ 

i    -    ^  -4^'/:  -<''//    •     J 

^      .   .     ,      *        .... 

= ,  nearlf J  io>oco.  And,  if  we  fubfiitute  in  this  laft 
equation,  inftead  of  ^,  r%  c^^  aiid  ^,  thd^'^f^veral' values^ 
to  wit,  12.756,44,  and  it^s  fquare,  cube,  and  ^fourth 
power,  and  make' the  feveral  addition sr  and'  fubtradioBi 
tliat  pe  hcGeflary  to  bring  all  the  terms  that  iiivdv^  the 
unknown  quantity  /  ed  the  left-Uaml  fide  <£  Ae-equa* 
tion^  this  laft  equation  ^B  be  conrerted  |tit6  ih^  ^rqnaV 

04  ^  -  wO 
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tion  5286.568,162,865,159,936  X  /  —  87.184,431, 
158,4  X//SS  0:009,486,644, 1^89, 476, 503,04,  and 
finally  (By  dividing  all  the  ternos  of  the  Jaft  equation  by 
87.184,431,158,4,  the  co-cflicicnt  of  //,)  into  the  equa- 
tion 60.636,607,851,008,642,270,08  X  /  —  //"  = 
0.000,108,811,221,951,323,000,352,097,689,829,824, 
386,0  &c,  which  is  a  quadratick  equation  duely  prepared 
for  refolution* 

This  equation  is  then  refolved  in  page  82,  but  not 
vrithout  a  great  deal  of  laborious  calculation;  and  its 
.  Itfer  root  (which  is  that  which  is  equal  to  the  difference 
between  12.756,44  and  x)  is  found  to  be  0.000,001, 
794,480,744,022,60.  Therefore  x,  or  r  +  yi  or 
i*-756,44  +  />  will  be,  nearly,  (  =  12.756,44  + 
0.000,001,794,480,744,022,60)  =  12.756,441,794,480, 
744,022,60 ;  that  is,  the  value  of  x  in  the  propofed 
equation  14,937*  —  1998^:*  +  8or*  —  x^  =:  5000 
will  be  very  nearly  equal  to  12.756,441,794,480,744, 
O22j6o.  q^  E.  I. 

I  then  proceed  in  pages  83,  84,  85,  &c  -  -  -  -  96,  to 
find  the  value  of  the  fame  root  of  the  propofed  equation 
14,93 /A?  — 1998^'*  +  8ojf^  —  X*  zzz  5000  by  Mr. 
Raphfon's  jnethod  ef  approximation. 

In  making  this  approximation  I  begin  with  the  fame 
fitft  near  valac  of  x  with  which  I  began  the  former  ap* 
pro^Aiation  by  Pr.  Hallcy*8  method,  to  wit,  the  number 
12.7,  putting  a  zz  12.7,  and  at  =  <i  4-  ^  =  12.7  4-  ^% 
^nd  fubftkuiing  the  binomial  ijuantity  12.7  4-  #  inftead 
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of  x  in  the  propofed  equation  \J{^^27v '^  jga^x^  4.' 
?ov*  —  AT*  =   5000,  .but  with  an  ominion  <)f  -all  tbc 
terms  :hj|t  involrc  either  /%  rS  or  r*.  .  Thfe  (obftitutioa  - 
produces   the   fimple  equation    14^937^. —  1998^1*  +  - 
Soa^  —  a*  +    14,937  f  -^  3*996iff  +  240if'f  —  40**  . 
=  ,  nearly,  5c oo.     And  this  laft  equation,  being  fur- 
ther reduced    (by  fubflituting  in  ic*8  terms  tnftead  of 
^,  a^i,a\  and  a^  their  fevcral  numeral  values^  to  wit^  : 
1 27,  and   it's  fquare,  cube,  and  fourth  power,  and  by 
making    the    feveral  additions  and    fubtra£^ions  whitrli 
iare  neceflary  to  bring  all  the  terms  involving  €  to  the 
left-liand  (ide  of  the  equation,  and  to  confoHdate^thcflk . 
into  one  terra)  becomes  5296.132   X  ^   =3   298.65594 

the    refolution    of    which   gives  el—   1-51?  S    =— 

0.056,39.  Therefore  flf,  ox  a  +  ^,  or  12.7  +  f,  will  be 
(=  J2.7  +  0.056,39)  =  12.756,39;  that  is,  thefecond 
near  value  of  a;,  obtaineid  by  this  firft  procefs  of  Mr. 
Raphfon's  approximation!  will  be  12.756,39.       Q.  c«  i« 

Of  this  number  12.756,39  the  firft  five  figures  12.756 
are  exa£l,  the  more  accurate  value  of  x  being  12.7560 
44^794>48o,  &c. 

I  then  fubflitute  12.756,39  inftead  of  x  in  the  qo*. 
drinomial  cjuantity   I4,9374r  — *-  ipgSjr*  +  8o.v^  —  je\ 
and  find  the   rcfult  of  the  faid   fubftitution  to  be  = 
5000.273,8pj,27o,59i,690,6o9,59  5  which  is  fomcwhat 
greater  than  5000,  or  the  abfolute  term  of  the  proposed - 
equation.    Therefore,  for  the  reafons  before  given,  I. 
conclude  that  12.756,39  muft  be  lefs  than  the  true  value 
of  X.    I  therefore  put  c  =    12.756,39,  and  /  for  the 
vnkpown  quantity  by  which  12.756,39  falls  (hprt  of  the 

true 
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troe  ralue  of  jt,  and  fubflitute  ^  -Hy*in(lead  of  j:  iq 
the  propofcd  equation  I4)937x  —  1998**  +  Boa*  ^ 
jr^  s  5QO^  but  with  an  omiflion  of  all  the  terms  that 
infctrc  cither./*,  J^p/^*  And  the  transformed  equation 
thence  arifing  i$ 

r  I4»937^    +  M>937/  "j 

nearly,  =s  5000  ;  in  which  if  we  fubftitute  for  Cf  c\  c^^ 

• 

and  r^,  their  feveral  namcral  values,  to  wit,  ia.756,39, 
and  it*8  fquare,  cube,  and  fourth  power,  and  afterwards 
inake  the  fereral  additions  and  fubtraflions  of  the  terms 
which  are  neceflarj  to  confolidate  the  four  terms  involY- 
sng  the  unknown  quantity  f  into  one  term,  and  to  con- . 
£»Kdate  all  the  known  quantities  in  the  equation  into  one 
term,  and  bring  it  to  the  oppofite  fide  of  the  equation, 
we  fhall  obtain  the  fimple  equation  5186.576,^81,150, 
i9«J,476  X  /  =r  0.273,805,270,591,690/509,59,  by  the 
jrdbltttion  of  which  we^fliall  have  /  (== 
o:a75,Be5,ayo,S9T>6qo>6o9,S9  ■  ^  ,      . 

5286.576.88i,i5o,968,+:6     )=  0.000,051,792.  There- 

fore  tf  -h/,  or  12.756,39  +  /,  will  be  (=  12.75$,39  4-  . 
0*000,051,792)   =   12.756,441^792;  that  is,  the  third 
near  value  of  a',  which  is  obtained  by  this  fecond  prpcefs 
of  Mr.  Raphfon's  method  of  approximation,   wiU  be 
«»-75M4i>;92»  <i:  E.  I. 

,  Of  *is  number  X2-75^j44ii79i  the  firft  ten  figurcfs^ 
ia.'7s6>44f,79,  aie  cxa4:i,.^thc,jMorp.acc;ur4tc  vaiue  of  * 

6  being 
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being  12.756,441^7945480,744,02,  as  has  been  obfervcd 
before.  But  this  greater  degVee  of  exaf^nefs  majr  be  at« 
tainedl}y  carrying  this  approximation  by  Mr.  Raphfon's 
method  one  ftep  further j  which  maybe  dofie  as  fol- 
lows : 


If  the  number  i^TS^^44U19h  obtained  by  the  laft 
procefs,  be  fubftituted  inftead  of  vr  in  the  quadrinomial 
quantity  14,9374:  —  19984?^  +  8o;r*  —  jf*,  the  value  of 
the  faid  quantity  refulting  from  fuch  fubftitution  will  be 
56oo-ooo,oi3*il4j6ai,596^55,o67,255,345,5i6,642, 
304  i  which  ifl  a  little  greater  thaa  sqcQj  or  Uie.  gbfolute 
term  of  the  propofed  equation  X4)937<r  — -  1998^:^  -h 
8o»'  — *  1^  a=  5000.  Thereforcj  for  the  reafons  before 
given,  12.756,441,792  muft  be  fomewbat  lefs  than  the 
tme  vid^e  of  •;?•  I  therefore  put  d  =;  I9*7S6»44I»792« 
andfoi^pofe  at  to  be  «qual  to  4/  +  iTr  O'  ^  ^^•756>44I» 
792  ^  f ,  ahd  fubftitttte  that  binomial  quantity,  inftead 
6^ifi  hi  tbe  prdpofed  equation,  bnt  with  an  omiflioii  of 
all  ^he  terms  diat  inrolv^  dther  g\  ;%  or  g^i  .  Aiid  tlie 
transformed  equation  thence  pbcainedi  after  it^^  tqrpm 
are  properly  arranged,  becomes  the  (imple  eqwujm 
5,286.567,850,393,729,132,515,900,5160,352  X  jp  =s 

o ,1)06,613, 1 1 4,62 r>5J^i4SSr0^7>^S^> US%i^^^^i39^ 
as  is  Oiewh  in  pftges  ggr,  .94^  and  95.    Therefore  ii$  (^^ 

Off o>ft t.irf ' i4>foT,5Qd,49 t;o67,2;9,345     ^  _     000.000. 
728S53p50,393,7s9;rj2,5i5,90<^a6a;35i^         '      ^^^ 

002,480,744,022,88;  and  cptifequently  x^  ^tti.jjiA^ 
441,792  +  gf  will  be  =s  12.756,441,792  4-  o.ooo,ooop 
Cf62;486,744f<5i^588  a^  i«.>56^i,794^8o,744,oa2i«8 1 
iKat  is,  the  fburtfi  ne^r  ralnc  of  >>  which  is  obuined  by 

S"-'  ■■'■  this 


\ 
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this  third  procefs  of  Mn  Raphfon's  method  of  approxi^ 
matioD,  will  be  12.756,441,7949480)744,022,88. 

Qj   £•   D» 

This  value  of  x  (which  has  been  obtained  by  means 
of  thefe  three  proceffcs  of  Mr.  Raphfon's  method  of  ap- 
proximation,) agrees  with  the  .value  of  it  above-obtained 
by  means  of  two  proceffes  of  Dr.  Halle/s  method  of 
approximation,  to  wit,  12.756,441,794,480,744,022,60) 
in  the  firft  twenty  figures  12.756,441,794,480,744,022; 
and  therefore  thefe  twenty  figures  are  probably  exa£l| 
and  the  true  value  of  x  is  greater  than  12.756,441,794, 
480^744,022^  but  lefs  than  12.756,441,794,480,744,023. 

Both  thefe  methods  of  attaining  the  value  of  x  in  this 
equation  to  this  great  degree  of  exaiStnefs  have  been  at- 
tended with  a  great  deal  of  labour  \  but  I  have  found 
the  labour  neceflary  to  the  three  procefles  of  Mr.  Raph- 
fon's method  confiderably  lefs  than  the  labour  neceflary 
to  the  two  procefTcs  of  Dr.  Halley's  method.  Thf^ 
readers^  who  (liall  have  gone  carefully  through,  all  the 
€>perations  of  both  the  methods,  will  be  able  to  Judge 
for  themfelves  which  of  the  two  methods  is  the  clearer 
and  eaficr,  and  deferves,  upon  the  whole,  to  be  preferrc4 
to  the  other^ 

^  The  refolutions  of  the  three  foregoing  equations  x^  — 

i-x^  +  S4^  =  350*  ^^  *  —  3^*  +  yS**"  =  io,ooQ, 
and  14,937^  —  1998;^''  +  8oa:'  —  x*  =  5000,  (which 
Dr.  Halley  had  produced  as  examples  of  his  method  of 
•approximation, J  having  been  compleated  in  page  96,  I 
yrocted  in  f age  97  to  mention,  and  explain  at  large, 

another 


THfi- PRIFACB.*  XXXiil 

another  method  of  refolvipg  high  aflt£ied  equations  hf 
approximation,  which  is  totally  different  from  both  the 
former  methods.  This  method,  I  think,  may  with 
propriety  be  called  T/'<  Differential  Method  of  yfpproxima^ 
tion :  becaufe  it  is  grounded  on  a  very  ufeful  property  of 
the  differences  of  the  root  x  of  any  propofed  equation 
and  any  two  rear  values  of  a*.  This  property  may  be 
thuR  difcribed.  Let  the  capital  letter  A  be  put  for  the 
abfolute  term  of  the  equation,  which  is  the  value  of  the 
con>pound  quantity  which  formis  the  left-hand  fide  bf 
the  equation,  when  the  true  value  of  x  is  fubftltuted  in- 
ftead  of  X  in  the  faid  compound  quantity.  Let  3  be  x- 
near  vahie  of  ;iif^  (the  nearer  the  better,)  either  greater 
or  lefs  than  it's  near  value  ^  and  let  c  be  another  near 
value  of  »,  either  greater  or  lefs  than  it^s  true  value. 
And  let  the  capital  letter  B  denote'the  value  of  the  com- 
pound quantity  which  forms  the  left-hand  fide  of  the 
equation,  when  b  is  fubftituted  {nftead  of  x  in  the  ittntg 
of  the  faid  compound  quantity ;  and  let  the  capital  letter 
C  denote  the  value  of  the  faid  compound  quantity  when 
€  is  fubftitttted  in  it's  terms  inftead  of  a*  ;  fo  that  the 
three  quantities  B,  A,  and  C  (hall  be  the  values  of  tltt^ 
faid  compound  quantity  correfponding  to.  the  three 
quantities  ^,  .r,  and  r,  rcfpeftively,  or  refulting  front 
the  fubftitution  of  ^,  x,  and  c  in  the  faid  compound 
quantity,  refpeftively.  •  Thcfe  things  being  fuppofed, 
the  property  of  the  differences  of  ;if'and  it's  two  near 
values  b  and  c  is  as  follows.  "  The  difference  of  b  and 
**  r,  the  firft  and  third  of  the  three  former  quantities 
«  by  Xf  and  r,  M'ill  be  to  the  difference  of  i  and  x^  the 
"firft  and  fccond  of  the  faid  three  quantities,  in,  nearly, 

"  the 
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*^  the  fame  p^b^nion  as  the  differenee  of  B  and  C,  the 
*<  firft  and  third  of  the  rhiee  latter  quantities  B,  A,  and 
<*  C,  is  to  the  difference  of  B  and  A,  the  firft  and  fecond 
^  of  the  faid  three  lattet  quantitieSb*^ 

By  means  of  this  proportion  the  value  of  x  may  be 
deriT«4  to  a  coofidersble  degree  of  txaftnefs  from  the 
quantities  A  c»  B,  A>'  and  C^  which  are  all  kiiowa 
^uandties* 

It  was  by  means  of  this  proportion  that,  in  feektng  a^ 
tMT  the  firft  near  Talue  of  ^r  in  the  laft-metttioDe4  blqu^t^ 
dratick  equation  i4»9t27J^  —  1998^?*  +  8o.v*  —  x*  = 
500^9  in  order  to  make  it  the  bads  of  q^  procefs  of  Dr. 
Halley's  method  of  approximation,  when  we  liad  found 
that  12  was  fdmethin^  lefs^  and  that  13  was  fomethin^ 
greater,  than  the  true  value  of  x  in  tlMit  equation,  and 
thatj  if  12  was  fubftityted  inftead  of  x  in  the  compound 
^quantity  I4;93^x  —  199&V*  +  8o:r*  —  jp*,  the  refult 
would  be  r=  9,036,  and  that,  if  13  was  fubftituted  in* 
fiead  of  X  in  the  fame  compound  quantity,  the  refulc 
would  be  =  3>7t8,  we  difcovercd  that  12.7  would  be 
much  nearer  to  the  true  value  of  x  than  either  12  or  13. 
For  in  that  cafe  the  three  firft  quantities  ^,  x,  and  c 
were  12,  jr^  smd  13^. and  the  three  latter  qiaanticies  B, 
A,  and  C^  coTrefponding  to  them,  were  91^036,  5009, 
and  3>7i8,  and  we  fuppofed  13  «—  12  to  be- to  x  —  ia. 
in  niearly  the  fame  proportion  as  9,036— -3,71^8.  Is  to 
9,036  —  5000,  or  I  to  be  to  jr— •  i^  in  nearly  the 
fame  proportion  as  5)31 8  is  to  41O36 1  whence  U  foUoyrcd 

that 
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that  ;»  -7  la  would  be  nearly  =  ^—s  =  0.7  &c,  and 

confcqucmtlx  ^^^  ifoM  be  acariy  equal  to  a7  &c  -f 

12,  or  ia.7.  *        ■    . 

And^  If  we  had  carried  the  divlfion  of  4>036  hj  5»3l8 
to  two  figures  more  in  the  quotient,  we  (honid  have 
found  ;r  —  r;2  to  be  nearly  ^  0.758,  and  confeqKadf 
:r  to  be  nearly  =  1 2*758,  of  which  the  four  (irft  figiuet 
I2«75  ^^^  exac^,  and  the  fifth  figure  8  is  but  a  litde  4» 
great,  the  more  accurate  value  being  12.756,441,  &c» 
So  that  we  might  by  this  means  have  obtained  the  Sour 
figures  12.75,  ^hich  are  all  exa£):,  for  the  value  of  «,  or 
of  the  firft  near  value  of  x^  which  was  to  be  m&de  the 
bads,  or  ground -work,  of  a  further  approach  to  the.  true 
value  of  X  by  a  procefs  of  Dr.  Halley's  method  of  ap» 
proximation.  This  property  therefore  of  the  diffcreopet 
of  X  and  it's  two  pear  values  b  and  c  appears  from  thia 
example  to  be  highly  ufeful  in  obtaining  a  much  neares 
value  of  the  root  x  than  either  of  it*s  two  former  near; 
values  b  and  i:,'^or,  in  this  inftance,  12  and  13,  which  we 
had  obtained  befbrc^ 

This  property  of  the  differences  of  ;r  and  it's  two  near 
vahies  ^  and  c  takes  place  with  refpeft  to  three  Ipgariihms 
lliat  arc  nearly  equal  to  each  other.  For  it  is  the  gro^und 
ti  the  hiethod  by  which^  when  three  numbers,  whicH 
are  nearly  equal  to  each  other,  are  given,  and  the  loga« 
rithms  of  the  grcateft  and  lead  of  them  are  known,  the 
logarithht'of  the  midtlle  number  is  derived  from  the 
known'  Togintnms  of  the  two  extreme  numbers,  and 

ttoia  the  thr^e  numbers  themfelves.    For  in  that  cafe,  if 

the 
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the  three  numbers  be  called  B,  A,  and  C,  and  the  toga^- 
rithn^s  of  B  and  C  are  known,  bttt  that  of  A  is  unknown. 
It  is  euftomary  to  make  the  following  proportion,  in 
order  to  difcovcr  the  logarithm  of  A ;  to  wit,  teg.  B  — 
log.  C  is  to  log.  B  —  log.  A  : :  B  —  C  :  B  —  A  ; 
whence  it  follows  that  log.  B  —   log.  A  will  be   = 


log.  B  —  log.  C  X  -TT — TT  >   and   (adding  log.  A  to 

JD """  v» 


bodi  fides  }   1(%.  B  will  be  =  log.  B  -  log.  C    X 

B  —  A 

^^p    +  log.  A,  and  confcqucntly  log.  A  will  be   = 

log.  B  V-  \yZc     ^    log.  B  —  log.  C      Indeed  the 

known  application  of  this  proportion  to  the  finding  of 
the  logarithms  of  fuch  intermediate  numbers  between 
6thcr  numbers  whofe  logarithms 'arc  known,  was  the 
circumdance  that  firft  fuggefted  to  mc  the  idea  of  ap- 
plying it  to  the  finding  of  a  nearer  value  of  the  root  x* 
of  any  propofcd  equation  when  wc  are  already  poi]cfred 
of  two  contiguous  near  values  of  it,  as  h  and^r,  and  of 
the  refults  of  the  fubftitution  of  the  faid  near  values  in 
the  compound  quantity  that  forms  the  left-hand  Cdc  of 
the  equation. 


This  Differential  Method  of  approximating  to  the  roots 
of  affefled  equations  is  explained  pretty  fully,  and  illuf- 
trated  by  an  example,  in  the  Scholium  in  pages  97,  98, 

99,  &c 109.     And  it  18  there  (hewn  that  it  gives 

us  about  as  many  new  figures  4)f  the  value  of  x  exa£i: 
as  are  obtained  by  one  prooefs  of  Mr.  Raphfon't  metliod 

of 
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«f  appfOKimmticm.  Howerer,  I  think^  Mr.  RapUbn's 
■wihari  u»  upoa  the  wholct  Ibniewhat  preferable  to  itf 
for  the  leafona  afligaed  ia  art.  jOf  pages  105,  106,  and 
107 1  .«Dd  I-  woiild  therefore  recommend  this  diiierential 
method  to  be  nfed  only  in  the  firft  part  of  the  inreftiga-* 
tioo  of  JV9  or  ^be  root  of  any  propofed  equation,  while 
we  are  endeavouring  to  £nd  ^»  or  the  firft  near  value 
of  x^.  (which  is  to  be  made  the  bafis  of  a  nearer  ap« 

«  

proach  to  the  true  value  of  it  by  Mr.  Raphfon's  method 
of  approxin^ation,)  to  a  confiderable  degree  of  exa&nef89 
asa  for  example»  to  three  or  four  places  of  figures.  For 
in  this  way,  I  believe,  this  difierential  method  will  be 
found  extremely  ufefel. 

^hct  the  SchoUum  concerning  the  diderential  method 
of  approximation  (which  ends  in  page  109,)  I  hs^ve  in^ 
ferted  fome  obfervations  of  Mr.  Raphfbn  o4.Monfie«r  de 
Xfagn/s  and  Dr»  Halley's  claims  to  the  merit  of  having 
Invented  their  methods  of  rtfolviog  equations  by  approxt- 
mationi  which  fliew  them  to  be  only  branches^  or  modifU 
cations9  of  his  method^  which  he  had  confidered  with 
^eodon  and  deliberately  rejedled,  as  being  lefs  fimple 
and  convenient  in  pni£Uce  than  his  own  method.  Thefe 
obfervations  are  contained  in  pages  109  and  l|o» 

In  page  III  I  enter  upon  an  inquiry)  whethev  it  may 
not  fometimesy  ia  extra£^g  the  (qaaie-root  of  t  number. 
tD  many  plapes  of  figuresy  (as  was  aeccflary  ia  reColving 
the  qwriracipk  equationa  that  oecurred  in  the  refolution 
of  the  three  foregoikig  equations  hy  Dr.  Halley's  method 
of  approottOMtioffH)  be  ^tavenk^t .  ID  fijKeed  by  feme 

c  inethod 


me^KMl  of  apf)roxi«iation  rathe?  than,  by  the  cmnisom* 

mtibod  of  extra&ing  (he  fquare*roQf»    Thit  inquiry  exr 

tends  to  page  132;  and  the  refult  i%  ^^  that,  from  all 

^  the  trials  I  have  there  made  of  diflFetent  expreifions  for 

'*  approxtmatiog  to  the  value  of  the  fqiiare»ioot  of  a  given 

*'  number  N,  or  ^/j  4-  ^»  I  am  inclined  to  conclude  tbat^ 

<<  in  performing  the  extradiona  of  the  fquare-roots  oF 

^ghren  ilumbera  which  are  neceflary  in  Dn  Halle/a 

^*  method  of  refoiving  high  afTe£ted  equations»  it  will 

'*  almoft  always  be  found  eafier  add  more  convenient  to 

^^  proceed  by  the  connnon  method  of  extrading  them 

^  than  to  have  rccourfe  to  either  of  the  three  expreffionsr, 

'*  found  for  that  porpoie  in  the  courfe  of  this  inqutry-t* 

^'  not  excepting  even  Mr*  Raphfon's  fimple  expreffion 

*     ■       ■'■■.•'■ 
"  tf  +'— r,  which  is  very  much  to  be  preferred  to  th§^ 

**  tw4  othcre.** 

I'then  in  pages  133^  134,  8rc  reAime  the  confideratmtt* 
of  the  three  f6rego1ng  equations  which  Dr.Haileyhad 
addifced  in  his  TraA  as  examples  of  his  method  of  re* 
folving  equations  by  approximation)  and  I  inquire  whe* 
ther  thefe  Equations  may  nbt  have  fome  other  ro<^8  befides 
thofe  th^  have  been  inveftigated  by  Dri  HaHey  and  in 
the  Appendfx  to  bit  Dtfcourfe.     And  I  ibew,  firft,  that 
the  firiloF  thefe  equariens,  tO'wit)  the  cubiok  equation 
«^  — *  ijx*  *f^*54^  ^  350»  cannot  have  apy  other  root* 
befides  that  ^bcNre  invefttgated^tO'ivit,  i4.954>o68)6i» 
Tliis  is  fliewh  by'twb  difierent  'methods,  in  pages  133^^ 
x!J4»  >?5f   &<>  *-  *  i'4i*     And  I  then  fliew  that  the* 
biqiitdratiek  equntion  lii^  ■^-  ■■^^*  Jv^  ^  75^^  99  lo^^ooc^ 

cannot 


canffbt'tiaf ^' ^ny  ochcfr  root  befidet  4bat  ;tbove  ihveftisi^ 
g2«*4,  tti  wit|  g,886iC02,70.    Thii  is'ihcwn  in  psrgw 
ii^j'  r4j,  amd  T44.     And  I  then  proceed  to  eiamitie 
the  third  2tfiUA  of  ith«  feid  equation!:,  to  ^it,  ,tke  bi-" 
qtudratteic  equattoti.  14,937^  .*-  1998^?*  +  Soar*  -^a* 
t2  5000,  and  to  inquire,  (irfl-,  whether  this  equation  jcarf 
have  any  other  root  greater  than  the*  ropt  f  2.7 56)44?/ 
794i  &e  which  we  have  already  found)  and-  fecondly,^ 
whether  it  can  have  any  other  root  lefs  than  the  fiiid  roof 
ake^dy  found.    The  former  of  thefe  inquiries  begins  in 
ptige  144,  and  ends  in  page  152  ;  and  It  contains  a  deai^ 
^d  Mgular  proof  thiit  this  equation  will  have  two  r6ot.<i 
drat  are  greater  than  the  root  12.756,441,794,  &c,  of 
which  the  lefler  will  be  {bmethidg  lefs,  and  the  greater 
will  be  fomething  greater,  than  the  number  33.42.    The 
fecond  inquiry  begins  in  page  152,  and  ends  In  page  155^ 
and  it  contains  a  proof  that  this  equation  wlU  alfo  have 
a  fourth  root,  that  will  be  lefs  than  the  root  12.756,441, 
794>.&c  already  found.    And,  in  pages  156,  157,  J58,' 
itist^cwn'that  thi$  fourth  root  will  be  nearly  =  to  the 
decimal  fradiion  0.^5$  andj  in  pages  158,  159  and  160,. 
It  is'/urtjier  fliewn  by  means  of  :Oi^ljf  qae  proccJfs  of  Mr. 
Raphion's  method  of  approocupation,.  that  the  £rit  die. 
ftgutcs  of  the  Value  of  this  fc^rth  rpoi;  will  he  o  350,987. 
AiecqxiJd  procjeis  df  that  method  of  sij^roximatioo  wpuI4 

■  ■ 

havefginen  us  the  fkcimal  fra£Uoa  0)3^)9$7>04S,8.16,o^. 
ferit's  morp  accuratf.vidoe«  I  th^n.  in. pages  161,  162^^ 
&o,\^ '••  ^  •  175,  invcftigate  to.  aimodexate^^^ree  pf^ 
e^lP2|Ane%  the  ;^wo  gffCQtf^il  .soo^  P|^  this;  equatioij,  vyhichr* 
had  bceA.  before  foiu^  to  be>not  yfry  difler^pt  froip  the^, 
ntmi^  33-4^  ii  a^^  IJndihat^  jfflgfi^p/  ii^^jfe  jy^o^^j 

jiir-..;  I  C  2  will 
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vill  be  =  32.060^290,  8cc,  and  that  the  greater  of  theo^ 
will  be  =  34-832,280^  &c.  And  thus  the  rerolution$ 
of  ali  the  three  equation^  jr3  — ?  17^?  +  54  =  350^ 
4r^  ♦  —  3**  +  75-*?  =  10,000,  and  ?4«937^  —  W^-*"* 
+  8oflP^  -^  jr*  =  50CO,  ^hich  Dr,  Halley  had  produced 
as  examples  of  his  method  of  refolying  aSe£ked  equa- 
fions  by  approximation,  are  rendTered  quite  pompleat  an^ 
fatisfi^Aory. 

The  Temaii^mg  eight  pages  176,  177,  178,  ?cc,-  -  183, 
9f  the  Appendix  to  Dr.  Halley'sTrafl  above-mentioned^ 
contain  no  Algebr^ick  pakulationSj  but  are  employed^ 
firft,  m  defcribing  the  circumftance  that^  forms  the  dif- 
ference between  the  accurate  methods  of  refohing  AI- 
gebrdick  equations  and  the  methods  of  refolving  them  by 
approximation,  and,  fecondly»  in  giving  an  account  of 
the  principal  methods  of  refolving  Algebraick  equations 
by  aipproxlmatiqn  that  have  been  publiihed,  and  of  the 
times  of  their  publication.  The  former  of  thefe  points 
is  treated  of  in  pages  176,  177,  and  9781  and  the  latter 
in  pages  178,  179,  i8o^  &c  -  -  183. 

The  next  TraQ:  in  this  Coll^aion,  after  this  long 
Appendix  to  Dr.  Hallcy's  Difcourfe,  contains  a  very  full 
exhibition  of  Dr.  Wajlis's  Solution  of  a  very  difficult 
Arithmetical  Problem  that  had  been  propofed  to  him  by 
Colonel  Silas  Tituf^  a  pcrfon  of  gre^^t  note  in  the  reigix 
of  King  Charles  the  Second,  to  whom  he  had  at  one 
time  had  the  honour  of  being  a  gentleman  of  the  bed- 
chamber.  And  Dr.  Wallis  further  tells  \,is  that  thi^ 
Problem  had  been  originally  propofed  to  Colonel  Titus 

(as 
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(is  tke  bolonel  informed  him,)  by  Dr.  John  Pell^  the 
famoils  Algebraift  of  that  time.  So  that  it  b  a  queftion 
Uiat  has  engaged  the  attention,  and  exertifed  the  talelits^ 
iof  rery  eminent  Mathematicians*  But  my  reafon  f(Sl 
ihtrodtLcing  it  ihto  this  CbUeflion  of  Tra£b  (which  W 
lates  to  the  refolution  of  equations,  and  not  to  the  Am. 
lution  of  problems,  or  the  reduction  of  them  tb  equau 
tfons,)  was  it's  conneflion  with  the  biquadratick  equation 
'4»937*  "^  ipgSjf*  +  %ox*  —  *4  =  5000,  which  has 
been  the  obje£i  of  our  attention  and  conGderation  througj(| 
fo  great  a  part  of  the  foregoing  Appendix  to  Dr.  Halley^t 
Trafk :  for  this  circumftance,  I  fuppofed,  would  make  thf 
teaders  defiroos  of  becoming  acquainted  with  the  Probie mr 
from  which  h  had  been  derived,  and  of  underftandin|f' 
die  Solution  that  hid  been  given  of  that  Problem-  hf 
Dr.  Wallis*  This,  howe?er,  I  found  to  be  no  eaft 
matter :  for  I  attempted  feVeral  times  to  underftaodr  pr# 
Wallis's  Solution  of  this  Problem  without  being  able  to 
iiake  it  out,  though  I  had  each  time  employed  feveral 
hours  in  the  attempt,  and  had  filled  fome  pages  of  large* 
Iheets  of  paper  with  the  long  Algebtaick  operations  ot 
multiplication,  addition,  and  fubtraAion,  which  wef^ 
heceflary  for  that  purpofe.  Btit  thefe  operations  were  fo 
intricate  and  complicated  that  I  repeatedly  mbde  mtftake^ 
in  attempting  to  perform  them,- and,  after  ttiuch  tirefom6' 
labour,  was  obliged  to  begin  them  over  again.  At  Idflf/ 
howcvcf,  I  performed  them  rightly,  ilnd  obtained ^h^ 
equation  which  has  been  given  us  by  Dr.  Wallis,  as  the 
refult  of  the  conditions  of  the  Problem^  and  as  being 
the  grand,  final>  equatipfi  by  t)ie  refolutidn  of  whtcK' 
the  unknown  quantities  which  the  Problem  requires  u^ 

C3  "^  to 
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to  find,  may  be  difcovcTcd.  And  this  cqifttlon  i«  art 
equation  of  the  1 2th  order,  or  invoiyes  the  12th  poTtcr 
of  the  unknown  quantity  which  is  it's  root.  And,  as  I 
fliould  be  forry  that  my  readers  fhould  be  forced  to  wafte 
their  thne  and  pains  in  making  the  iame  fruitlefs  endea- 
vours to  perform  thcfe  operations  that  I  had  madey  I 
haye«  in  this  TraA,  fet  down,  at  full  length,  the  fereral 
Coit^piound  quantities  produced  by  every  new  operation  ia 
Pr.  WaKis's  Solution ;  fo  that  ehe  diligent  reader,  that 
ijiall  chufe  to  go  tlirough  the  Solution  with  care  and  cx« 
aflnefs,  and  to  perform  all  the  neceflary  operations  in  itj 
maty  continually  compare  the  feveral  terms  of  his  own 
rcfults  with  thofc  of  the   refults  here  fct  down,   and 

thereby  difcover  and  corredt  any  miftakes  he  may  have 

•  • 

madt:  in  performing  the  operations,  as  foon  as  they  arife. 
7%e  conlideratioA  of  this  Problem  begins  in  page  187^ 
^nii  Dr*  Wailiii*s  Solution  of  it  ends  in  page  217. 

This  Problem  is,  to  find  three  numbers,  denoted  by 
the  three  letters  a^  ^,  and  r,  that  fhall  be  of  fuch  mag- 
nitudes that  atf  4-  l^c  (liall  be  ~  16,  and  H  +  ac  fliall 
be  =  17,  and  ic  +  ai  (hall  be  =  18.  And,  if  /  be 
put  for  16,  tn  for  17,  and  n  for  iS,  and  ee  be  put  =s 
Haaf  the  final  equation  involving  e^  refulting  from  the 
conditions  of  the  Problem,  is  the  equation  of  the  12  th 
brdcr,  (or  involving  the  Y2th  power  of  the  unknows 
^antlty  e,)  thit  is  fet  down  in  page  217. 

.  But  this  equation  may  be  reduced  to  an  equation  of 
the  eighth  power,  or  order,  by  dividing  it  by  the  trino- 
mLU  quantity  e*  —  4/^  =  +  4/*,  or  the  fquare  of  a/  —  **; 

which 


Vhich  diTifioais  (et^down  by  Dr.  Widlis  in  his  Algebra, 
and  !•  ljfcewife'(et.ciowi]L  ia  the  prefent  Volunus  in  pages 
ai8iaaid,^i9*  ,.  And  tji^cqut^d^xefulting  from  this  di-^ 
vifia^ is fet dowu inpag^  22t^  .^od>  in  p^ges  220  and 
121)  .th^,Talu«$Qf  Uie ,thvK letters  it.m  ^nd  »i  to  wit,- 
^e  aunnbera  jfy,  1 7^  2^d  xi^  ^e  fol^ilitlit^d  in  the  terms 
f if.tlvfl;  fai4:«qU9tion.  infteid  of  ^I^e.faid  Ictffr^  themfelves^ 
9q4zth^,f^id.e4iiation;  is.,thcr9bjr,.conyqrtc4  into,.thc.  nu.- 

5900^f*r  9  i  ^  ^^.  cqu^Uon,  by  prppj^r  a^ditipps  an4 
fubira^ions  /of  ic*s  term^  is  fnrtl^^r  .f:hanged  into  the 
cqua^iipn  I4»9i7f '  —  1998^  +  8o<*  ~  «•  =  sopp  j 
aiK(  thisjail  eqnationj  by  Inbftit^ting  x  inftead  of  4/  jn 
iiVferms,  becomes  the  equation  149937^.  —  i99&9t*  -)*. 
9q^!  ^  iiv^  =  5000,  which  1^  fo  much  the  obje£|  of 
our  attention  in  the  Appendix  to^Dr^  Halley^s  Difcourf<v 

.  in  the  equation  of ,  the  1 2th  order^  wMch  Is  the  refuU 
nf:  DjTp  Wallia'^  iiolution  of  the  foregoing  Pxpblem,  and 
which  is^./ljrt.^oirn  in  page  217  of  the  prefent  Volame^ 
all  the  terms  are  placed  on  the.  leGt-l^and  fide  of  the 
equation,  and  tboir  refuk»  or  vajue,.  is  declared  to  ifq 
equal. to  o;  wlvl«h  h  the  method  in  whkb  Dn  Wallis 
and  moft  othei^Tiiiriters  of  Algebra,  fined  the  publication 
of  H^ur^ot's  Tseatife  of  Algebra  in  tho  year- 163  x,  ufualijr. 
T$agfi  tW  tfi^s^f  their  equaticm^  And  t)iis  equ;^tioi| 
is  afterwards  reduccd.to  an.equa(io9i.of  the  eighth  order, 
by  dividing  it  by  the  trinomial  quantity  e*  —  4//^  4-  4/% 
which  i^anexaftdivifor.  of  it.  or  whigh  divides  it  fo^is 
tO^prpdijice  a  quotient  c(HiG&ing  of  a  certain  nun:tber  of 
term^  ^thout  any  remainder,  one  of  which,  terms  is  r'  $ 


and  tbk  quotient. it  alfo  equal  to  o*  Thus  we  faarif 
dindend  that  is  equal  to  o  difided  hf  the  trinomial  quan«* 
titf  ff  —  4ir^  -|.  4/%  and  producing  %  quotient  'that  is 
Hdfo  equal  to  o.  Ail  this  fcema  vny  obfcurc  and  iiiyf« 
tenoos^  and  bordering  upon  nonfonfe.  And  therefore^  to 
avoid  the  difficulties  ariCng  from  this  method  of  reducing 
the  faid  equation  of  the  lach  order  to  an  equation  of  the 
eighth  order,  I  have,  in  art.  15,  pages  aaiy  123^  214^ 
ScQf  •  «  •  •  •  227,  given  another  method  of  doing  the 
iiune  thing,  which  is  perfe£Uy  clear  and  intelligible. 
T^p  by  adding  fome  quantities  to  both  (ides  of  Dr. 
Wallis's  final  equation,  fet  d<Dwn  in  page  217,  of  which 
the  right-hand  fide  was  o,  I  obtain  two  finite  compound 
quantities  that  are  equal  to  each  other;  and  I  then  diTide 
tkefe'two  equal  quantities  by  the  trinomial  quantity  tf*  -^ 
4/f^  +  4/%  and  thereby  obtain  two  feparate  quotients, 
which  will  be  equal  to  each  other.  And  from  this  equa-' 
tito  between  thefe  two  quotients  we  may  afterwards 
derive  (by  a  proper  arrangement  of  it*s  terms,  and  by 
ftd^ftituting  in  it,  inftead  of  the  letters  /,  my  and  /i,  the 
values  of  thofe  letters,  to  wit,  the  numbers  16,  17,  and 
j^)  firft,  the  equation  14,937^^  ~  ippSM-  -f-  8o^*  — 
^•■25000,  and,  afterwards,  (by  fubftituting  4r  iaftea4 
of  ^^  in  this  lad  equation)  the  equation  l4>937Af  —» 
l^B^*  *4*  Scjir'  "^  jt*  s^  5000,  which  was  refolved  in 
the  foregoing  Appendix  to  Dr.  Halley*s  Difcourfe.  Thia 
anicte,  I  prefume,  will  be  thought  an  interefting  one  bf 
all  fuch  readers  as  are  defirous  of  preferring  clear  ideas 
in  all  the  operations^  that  they  have  occaCon  to  perform 
in  Algebra. 


^  M 


111  p^es  228f ' ^29^  ^jo^'te^  ^  ••  93a,  f  lofe  ap^^Ked 

the  iiuinhcmk7569J|4l)794:y48o,744,  ov  tfaeifeecmd  val«# 
of  X  in  the  equation  I499374r  --^  i998jr*,-f*So«^—  #r*  ar 
5000^  or  of  #r  in  the  equation.  14^ 7«r  —  1998^  4. 80^ 
•—  t*  3?  50QQ9  to  the  Selutbo  of  Colonel TitM's  ProUMSt  ' 

by  taking  as  =  ^  (=  »?5g^4».794«4»«».744  j     ^ 

6.37^210^89)1^140,3729  and  confequenllf  4  cw  ^^378^ 
2201897^240,312}  «  2.52^5,513,986,  or,  tiearlf,  2.525, 
514}  vhich  is  therefore  the  Talue  of  the  fiift  of  the 
threie  numbers  that  were  required  to  be  found-  by  tbc 
ProUem.  This  firft  number  a  being  thus  found,  the 
feeond  number  ^  may  be  derived  from  it  bpcomp^ing 


ixprelfio] 


2«  2n 

as  is  {hewn  in  the  courfe  of  Dr.  Wallis's  Solution  of  the 
Problem^,  and  tl^e  third  number  c  maybe  derived.irQ?;ft 
the  two  former  numbers  a.  and  i  by  coipputing  the  ex- 

preflion  — ^^ — ,  as  is  likewife  fliewn  in  Dr.  WalUsf't, 

Solution.  '  Thefe  computations  are  made  in  pages  22{) 

mm  JIB 

aud  230^  and  it  diere  appears  that  the  expreffion  -' —  «f* 


V8«i*  —  izina^  -tr  «^|fl*  +  4^*«' . 

2« 


■I.    ■  '•"-;      ';, "  ■     r  ,7«,     is  es  2^969,152,8261  orj : 


neaffly,  2.969,153^  and  that  the  caprelEoa  -^^ —  it  ». 

3.5461586.'  Therefore  the  three  numbers  fought  are, 
nearly;  the  three  mixt  numbers  2.525,514,  2969,153, 
and  3*240,^80.  Q^  £.  I. 


CjC 


hxjA 


»W  :sHfr:^^^p^^k. 


:A94  if^»rti  ij^md  i8i^fi;igc$a3p,  Ziiijtnd  2J2|  it  is 
ihewD  that  thefe  three  numbers  will  anfwer  the  conditions 
of  the  Problem. 


'  ^^t  Or.  WalBs  tias  obfenrcd  that  Ae  firft,  or  leaff, 
rsSvtcof  ee'ihthteqnsitlon  t^^yjee —  1998^  +  8or* 
^  2=  5000  win  alfo  enable  ns  to  find  three  other  nuni- 
tiers'  that  wilhafrfwei  the  conditions  of  the  Problem,  asr 
weQ  as  the  thvee  numbers  2.$25,5f4,  ^•9^9»iS3»  ^^^ 
3.^461580^  And  this  i*  (hewn  in  art.  i^  erf  the  prefent 
Traft,  pttg^'a^^,  233,  &c,  -  *-  256.  For  this  firft* 
or  leaft,  value  of  ^^  is  t=:r  0.350,987^045,866,  &rc  as  has< 
fecen  ttewft  in  the  forgoing  Appendix.    And|  if  we 

tdse  Jf  cs  0«3SO»987,o4S>866,  &c,  and  oa  5=  —  (  =: 

'  ^  ^  confequently  a  (=  Vo. 1 75,493,522,933,  &c)  =  a4i8> 
919,470,701,  &c,  and  from  this  value  of  a  deduce  the 

▼lloes  of  h  and  c  by  computing  the  exprcffions   —    *H 

— — — -i^^ —  and   — ; —  ,    we   fhall 

find  the  former  of  thefe  expre(Eons,  or  the  value  of  the 
'^fecpnd  number  t,  to  be  ss  3.912,226,866,  2nd  the  latter 
of  them,  or  the  value, of  the  third  number  r,  to  be.  =x 
4.044,884,670.  And  confequeotly  the  three  numbers, 
fought  will  be  the  difcimal  fradion  0»4X859i9f470,  &c, 
a^d  the  two  mixt  numbers. 3.9 12,226,866,  and  4.(^444 
884,670.  This  is  (hewn  in  art.  19,  images  232,  233,  and 
234 1  s^nd  in  art.  29,  pages.  234,  235,  aod^  236,  it  is 
;     ^  (hewn 


fiiewn  that  thefe  three  numbers  wlH  anfwer  At  conditioai^ 
of  the  Problem.  ■*  * 


•  * 


After  thus  difcovcring  that  two  of  the  values  of  et  iti 
dc  equation  xs^fy^Tet  *-  1998^  +  Sor*  — *•  f*  efc  soQp 
fhrte  equiaitly  well  to  enable  us  to  find  'three  nunibcra 
that  will  anfwer  the  conditions  of  Cploxu;!  Titus's  Pro^v 
blem,  it  may  be'fufpedied  that  the  other  two  values  of  m 
ifi  the  fame  equation^  to  wit,  32«o6o9290»$  and  34*8319 
a8o,2y  would  Ulcewife  enable  us  to  find  two  other  fets  of 
nuxnbers  that' would  alfo  anfwer  the  conditions  of  tl^t 
Pf  oblem.  But  this  is  found,  upon  trial,  not  to  be  true. 
7or,  If  /v  is  taken  =:  3i«o6a|290)89  and  aa  is  taken  ss 

. —  (=s     ■-              )  =r  i6.o30)i45s4i  ajnd  a  1$  takca 
IB  i/i(?*o30»  145^9  and  ^  is  taken  = + 

-^^ — — -;;; — -.»~to-^  + 

ZO    ^^  4E0 

«>^  — j-^—  %  n  'jRrill  be  found  that  the  values  otad  +Tc, 

W  +  aci  and  «r  +  ^^,  refulting  fipom  thefe  values  of  tf, 
A,  atifd  r,  will  not  be  equal  ta  the  numbers  id.  17,  and 
if^reQfeaively;  but  that  aa-^bc  (Iftftead  of  a^i  +  he) 
will  be  ta  Id,  and  that  »  +  /ir  will  be  (as  before)  ■^^■ 
I7,iind  ikat  cc^ab  (inftcad  of  rr  -H  ab)  will  be  =  16; 
and  eonieqiiently  that  the  three  values  of  n^  *,  and  c  fo 
obtained  >$n\tlbt  fitted  so  anfwer  the  conditions  of  a  pro- ' 
bfcmf  iwte What  ^diffitrent  from  that  of  Colonel  Titijs,  to 

wit^ 


ilfiii  Tttc  pIIefack; 

wit)  a  pvdblcm  in  which  it  (hould  be  required  to  Ihci  tki 
values  of  three  unknown  quantities  a^  by  and  r,  tha^ 
fiumld  be  of  ftich  magnitudes  that  ad  —  be  (inftead  of 
M  H*  ic^^  ihoald  be  equal  to  16,  and  that  hb  -k^  ac  fliould 
Us  before,}  be  eqndl  to  17^  and  that  cc^-^ab  (inftead 
^.€C^  abf)  ihouid  be  equal  to  i8.    And,  if  ee  is  takeil 

==  34.834,280,2^  and  aa  is  taken  =  —  (  == 
^^nr,^\    '  '"  )   ""    I7*4*6>i40fi,  and   i   Is  taken    =» 

iTtf            \^i44ii*  —  3167^*  +  18,432  ,       .        .    ^ 

--g-  -^  -_2X: ^     *  .,  ^ — !iL.,  and  c  is  tekcit 

155,  7 — r—  ^  or  '   J  ,■•  ■  )  it  will  be  found  that  the  valued 

of  aa  -h  bcy  bb  +  at,  and  cc  +  a^,  refulting  from  thcfc 
Tsllues  of  ay  b^  and  r,  will  not  be  equal  to  the  numbers 
16,  17,  and  18  refpe£lively,  but  that  aa -^  be  (inftead 
of  aa  4-  be)  win  be  c=  16,  and  that  be  —  ae  (inftead  of 
k  +  or,)  will  be  =  ly,  and  that  rr  +  tfi  will  be  (as 
before)  =  t8  ;  and  confcquently  that  the  three  values  of 
tfy-t,  and  e  fo  obtained  will  be  fitted  to  anfwer  the  con* 
ditions  of  a  problem  fbmewhat  different  both  from  Co- 
lonel Titus's  Problem  and  frorti  the  other  problem  juft 
now  mentioned,  to  wit,  a  problem  in  which  it  fliould  be 
required  to  find' the  values  of  thtee  unknown  quantities 
#7>^  and  r,  that  ihouid  be  of  fuch  magnitudes  that 
air  «-  be  (tnftead  of  aa  +  be)  fliould  be  equal  to  16,  and 
that  be  ^  ae  (inftead  of  be  +  ae)  fliould  be  equal  to  17^ 
and  that  /c  +  cb  (faould  (as  before)  be  equal  to  18.  And 
thus  it  appears  that  the  equation  14,937^  —  1998^*  -f- 
So#*  ^—  f*-  dx'  5600  is  ielatcd  to,  or  may  be  derived  fromj 
thcce  4iffinre0t'pR>bIema  tbit  bear  a:  refemblahce  to  each 
.r   '  othet 


tfhcT  by  sigfcciDg  io  fonfie  of  their  f:oi>di^iofif » but  not'm 
^Wy,  and  thM  two  of  the  values  of  u  in  tbia  equitioai  tq 
^it>.  (be  lea (i  and  t|;^  Icaft.  but  odci  are  nelated  to  th» 
fir(^  c^  ihe.faid  three. probleiri«,  to  wit»  that  propofed  bf 
Colonel  Titus,  and  wiU  enable  us  to.Sad  two.fett  jjf 
pujo^ber^  that  will  anfwer  the  condictouB  of  tba^  probknsi 
and  that  the  third  value  of  ee,  in  this  equationi  to  wit^ 
32.060,290,81  >rill  enable  U3  to  find  three  nfimbers  that 
will  anfwer  the  conditions  pf  the  iecond  {Problem  §  mA 
that  the  fourth,  or  greateft,  value  of  fe  in  the  fame  equa-« 
tipn,  to  wit, -34.832,280,2;  will  enable  us  to  find  three 
numbers  that  will  anfwer  the  conditions  of  the  third 
prqbtem*-  This  is  a  remarkable  conclufion,  and  deferves 
to  be  attended  to«    Thefe  obfervatigns  are  briefly  me»* 
tiOi^ed  in  sgrt.  21,  pages  .236,  237>  and  238  ;   but,  fot 
fnore  ample  fatisfaAioii  concerning  thefe  two  greateft. 
▼alues  of  ff  in  the  faid  equation,  the  reader  is  referred 
to  Dr.  Wallis^s  Algebra,  Chapter  LXII,  art.  63,  64,  65,* 
<»d,  &Cjj  -  -  79|,   where  he  will  find  the  (ubjcA  fully 
difcufled,  but  not,  it  U  apprehended,  without  fome  de^ 
grej?  pf  obfc^irity  arifing,  partly,  from  the  cotifideratuHt 
of  negative  quantities,  and,  partly,  from  the  do£lrine  of, 
the  generation  of  .equationS|  one  from  another,  by  mulei*  . 
plication,  or  by  bringing  all  the  terms  of  tfaeequatioti  tHi- 
the  firft,  or  lefthand^  ^dfi  of  the  equation,-  fo  as  ta  make  ^ 
them  equal  to  o,  and  then  xuukiplying  the  equations  (feo 
prcparc4  and  madq  egnalto  Qotbiog,)  ofic  into  another^  ' 
abd  (rpniL  the  emjnentjly-falfc  pofition  derived  ffom  dust 
pianqer  of  generating  equations,  to  uiit,  ^xkH,  every    . 
Algcbrajck  cquatio^W  as  maiiy;»otsj\s  there  are  units' 


1.  THE    PIlB:FACe. 

iitf  fX)tiCained  in  the  eqnaTtpn*'-  For  this  doArine  of-  the 
HCQeratioo  of  equations,  one  from  another^  by  mulinplw 
oUioo,  (which  was  iavented  by  Harriot,  and  adopted  by 
Ilea  Canesy  aod  Dn  Wal]i«>  and  almoft  all  the  fubfe* 
qpetit  writers  on  Algebra^)  infiead  of  being,  an  improve- 
me&t  in  that  fcience  (as  many  people  conGder  it),  has, 
m  my  opinion,  been  of  great  detriment  to  it  by  dedroy-* 
ing  it's  fimplicity  and  perfptcuity,  and  therefore  ough( 
agaia'to  be  difcarded  from  it. 

The  foregoing  Solution  of  Colonel  Titus's  Problem, 
^iven  us  by  Dr.  Wallis,  is  (as  we  have  already  obferved,) 
exceedingly  tedious  and  laborious :  and  great  part  of  the 
labour  required  in  thcf  faid  Solution  arifes  from  the  ne* 
cei&ty  we  are  under,  of  raifing  the  equation  which  in- 
volves the  unknown  quantity  a  to  the  12th  degree,  or  to 
the  1 2th  power  of  a,  in  order  to  free  it's  terms  from 
radicality.  But  Mr.  William  Frend,  the  ingenious  author 
of  the  late  perfpicuous  Treatife  on  Algebra  in  one  vo^ 
lume,  oAavo,  intitled.  Principles  cf  Algebra^  (in  whic^ 
he  totally  re}e£ls  the  abfurd  and  perplexing  doctrine  of 
megtJtive  quantities,  or  quantities  lefs  than  nothing,  or  quan^' 
iitifs  Atained  by  the  fuhtraSlion  §f  n  gnater  quantity  from 
m  lejfer,)  has  lately  communicated  to  me  another  Solution 
of  this  Problem  which  produces  only  a  biquadratick 
cquatioii,  to  wit,  the  equation  *♦  —  if. 544:'  +  21.76^- ' 
r-  ii«24.v  ss  0.02*  And  this  equation  is  found  to  hare 
three  roots,  or,  in  the  language  of  modern  AlgebrMifts, 
three  real  and  affirmative  roots ;  of  which  the  middle  root 
will  enable  us  to  find  the  firft.  fet  of  values  of  the  three 
Uflknowa  z^umbera  a^  b^  and  €^   that  will  anfwer  the 

conditioi^s 


7m  ^KtFAcB;*  S, 

con  jt^MB  of  Cofond  Htus's  ProUemi  to  wit,  th<i  thTW 
nvmbeni  ^^$2%^$  Src,  '2^69,15  Jcc^  and  3*^40,5  &C|r 
and  tliefreateft  root  wSl  enable  U4  to  find  the  fecond  ict 
•f  Tisdnes  of  thefaid  three  unlcnown  numbers,  that  will 
anfwerthe  fame  condhimie,  to  wit,  the  three  nsmbeif 
0.418,41^,47,  3.9fa>226,8  &c,  and  4^344,884,6  && 
This  Solution  oiF  this  Problem  I  have  therefore  inftrtei 
ip  this  Colle£Hon,  immediately  after  the  foregoing  Sohtr 
tion  of  it  by  Dr.  Wallis,  and  have  exhibited  'am)>  ex* 
plained  it  very  fully.  It  begins  in  page  140,  and  ends 
inpgei75. 

lA  this^olution  Mr.  Frend  puts  i  =?  xa^  andr  ss  j#i 
and  in  the  courfe  of  his  Solution  fliews  diat  y  will  be  aa 

r r  5  ot -r-^ .    Sp  that,  when  x  is  ducover* 

ed,  the  proportion  of  r,  or  ^^,  to  ^  win  be  known,  as 
well  as  the  proportion  of  b,  or  xa,  to  a.  His  objeft  !n 
tfaeSofatron  is  therefore  to  find  *■.  This  Solution  of 
Mr.  Frend  is  contained  in  art.  23,  24,  25,  and  26,  and 
pages  240,  241,  241,  243,  and  244,  and  produces  iht' 

biquadiaUck  equation  *♦  —  [^^  X  x^  +  jji^  , 

y  ivr  —  I         ^     X  A?  =  s"  •    And  m  art.  27, 

pages  244  and  245^  it  idi  (hewn  that,  if  we  fubftitute  ia 
this  equation,  inftead  of  the  letters  /,  i»,  and  n,  the 
numbers  that  are  denoted  by  them,  to  wit,.  16,  17,  and 
iSf  -the  fiud  equation  will  be  converted  into  the  numeral 

eqiiatMm  *♦  -  11.54^  x^  +  2J.76  X  ^*  -^  ii-a4  X 

X  3= 


<: 
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X  -=■  o.et.  This  equation  itiuft  therefore  be  tetoUci^ 
m  order  to  obtain  the  Talue  oi  x\  and  from  the  Ttlne  d;' 
m  io  obtained^  or,  if  the  equation  fliould  have  more  thaa 
one  root,  (a«  is  the  cafe,)  from  that  value  of  x  which  ha^ 
»  rebciop  to  the  prcfent  ProUeoiy  ve  mud  then  derive 

the  value  of  j  by  computing  the  fraf^ioa j~  or 

-r^,  to  inrhich  v  is  equal.     And*  when  this  is 

17.11—16 

4one,  we  muft  multiply  the  value  of  xa^  or  ky  into  the 
value  of  ya^  or  r;  which  will  give  us  the  value  of  be 
cxprcfled  by  it's  relation  to  aa  :  and  then,  by  fubftituting 
this  value  of  bt  inftead  of  be  in  the  equation  aa  '^  be 
9s  16,  we  ihalL  convert  the  fs^id  equation  into  a  quadra- 
tick  equation  involving  only  one  unknown  quantity, 
namely,  Hy  and  which  may  therefore  be  eafily  refolvcd* 
And  the  refolution  of  this  quadratick  equation  will  give 
%^  the  value  of  /?,  or  the  firft  of  the  three  unknown 
quantities  tf,  by  and  r,  that  the  Problem  requires  us  to 
ind.  And  from  the  value  of  a,  fo  found,  we  may  de^ 
rive  the  values  of  b  and  c  by  multiplying  a  into  x  ta 
obtain  the  number  by  and  by  multiplying  it  into  y  to 
obtain  the  number  r.  Uur  chief  buGnefs  therefore  is  to^ 
find  the  roots  of  the  biquadratick  equation  ;c^— •  li.54. 
X  *'  +  21-76  X  «*  - —  IK24  X  *  =  002,  which 
is  done  very  fully  in  pages  246,  247,  248,  &c,  -  -  273, 
by  the  application  of  Mr.  Raphfon's  method  of  approxi- 
mation -y  and  the  firft,  or  leaft,  root  of  this  equation  is 
found  (in  pages  246,  247,  248,  &c,  -  -  255,)  to  be. 
Very  nearly  ^  > '027,1 79,787,  which,  it  is  fliewn  in 
^  34»  P^  235*  will  not  enable  ns  to  (bhe  CoJone\ 

Titus*^ 
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Yitut^a  ProUcm ;  wd  the  (iecond,  or  middle^  root  is 
foand  ( in  art.  35,  36,  37,  itc,  -  -  -  40,  pages  256, 
i57,  ftci  •  -  .  a65)  to  be  nearly  =  I>i75»05^i4^  I 
atid  this  root  is  (in  art.  41  and  42,  pages  26b  and  ^6},) 
applied  to  the  Solution  of  Colonel  Titus's  ProUem,  and 
is  found  to  anfwer  the  purpofe,  by  enabling  us  to  find 
a. 52  $f 534  for  the  value  of  a^  or  the  firft  of  the  three 
unknown  numbers  ay  b^  and  r,  which  we  were  required 
to  difcover,  and  2.960,159  for  the  value  of  [xa^ox)  b^ 
or  the  fecond  of  the  faid  three  numbers,  and  3*240,537 
for  the  Talue  of  {ya^  or)  e^  or  the  third,  or  lait,  of  the 
faid  numbers;  which  three  values  of  Oyb^  and  c  are 
nearly  the  fame  with  the  values  of  them  fouitd  before  in 
liie  firft  part  of  Dr.  Wallis's  Solution  of  this  Problem ; 
and)  laftly^  the  thirds  or  greateft,  root  is  found  (in 
art.  44i  45,  46$  p^tges  268,  269,  &c^  •  -  -  273)  to  be 
nearly  s  9-3389Bsf,9 ;  and  this  root  is.  (in  art.  47  and 
4^9  pages  273,  274>  and  275,)  applied  to  the  Solution 
of  Colonel  Tttus^s  Problemt-  and  is  found  to  anfwer  the 
purpofe,  by  enabling  us  to  find  0.4189919,47  for  the 
value  of  0,  and  3.912,226,888  for  the  value  of  {xa^  or) 
by  and  4.04418841650  for  the  value  of  {ya^  or)  r;  which 
three  values  of  «>  bi  and  c  are  nearly  the  fame  with  the 
latter  three  ralues  of  the  fame  quantities  found  before  in 
the  fecond  part  of  Dr/Wallis's  Solution  of  this  Pro- 
hkm. 

This  Problem  is  therefore  now  compleatly  folved  by 
Mr.  Frend's  method  of  proceeding,  as  it  had  been  before 
by  that  of  Dr.  Wallis.  And  Mr.  Freud's .  Solution  lias 
this  advantage  over  that  of  Dr«.  Waliis,  that  it  faves  us 
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the  trouble  ofthoie  viery  tedious  and  perplexing  Alge^ 
brilical  multiptications^  fubtra&ionsj  and  diviilons,  which 
were  necefiary  in  Dr«  Wallis's  Solution^  and  which  it  is 
ve^Y  diiBcuk  to  perform  without  making  fome  flip,  or 
crfor>  either  in  fetting  down  the  figns  +  and  **»  th^t 
are  to  be  prefixed  to  the  feveral  terms>  or  in  computing 
the  co*efficients  of  the  terms^  or  the  indexes  of  tlie 
powers  of  the  quantities  involred  in  them. 

The  inreftigations  of  the  three  roots  of  the  biqua- 
dratick  equation  >r*-^  ii-54  X  ^*  +  2i.jbM*  —  11.2+ 
X  9c  ss  0.02  are  eminent  inllances  of  the  utility  of  Mr. 
Raphfon's 'method  of  refoWing  equations  by  approxima- 
tion, and  in  that  view,  as  well  as  on  accouiit  of  their 
relation  to  Colonel  Titus's  Problem,  were  fit  to  receive 
a  place  in  the  prefent  Volume,  which  is  intended  to 
xUuftrate  and  recommend  that  method  of  refolving 
equations. 

The  next  Traft  in  the  prefent  Volume  is  re-printed 
from  my  Appendix  to  Mr.  Frend's  Principles  of  Algebra; 
and  it  had  been  publiihed  for  the  firft  time  in  the  large 
o£):aTO  volume  of  Tra£ls  containing  a  part  of  Mr.  James 
Bernoulli's  excellent  Treatife  D£  Arte  Conjeflandi,  and 
other  mathematical  pieces,  in  the  year  1795*  It  is  in- 
titled,  Obfervations  4U  Mr.  Rapifin's  Method  of  refolving 
AffeB:ed  Equations  of  all  Degrees  by  Approximation.  It 
begins  in  page  I'jt^y  and  ends  in  page  323,  and  it's  con* 
tents  may  be  defcribed  as  follows.  The  firft  part  of  it, 
AS  far  as  page  303,  is  intended,  partly,  to  remove  ibme 
difficukies  that  occur  in  reading  Mr.  Raphfon's  excellent 
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Treatife.  on  the  Refolutton  of  all  Equsitlonsy  (whether 
pare  or  affe£led,)  by  Approximation^  itktitled  JnaljBs 
^quatimmn  Univirfalis  9  whkh  diffiitulties  are  not  inbo^ 
rent  in  the. ftib^fi*  itfelf,  or  ncceflarily. belonging  t6,his 
method  of  refolvizig/ Equations)  bat  have  arUen  merely 
from  his  having  unSontun^ely  adopted  the  'do^rine  and 
language  of  negative  roots  of  equations^  by  which  the 
Science  of  Algebra,  or  Univerfal  Arithmetick,  has  been 
difgraced  atid  rendered  obfcure  and  difficult,  and  difguft- 
ing  to  men  of  a  juft  tafte  for  accurate  reafoning,  ever 
£nce  it*s  introdu£lion  by  Harriot  and  Des  Cartes.  The 
firft  part  of  this  Tra£l  is,  I  fay,  intended)  partly^  to 
remove  (bme  difficulties  t>f  this  kind  in  the  faid  Treatiic 
of  Mr.  Raphfon,  and,  partly,  to  illufirate  his.  method 
of  refolving  high  equations  in  other  cafes,  or  where  no 
negative  roots  are  mentioned)  by  performing  the  Tefo 
lution  of  one  of  the  equations  adduced  by  him  as  ex* 
amples  of  his  method,  to  wit,  the  refolution  of  the 
equation  a?'  +  7^*  +  20.r'  +  "^IS^x  =  10,000,  in  a 
very  full  and  diftin£t  manner,  with  every  ftep  of  t;he  re- 
folution, and  the  reafonings  upon  which  it  is  grounded, 
fct  forth  at  length,  agreeably  to  the  principles  laid  down 
by  him  in  the  beginning  of  the  faid  Treatife,  inftead  of 
Teibrting  (as  he  has  done  in  his  refolution  of  the  fame 
equation,  and  in  thofe  of  all  the  other  equations  adduced^ 
by  him  as  examples  of  his  method,)  to  the  repeated 
application  o^a  general  theorem,  or  canon,  which  he 
has  deduced  from  the  faid  principles:  becaufe.  I  was  c^ 
opinion  that  the  latter  way  of  performing  the  faid  refo- 
lution, by  means  of  a  theorem,  or  canon,  affords  much 
lefs  fatisfadion  to  the  mind  of  the  reader,  or  cakulator, 
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in  the  ufc  of  It  than  he  would  receive  by  retoUlng  the 
equation  in  the  former  way,  or  by  the  immediate  applica- 
%tion  of  tlie  principles  themfelvesj  as  is  done  in  the  refolu- 
tion  here  given  of  the  faid  equation.  And  the  following 
part  of  this  Tra£^  (from  page  303  to  page  3179)  contains 
fome  obfcr^'ations  on  the  refemblance  between  Mr. 
Raphfon's  method  of  refolving  an  equation  by  approxi- 
mation and  Sir  Ifaac  Newton's  method  of  doing  the  fame 
thing ;  which  latter  method  in  it*s  firft  procefs,  (or  in 
finding  the  fccond  near  value  of  a?,  or  the  root  of  the 
equation,  after  having  found  a,  or  it's  firft  near  value, 
by  conjefturc,  or  other  wife,  to  a  moderate  degree  of 
cxaftnefs,)  is  precifcly  the  fame  with  Mr,  Raphfon's^ 
but  in  the  following  proceflea  differs  a  little  from  if. 
This  circumftance  makes  it  neceflary  to  compare  the  two 
methods  with  each  other,  by  applying  them  to  the  refo- 
lution  of  the  fame  equation;  as  we  before  compred 
Mr.  Raphfon's  method  with  Dr.  Halley's,  by  applying 
them  both  fuccefiively  to  the  rcfolution  of  the  fame  three 
equations  in  tlie  foregoing  Appendix  to  Dr.  Halley's 
Difcourfe.  And  whh  this  view  I  have  (in  pages  305, 
306,  307,  -  -  -  317)  refolvcd  the  cubicle  equation 
x^  -—  2;f  =  5  (which  is  the  equation  adduced  by  Sir 
Ifaac  Newton  as  an  example  of.  his  method,)  by  both 
Mn  Raphfon's  method  and  Sir  Ifaac  Newton's  method^ 
in  a  very  full  and  diftind  manner,  and  fo  as  to  fet  the 
rcfpeftive  advantages  of  the  two  methods  in  oppofition 
to  each  othef,  to  the  end  that  the  reader  may  be  enabled 
to  compare  them  one  with  thq  other,  and  determine 
which  of  the  two  is,  upon  the  whole,  the  more  conve- 
nient.   And  here  I  muft  confefs  that  it  appears  to  me, 
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«pon  making  this  companfon,  that  Mr.  Raphfon's  m6» 
thod  of  approximation  is,  in  fome  degree,  pfeferablo 
e?en  to  Sir  Ifaac  Newton's  method,  'tliough  not  fo  much 
as  to  that  of  Dr.  Halley. 

In  art.  22,  pages  317,  318,  and  319,  a  proof  is  given 
of  the  eza£lnefs  of  the  number  2.094,551,48,  which 
has  been  found  by  both  Mr.  Raphfon's  and  Sir  Ifaac 
Newton's  methods  of  approximation  to  be  the  root  of 
the  equation  jf*  —  2*  =  5.  And,  in^art.  23,  pages  321, 
322,  and  323,  there  are  fome  obfervations  on  the  diffi* 
culty  of  finding  a^  or  the  firft  near  value  of  an  affe£led 
equation,  in  certain  cafes,  to  wit,  in  thofe  cafes  in  which 
the  propofed  equation  either  has,  or  (from  the  changes 
of  the  Ggns  of  it's  terms  from  +  to  —  and  from  — 
to  +,)  feems  to  have,  more  than  one  real  and  affirmative 
root     And  with  thefe  obfervations  this  Tra£l  concludes. 

The  next  Traft  in  this  -ColIe£lion  is  the  loth  Chapter 
of  the  2nd  Book  of  Mr.  John  Kerfey's  Elements  of  Al- 
gehroi^^-^  moft  valuable  work  in  two  fmall  volumes,  folio, 
that  was  publifhed  in  the  year  1673.  This  book  is  now 
too  little  known,  and  deferves  to  be  ftrongly  recom- 
mended to  all  ftudents  of  Algebra  on  account  of  the 
great  fulncfs  and  perfpicuity  with  which  it  is  written ; 
in  which  important  qualities  it  very  far  furpaflcs  moft  of 
the  Treatifes  of  Algebra  that  have  been  written  fuice, 
excepting  Dr.  Saunderfon's  Elements  of  Algebra ^  in  two 
volumes,  quarto,  whlcfe  was  publiflied  in  the  year  174O. 
And  in  fome  refpefls  it  is  even  preferable  to  Saunder- 
lo'n^s  Algebra  \  becaufe  it  gives  a  fuller  account  of  the 
Piophantine  problemSi  and  becaufe  it  deals  lefs  in  the 
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abTiird  myfferies  of  negative  roofs,  and  negniive  qtij)itlt'u^ 
in  ^^cneral,  and  the  doflrine  of  the  generation  of  higlicr 
afffewicd  equations  from  lower  equations  by  multiplica- 
tion, which  has  been  the  fourcc  of  great  obfcurity  and 
perplexity  to  all  the  ftudenta  of  Algebra  ever  fince  it'a 
introduftioninto  that  ftience  by  the  publication  of  Har- 
riotts Algebra  in  the  year  163 1  and  Des  Cartes's  Geo- 
metry in  the  year  1637.    Thefe  abfurd  doftrines  fccm 
to  have  delighted  Dr.  Saundcrfon,  who  frequently  infults 
and  rails  at  fuch  of  his  readers  as  (hall  find  a  difficulty 
in   underftanding  them,    as  being  perfons/of   narrow 
xninds  and  incorrigible  dullnefs  and  ftupidity:  but  Mr. 
Kerfey,  though  he  did  not  venture  boldly  to  rejeft  them, 
as  either  poGtively  abfurd  and  unintelligible  or,  at  leaft, 
leading  to  obfcurity,  yet  fays  but  little  about  them,  and 
fecms  defirous,  as  much  ■  as  poflible,   to  keep  clear  of 
them.     His  book  therefore  deferves  to  be  ftudied  by  all 
perfons  who  defirc  to  become  IkilfuU  in  Algebra  •,  and  to 
confirm  this  recommendation  of  it  I  will  add  the  follow- 
ing paflage  from  the  Preface  of  the  learned  Dr.  Wallis 
to  the  Latin  Edition  of 'his  Algebra,  in  the  fecond  vo- 
lame  of  the  Colledion  of  all  his  Works  publifhed  at 
Oxford  in  tliree  volumes,  folio,  in  the  year  1693,  where, 
sifter  mentioning  other  eminent  writers  on  this  fubjeft, 
he  has  thefe  words:  Snaferitn  ut  lee  J  or  confulat  ex  mjlr'is 
{prater  a/ios^)   Kcrfaum  ncjlrum  ;  qui  duohis  volttminihus 
Integra m  Aigehra  tranutjonem  ex/jibinty  fuse  qulih'm  et  per- 
fpiru*  trr.ciiir»m  :    quo  nenio^  feVu'uu  quajllones  IMophnntaas 
elucidavit.     The  chapter  of  Uns  valuable  book  which  is 
*hcre  reprinted,  (and  which  I  had  rcprir.ted  already  about 
a  year  ago  jn   the   Appendix  to  Mr.  Frond's  Principles 
9fJgdra^)  relates  to  the  method  invented  by  Siriioa 
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Stcvinus,  the  FlemUh  Mathematician,  (who  flouriflied  ia 
the  beginning  of  the  lad  century,  and  died  in  the  year 
^^33>)  for  finding  ^,  or  the  firft  near  value  of  x,  or  the 
roQt  of  any  propofed  Algebraick  equation,  by  repeated . 
conjetSurcs  and  trials  with  eafy  numbers  of  one  or  two 
de^bnal  figures  :  after  having  found  which  we  may  pro- 
ceed to  determine  the  value  of  the  faid  root  to  a  greater 
degree  of  cza£tnefs  by  one  or  more  applications  of  Mr. 
lUghfon's  method  of  approximation.  The  title  of  this 
loth  Chapter  of  Mr-  Kerfey's  Algebra  is  as  follows: 
jdn  ExpHeatiott  of  Simon  Steviffs  Gemral  Rule  to  extraB 
one  Root  out  of  any  poffihlf  Equation  in  Numbers j  either  ex* 
aWy  or  very  nearly  true* 

f 

I  have  next  inferted  in  this  CoIlefUon  of  Tra£is  a 
Remark,  (which,  as  well  as  the  two  preceedinj;  Tra£ls,' 
I  had  printed  before  in  my  Appendix  to  Mr.  Trend's 
Principles  of  Mgebra^)  on  a  grofs  error  in  the  reafoning 
of  the  late  celebrated  French  Mathematician,  Mon*' 
fieur  Clairaut,  in  his  elegant  little  treatife,  intitled 
Elements  d* /tlgebre^  where  he  endeavours  to  prove  that,  if 
two  negative  quantities,  called  —  i  and  —  d^  be  mul- 
tiplied together,  their  produft /win  he  +  W.  This  Pro- 
pQfition  he  (hould  have,  firft,  made  intelligibk,  by  telling 

'  us  what  he  meant  by  a  negative  quantity,  before  he  un-. 
dertook  to  deraonftrate  it.  l^ut  this  he  has  not  done. 
For,  Jn  the  beginning  of  his  book,  he  fpeaks  of  the 
fign  —7,  or  minus,  as  being  only  the  fign  of  the  fubtrac- 
tion  of  the  quantity  to  which  it  is  prefixed  from  another 

'  quantity  which  is  greater  than  it ;  according  to  which 
meaning  of  the  fign  rrj  (which  is  very  clear  and  juft) 
t}>e  compound  quantity  a  —  h  rouft  fignify  the  txcefs  of 
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the  quantity  a  above  the  quantity  b^  which  is  fuppofed  to 
be  lefs  than  a.  He  then  provee  clearly  and  by  joil  rea- 
fonings  that,  if  the  compound  quantity  «  —  ^  is  multi- 
pHed  into  the  compound  quantity  c  —  df  the  produd  of 
the  faid  multiplication  will  be  the  quadrinomial  quantity 
ac  —  tc  -^  ad  +  Id,  But  then  he  fuppofes  a  and  c  to 
become  equal  to  o,  while  b  and  d  retain  their  former 
magnitudes^  not  coafidering  that,  according  to  the  t>nly 
idea  which  he  had  before  given  us  of  the  fign  — »  the 
quantity  0  mu(l  be  greater  than  b^^  and  the  quantity  c 
mud  be  greater  than  dy  in  order  to  make  it  poffible  for 
the  compound  quantities  a  ^  b  and  c  —  d  to  exift  ; 
and  then  he  cot^cludes  that,  fince  a  and  c  are  become 
equal  to  o,  the  three  terms  ac^  —  be,  and  —  ad,  (which 
involv^e  them)  will  become  equal  to  o  likewife,  and  the 
whole  quadrinomial  quantity  ac  "--  be  '^  i.d  -{'  Id  will 
become  equal  to  it's  lad  term  +  bd^  and  confequently 

that  6  —  ^1  X  Q  ^  dy  or  —  i  x  —  flf,  will  be  equal 
to  +  Id,  This  is  very  weak  rcrifoning  for  fo  great  a 
Mathematician  as  Monficur  Clairaut :  and,  if  he,  who 
^feas  fo  juftly  celebrated  for  the  clearneTs  of  his  ftyle  and 
the  accuracy  of  his  reafonings  on  many  occafions,  could 
oflcr  nothing  better  than  this  f.ilIacious  argument  in  fup- 
port  of  this  favourite  do^liinc  of  negative  quantities,  or 
quantities  lefs  than  nothing,  or  quantities  arifing  froqn 
the  fubtra£lion  of  fomc  quantities  from  others  that  arc 
lefs  than  thcmfelves  (which  are  the  definitions  given  of 
thcfe  quantities V by  Sir  ll'aac  Newtop,  Dr.  Saunderfon, 
and  Mr.  Mac  Laurin,  as  is  (hicwn  in  the  Note  in  page  286 
of  the  prcfcnt  Volume,)  I  think  uc  may  fairly  conclude 
^hat  this  doctrine  caunot  be  dcfeodcd  : 
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This  Remark  begins  in  page  ^39^  and  ends  In  page  343. 

The  next  Traft  in  this  Colleflion  is  intitlcd,  A  General 
Method  of  invejligating  the  two^  or  three ^  firfl  Figures  of 
the  leafi  Root  of  an  Equation  that  has  more  thm  one  real 
and  affirmative  Root ;  and  is  reprinted  Trom  the  3d  Vo- 
lume of  the  Scriptores  Logarithmici,  pages  725,  726,  &c, 
761- 

The  foregoing  method  of  finding  a,  or  the  firft  near 
value  of  the  root  of  a  propofed  equation,  by  means  of 
conje£lures  and  trials  with  eafy  numbers  of  only  one  or 
two  figures,  in  the  manner  recommended  by  Stevinus 
and  Kerfey,  (which  is  fet  forth  in  the  loth  chapter 
re-printed  from  Kerfey's  Algebra  in  pages  325,  326,  &c, 
-  -  -  336  of  this  Volume,)  will  be  found  perfeftly  con- 
venient in  all  equations  that  have  but  one  root.  But, 
when  the  propofed  equation  has,  or  (from  the  changes 
of  the  figns  +  and  — ,  prefixed  to  it's  terms,  from  4- 
to  •—  and  from  —  to  +,)  feems  to  have,  two,  or  three, 
or  four,  or  more,  roots,  or  (in  the  language  of  moderrr 
Algebtaifts,)  real  and  aj£rmati?e  roots,  we  may  fome- 
times  be  at  a  lofs'  to  know  which  of  the  faid  feveral  iroots 
we  ought  to  go  firft  in  purfuit  of.  In  thefe  cafes  there- 
fore I  am  inclined  to  diink  that  it  will  be  floft  prudent, 
in  general,  to  begin  with  the  inveftigation  of  the  leaft 
root.  And  the  manner  of  doing  this  is  the  fubje£l  of 
this  Trad.     Ihe  propofition  on  which  this  method  of 
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proceeding  is  founded,  is  as  follows;  to  wit^  ^'  that»  if  all 
tbt;  terms  of  the  pmpoiied  equation  that  have  the  fign  — 
prefixed  to  them  are  expunged  from  it,  the  root  of  the 
equation  fo  curtailed  will  be  lefs  than  the  kaft  root  of  the 
original  equation^"  whence  it  follows  that,  if  this  root  is 
found  to  two  places  of  figures  by  Stcvinus's  method  of 

t 

conjeAure  and  trial,  or  otherwife,  and  be  called  a^  it 
will  ferre  for  the  ground-work  of  an  approximation  to 
the  Tttlue  of  the  lead  root  of  the  original  equation  iu, 
|dr*  Raphfon's  method  by  putting  the  faid  lead  root  equal 
to  a  +  «,  and  fubftituting  U  +  %  inftead  of  ;r  in  the : 
terms  of  the  original  equation,  and  refolvlng  the  trtnf* 
farmed  equation  refulting  from  this  fubftiturion,  as  if  it 
were  a  mere  fimple  equation,  in  the  manner  recom- 
mended bj  Mr.  Raphfon.    The  principle,  or  propofition 
above-mentioned,  upon  which  this  noethod  is  grounded^^ 
is  defcribed  and  proved  in  the  Lemma  fet  forth  and  de- 
monflrated  in  pagc$  361^  362,  363,  &c,  •  -  -    3^7  i 
apd  fome  examples  are  given  of  it  in  pages  368,  360,  &c, 
-  •  -  431,  which  are  rcfblved  at  great  length  and  wirh 
great  care  and  labour  :  and  methods  are  pointed-out  by 
which,  when  we  have  obtained  thq  leaft,  or,  perhaps,  the , 
only,  root  of  the  propofed  equation,  wc  may,  in  the  firft 
place,  difcovex  whether  the  faid  equation  has,  or  hns  not» , 
any  other  joot  brides  that  ^hich  has  been  already  founds  . 
and,  fecondly,  if  the  faid  equation  has  any  other  root,  we\ 
may  reduce  the  equation  tfi  another  equation  of  tlie  next « 
lower  order»  or  degree,  of  which  the  roots  will  be  the 
faa^  with  the  remaining  roots  of  the  original  equation. 

After  having  dwelt  fo  long  upon  Dr.  Hallcy's,  Mr, 
Raphfon's,  and  Sir  Iftaac  Newton's/mcthods  of  refolvlng 
.      *  ""  -  equation^  * 
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equations  by  approximation,  1  conceived  that'itUfobH  be 
agreeable  to  the  readers  of  thefe  Trafh  t6  be  made  ac-" 
quainted  with  Vieta's  method  of  rcfolVing  them  alfd  bjr" 
approximation,  which  was  invented  by  that  celebrated 
atithor  above  a  hundred  years  before  the  poblicatton  of 
Mr.  Raphfon's  and  Dr.  Halley's  meriiods,  and  which  waa  ' 
generally  adopeed  ond  pra£tifed  by  tlie  ableft  Mathehia* 
ticians  of  thoft  times,  and  particularly  by  Mn  Oaghtrcdj 
Pr.  Pell,  and  Dr.  Wallie,  diough  it  has  fmce  been  aban^n 
doned  on  account  of  the  greater  facility  and  cxpfiditloii 
of  the  methods  of  Sir  Ifaac  Newton,  Mr.  Rapbfon,  and 
Dr.' Halley.    I  have  therefore  added  another  Tra£i:.io* 
thoie  already  mentioned,  in  which  I  have  endeavoured 
to  explain  the  principles  upon  which  Vieta's  method  of 
rcfolying  equations  by  approximation  is^  gTX)unded,  and* 
the  manner  in  which  we  are  enabled  by  it  to  inveftigate 
the  vaYue  of  the  root  of  any  equation-  whatfoever*     E 
have,  however,  confined  myfelf,  in  this  attempt,  to  the 
refolutidn  of  only  one  aflFeded  equation  hj  this  method, 
as  a*  fpecimen  of  it,  to  wit,  the  equation  x^  —  s»^  -|- 
jcOiT  s=  7,905,504,  which  is  the  higheft  and  mod  com*., 
plicated  qf  all  the  affe£ted  equations  which  Vieta  has 
adduced  as  examples  of  his  method  of  refolution,  and 
which  is  fefolved  in   the   1 5th  Problem  of  his   Dii^ 
couirfe  on  this  fubjeftj  which  he  ihtitles  De  Nunier^' 
Poteflatiitn  AdfiEhtrum  RtfilutioHi.     But,  as  Vietfi*s  me- 
thod of  refolving  affeSled  equations  by  approximation 
is   iimilar  to,  stnd  derived  from,   his   method  of  re*^ 
folving  pure  ec^uations  of  the  fame  degree,  or  of  <ttr 
trailing  the  rpot^  of  numbers,   I  have  begun  my  c:x- 
planation  of  his  method  of  refolving  the  afFcAed  equa* 
tipn  ^'  —  5*^  +  joojr  =  7>905,504  by,  firft,  (hewing 

how 
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how  he  would  rcfolve  the  pure  equation  xS  =  7,905,504^ 
or  extraifi  the  fifth  root  of  the  number  7,905,504.  This 
is  done  very  fully  and  diftindly  in  art.  4,  5,  6,   and  7, 

pages  441,  442,  &c, 451  ;    and  the  refult   is, 

that  the  abpve  fifth  root  is  =:  23.96  &c.  I  then  (ia 
art.  9,  pages  452,  453)  compare  this  rcfult  with  the  value 
of  the  fame  fifth  root  obtained  by  means  of  Monfieur.de 
Lagny's  general  cj^reffion  for  the  mth  root  of  any  gWen 
number  N,  upon  a  fuppofition  that  a^  or  a  firft  near 
value  of  it,  is  already  known.  This  expreffion  has  been 
given  in  the  Note  in  page  9  of  this  Volume,  and  is 

f  4-  23  X '     ,.  or,  when  m  is  =  5, 

(as  it  is  in  the  prefent  cafe,)  a  +  2<2  X   -rr r-r  1  or 

N    —   /7*  . 

tf  +  fl  X  -^^^ '— — ;   which,  if  a  is  =  23.9,  will  be 

(z=  23.9  4-  0.055,466,9,  or)  23.965,466,9;  of  which 
number  the  firft  eight  figures,  23.965,466,  are,  probably, 
exaft :  So  that  no  Icfs  than  five  new  figures,  to  wit,  the 
figures  0.065,466,  are  obtained  exaftly  by  means  of  this 
cxprefllion  of  Monfieur  de  Lagny,  from  the  firft  three 
figures,  239,  that  were  already  known;  whereas  hf 
Vieta's  method  of  proceeding  only  one  new  figure,  to 
wit,  the  figure  o.o(5,  was  obtained  by  the  corrcfponding 
procefs  from  the  fame  three  figures,  23.9,  that  were  al- 
ready known.  I  then  compare  the  fame  refult  of  Vieta's 
method  of  extradtion,  to  wit,  the  number  23.96,  with 
the  value  of  the  fame  'fifth  root  of  the  fame  number 
7,905,504  obtained  by  means  of  Mr.  Raphfon's  fimpler 
etj^reffion  for  the  mth  root  of  any  given  number  N,  upon 
SI  fappofition  that  (7,  or  a  firft  near  value  of  it,  is  already 

knownj 
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N  —J  a^ 
IcAOwni  to  wit,  the  cxprcffion  a  -i-  ,  or,  when 

N  —  tf5 
ffi  i$  =  5,  (as  it  is  in  the  prefent  cafe,)  a  +  j —  ^ 

9Xid  I  find  that,  if  ^  is  fuppofed  to  be  re  23.99  this  ex« 

preffion  -w^ill  be  =   {23.9  +  0.065,8,  or)   23.965,8, 

which  agrees  with  the  more  accurate  valae  of  the  fame 

fifth  root  found  before  by  Monfieur  de  Lagny's  cxprcflion, 

to wit^  23.965,466,9,  in  the  five  firft  figures  23.965, 

which  therefore  muft  be  exaA  :  fo  that  even  this  fimpte 

txprefOon  of  Mr.  Raphfon  lias  given  as.  two.  new  figat^s 

of  the  fifth  root  fought,  to  wit,  the  two  figures^  0.065, 

exa£lly,  in  addition  to  the  firft  three  figures  23.9,  which 

were   already  known ;   whereas  by  Vieta*s  metnod  of 

proceeding  only  one  new  figure,  to  wit,  the  figure  0.06^ 

was  obtained  by  the  correfponding  proccfs  in  addition  to 

the  fame  three  figures  23  9,  that  were  already  known. 

By  thefe  comparifons  it  appears  that  both  Mr.  Raph- 
fou's  and  Monfieur  de  Lagny's  expreOions  for  the  value 
of  the  fifth  root  of  the  given  number  7,905,504  havo 
greatly  the  advantage  of  Vieta's  method  of  extraftlng 
the  fame  root  iiv  point  of  expedition,  though  not  in 
point  of  accuracy  of  reafoning  and  certainty  of  the  con-> 
clufions  obtained  by  them ;  in  which  refpe(Ss  they  are 
all  equally  valuable. 

In  art.  11,  pages  454,  455,  and  456,  I  have  pointed- 
out  the  refemblance  between  Vieta's  method  of  extract- 
ing the,  fifth  root  of  the  number  7,905,504,  and  Mr. 
Raphfoa's  method  of  extrading  it,  and  fbewn  that  they 

..   are 


'''  i 
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are  almod  the  fame.  For  they  both  proceed  hj  9  dmfioii 
joi  the  fame  number^  or  diTidond,  r07939 1. 348,01,  bf 
the  fame  divifor  1,631,404.3105;  which  occurs  firft^tn 
fsgc  4499  in  extrading.  the  fifth  root  of  79905,504  iff 
Victa's  jziethod,  and  afterwards  in  page  454  in  finding 
Hkt  fame  fifth  root  by  computing  Mr.  Raphfon's  el- 

preffion  a  +  :  and  the  only  difference  between 

IB  —  I 

ma 
them  is  that  Mr.  Raphfon  continues  the  dlviGon  to  three 
figures  in  the  quotient,  to  wit,  the  three  figures  o.6658« 
iind  thereby  obtains  23.9  +  0.0658,  or  23.9658,  for  the 
next  near  value  of  the  fifth  root  ibught,  of  which  num-^ 
ber  all  the  figures,  except  the  laft  figure  8,  are  exa£t| 
whereas  Vieta  carries  the  divifion  to  only  one  figure  in 
the  quotient,  to  wit,  the  figure  0.06,  and  thereby  ob- 
tains only  23.9  +  0.06,  or  23.96,  for  the  next  near 
valiic  of  the  fifth  root  fought.  If  Vieta  had  happened 
to  obferve  that  the  two  firft  figures  of  the  quotient 
0.0658  would  have  been  exa£t,  and  that,  in  general,  if 
n  is  the  number  of  figures  that  are  exa£t  in  j,  or  the 
part  of  the  root  that  is  already  I'nown,  the  firft  n  —  i 
figures  of  the  quotient  would  be  exa£l,  and  had  accord* 
ingly  carried  his  diviflon  to  that  number  of  figures  in 
the  quotient,  his  method  of  extrading  the  fifth,  or  thie 
iwth,  root  of  any  given  number  N  would  have  been  ex- 
aftly  the  fame  with  Mr.  Raphfon's. 

Having  thus  gone  through  the  extraftion  of  the  fifth 
root  of  the  number  7,905,504,  or  the  refolution  of  the 
pure  equation  x^  =  7,905,504,  in  the  manner  in  which 
Vieta  had  directed  fuch  refolutione  ^£  pure  equations  to 

be 
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be  prrfonned^'I  proceed  (in  art.  129  I3>  Z4»  and  15, 
pages  456^  4579438,  dfc,  •  i*  -  463,}  to  exhibit  Vieta's 
method  of  refolying  the  affe£fced  equation  x5  -^  yc^  + 
50Qar  ;=? '  7,90$,5049  which  is  fijnllar  to  the  fooregoing 
method  of  Tciblving  the  pure  equatioa  xS  n  7,905,504. 
And  by  this  refolution  it  appears  that  the  toot  x  of  that 
equation  is  exadly  =  24.  I  then  (in  art*  16,  page  463,) 
refolve  the  fame  equation  j:^—  5*'  +  500*  =  7f905» 
50^  by  Mr.  Raplifon's  method  of  approximation^  itt 
order  to  compare  the  proceiTes  of  this  refolution  with 
thbfe  in  Vieta's  refolution  juft  before  exhibited.  And  I 
find  that  there  is  the  fame  refemblance  between  thefc 
two  methods  of  refolving  this  affefled  equation  that  I 
had  before  obferved  to  take  place  between  the  fame  two 
methods  of  refolving  the  pure  equation  x^  =z  7,905,504. 
For  here,^  as  before,  both  methods  of  refolution  lead  as 
to  the  divifion  of  the  fame  dividend,  to  wit,  the  number 
4>735.>S04>  by  the  fame  divifpr,.  794,500.  But  Vieta 
carries  the  diviGon  to  only  one  figure  in  the  quotient, 
which  in  the  prefent  example  is  fufficient  for  his  purpofe, 
becaufe  this  equation  has  the  whole  number  24,  conGft- 
ing  of  only  two  figures,  for  it's  exa£l  root,  but  which^ 
if  the  root  were  an  irrational  quantity,  or  incommenfur- 
able  to  unity,  (as  it  mod  commonly  is,)  and  were  re- 
quired to  be  found  to  ten,  or  twelve,  places  of  figures, 
would  make  his  method  of  refolution  excefTively  tedious 
and  laborious ;  whereas  Mr.  Raphfon  continues  his  di- 
yifions  to  as  many  figures  in  the  quotients,  or  to  as  many 
wanting  one,  as  there  are  figures  that  arc  exa£l  in  a,  or 
the  part  of  the  root  ;t*  that  is  already  known  ;  by  which 
mcanS|  if  the  figures  ^at  are  exa£t  in  a^  or  the  known 

part 
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part  of  the  rooty  are  five^  or  fix,  or  feveiii  he  will  obtaiis 
lour,  or  five,  or  fix,  new  figures  in  tl^  quotient  to  be 
added  to  r?,  that  will  be  all  ezaA.  And  in  this  circum- 
fiance  alone  confifts  the  ad?antage  of  Mr*  Raphfon'i 
netjhod  of  approximation  over  that  of  Vieta.  If  Vieta 
had  happened  to  obferve  that  thefe  divifions  might  be 
fafely  continued  to  feveral  figures  in  the  quotients,  or 
that  feveral  figures  in  the  quotients,  (namely,  as  many, 
wanting  one,  as  there  are  figures  that  are  exact  in  /?,  or 
the  part  of  tlie  value  of  x  that  is  already  known,)  would 
be  exa£t,  and  had  confequently  dire&ed  his  readers  to 
continue  the  divifions  to  that  number  of  figures  in  the 
quotients,  his  method  would,  as  I  conceive,  have  been 
the  very  fam^  with  Mr.  Raphfon's,  and  the  art  of  re- 
folving  all  forts  of  equations  by  approximation  would 
not  only  have  been  invented  by  him  (as  it  has  been,)  but 
would  have  been  brought  by  him  at  once  to  the  higheft 
degree  of  perfeflion  of  which  it,  probabFy,  is  capable. 
He  therefore  ought  to  be  confidered  as  the  original 
founder  of  the  whole  do£lrine  of  refolving  equations  by 
approximation,  though  Sir  Ifaac  Newton,  Mr.  Raphfon, 
Monficur  de  Lagny,  and  Dr.  Hallcy,  and,  perhaps,  fome 
fubfequent  Mathematicians,  have  made  valuable  improve- 
ments on  his  method,  by  which  the  pradice  of  it  has 
been  very  much  facilitated. 

This  Specimen  of  Vieta's  Method  of  refolving  Equa- 
tions by  approximation  begins  in  page  435,  and  ends  in 
page  470. 

* 

The  laft  Tra£l  in  this  Collefllon   is  written  by  th^ 
learned  and  ingenious  Mr.  Frend,  the  author  of  a  valu- 
able 
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able  Treatlfe  of  Algebra  in  one  volume,  oflavo,  intitled, 
'Principles  of  Algebra  y  in  which  he  has  totally  difcardtd 
the  obfcure  and  myfterious  do£trines  of  negative  quan- 
tities, and  impoflible,  or  imaginary,  roots  of  equations, 
and  the  generation  of  higher  equations  from  lower  ones  by 
bringing  all  the  terms  of  the  lower  equations  to  the  fame 
fide  of  the  equation,  fo  as  to  make  the  refults  of  them 
equal  to  nothing,  and  then  multiplying  thorn,  (when  thus 
made  equal  to  o,)  into  each  other,  and  thereby  producing 
equations  of  higher  crdets  that  will  likewife  be  equal  to 
nothing.  His  prefentTraft,  which  is  intitled  **  Remarks 
on  the  Number  of  Negative  and  Impojftble  Rocts  in  Jlgebriiiik 
Equations  J  ^  has  the  fame  laudable  tendency  to  free  Al- 
gebra from  obfcurity,  by  (hewing  more  clearly  than  is 
ufually  done  by  \mter8  on  this  fubjeft,  what  is  meant  by 
the  negative  roots  of  an  equation,  to  wit,  *'  that  they  are 
in  truth  the  roots,  or  (in  the  language  of  modern  Alge- 
braifts,)  the  affirmative,  or  pofitive^  roots,  of  another 
equation  which  is  derived  from  the  firft  equation  by 
changing  the  figns  +  and  —  that  are  prefixed  to  fuch 
of  it's  terms  as  involve  any  odd  powers  of  the  unknown 
quantity  Xy  into  the  contrary  figns,"  and  by  obferving 
that  impojftble  roots  are  mere  fiilitious  quantities,  of  which 
/HO  clear  idea  can  be  formed,  which  have  been  introduced 
into  Algebra  to  make-up  the  number  of  roots  which 
Harriot  and  Des  Cartes  and  their  followers  have  thought 
proper  to  afcribe  to  every  equation  of  any  given  degree, 
or.  order, .  denoted  by  any  whole  number  called  w,  to 
wit,  m  roots  \  though,  in  truth,  there  is  only  one  form 
in  every  degree,  or  order,  of  equations,  (as,  for  ex- 
ample, the  form  fx  —  x*  =  ^  in  quadratick  equations, 

e  and 


IXX  THIS    PREFACE. 

and  the  form  **  — /j:*  +  ^x  =  r  in  cubick  equation^,  and 

•  the  form   rx  —  qx'  "{-  px^  —  x*  =  s  in  biquadratick 

•  equations,)  that  can  really  have  fo  many  roots.    Wh^n 
,  therefore  an  equation  occurs,  of  the  ;wth  order,  that  has 

fewer  tlian  m  roots,  the  modern  Algcbraifts  firft  call-in 
the  negative  roots  of  the  equation,  (or  the  real  and  affirm^ 
ative  roots  of  the  fecond  equation  which  is  derived  from 
the  firfl  equation  in  the  manner  above- dcfcribed,)  in  aid 
of  the  former,  or  real  and  affirmative,  roots  of  it;  and, 
if  the  fum  of  both  the  affirmative  and  the  negative  roots 
of  the  equation,  (which  fum  we  will  fuppofe  to  be  de- 
noted by  the  letter  «,)  is  likewife  lefs  than  m,  (which  Is 
often  the  cafe,)  they  then  declare  that,  beCdes  the  n  real 
roots,  both  affirmative  and  negative,  the  equation  has 
m  '^  n  itnpcjfibiey  or  imaginary^  roots,  which,  being,  added 
to  the  former  n  roots,  makes  up  the  full  number  of  m 
roots,  wh'ch  th.ey  had  before  declared  that  the  faid  equa- 
tion ought  to  have.  Thefe  Remarks  begin  in  page  473, 
and  end  in  page  479.  And  with  thefe  Remarks  the 
prefent  Volume  concludes. 


A  j^ote 
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A  Note  on  Page  242, 

IN  page  242,  &c,  Mr.  Trend's  Solution  of  Colonel 
Titus's  Problem  may  be  made  fhorter  and  cafier  by 
making  the  following  changes  in  it. 

In  art.  25,  lines  6  and  7,  we  have  myy  —  ny  =  nxx 
—  mx.  From  this  equation  let  the  Solution  be  as 
follows. 

But  it  has  been   (hewn  in    art.   24    that  ^  is    =r 


Therefore  yy  will  be  (=  )  =  — ===r, , 

and  mjy^  will  be  =  — j=y; \  and  ny  will  be 


mx^l\* 


> 


/iix*  —  in«  /«**  -^  mn     X  mx  --  I 


2 


mx-^/)* 


;  and  confequently  wj^j;  —  ny 


will  be  = ■■     .^ : —  —  the  fradtion 

Imnx^   —   I^nx*   —   m*  n  x   +    /w« 


w.v-^* 


I*mx*  —  //wfrjfJ  —  a/w'jr*  -f-  /*««•*  +  wi*a^  -f  ;w3  —  Imn 


m 

But  wj?;/  —  ffy  is  =  nxx  —  /»x. 

c  2  Therefore 


[    Ixxii    J 
Therefore  the  fra£lion  juft  now  obtained,  to  wit, 


mx  — 1\ 


will  alfo  be  =  nxx  —  mx  *,  and   (multiplying  both  fides 

into  mx  —  /^  •,)  the  fcptinomial  quantity  /'/wa**  —  /w;:;^' 

—  2!m'x'   -f    /'/;.r^    +    fw*/;.v   -f-   m^  —  /mn  will  be  (  = 

fixx  —  mx,  X  tn^c^P'  =■  nxx  ^  mx  X  w';r^  — 2//wjr  +  /*) 
=  the  fextinomlal  quantity  ;;r;;;i'^  —  lltnnx^  +  /^//.r*  — 
;w'.v^  4-  2lm'x'^  —  /-/ri.v.  Therefore  (adding  /;7;/;;f^  + 
T./m'^x'  to  both  fides,)  we  {hall  have  I'mx^  +  l'fix\  4- 
m^nx  +  ;«^  —  //;/;/  =  vrnx^  —  /f;/;;.v*  +  /*//;r^  —  m'jp* 
+  /[hrx^  —  /*;;;v,  and  (fubtracllng  /*;«.v*  +  i^nx'^  + 
vi^tix  from  botli  fides,)   ;;;'  —  ////«  =   m^nx^  —  Pmx* 

—  Imnx*  —  w'A-^  +  ^hirx"^  —  rmx  —  m^nxy  and 
(dividing  all  the  terms  by  ;;;,)  /;;*  —  /;;  =  mnx^  —  l^x^ 

—  Inx^  —  w^i^  4-  ^Jnix-  —  I'x  —  mnx   rz    wn~—r) 

X  a:^  —  (/^r+^,  X  .v^  4-  4/;;/  X  ;^^  —  (/-  +  mn}  x  ;r, 
and   (dividing  all  the  terms  by  mn  —  /%  the  co-efhcient 

of  4:%  the  highc#l   term,)   x^  — 


In  4.  ni^ 


-— rj^   X  ^    —   -— — — -    X    A'    =    -.  .   wlilch  is 

the  finai  equation  obtained,  with  more  difficulty,  at  the 
end  of  art.  26,  page  244. 

This  improvement  of  Mr. Trend's  Solution  was  fug-' 
gcftcd  to  me  by  my  learned  friend,  the  Reverend  Mr. 
John  Hellins,  J3.  D.  Vicar  of  Potter's  Fury  in  North- 
amptonftiirc. 

ER- 


ERRATA. 

IN  page  7,  line  4,  inftead  of  6.358,  read  6. 1358. 

In  page  8,  line  1 1,  after  the  word  hady  infcrt  been,  • 

In  page  10,  line  11,  under  the  radical   fign,   inftead  of 

aa^   read  — --aa. 
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In  page  12,  line  18,  after  the  word  colunwy  dele  to. 

In  page  16,  line  6,  inftead  of  10.26,  read  —  10.26. 

In  page  66,  line  13,  inftead  of  conjeqitently^  read  cofifiJerably, 

In  page  J 14,  line  2  from  the  bottom,  inftead  of  zazy 
read  laz. 

In  page  139,  line  12,  inftead  of  17^/,  read  I'd"". 

And  in  the  fame  page  1 39^  line  16,  inftead  of  1 7^/,  read  1 7^  . 

In  page  16:, lines  7  and  9,  inftead  of  0.000,000^045,866,14, 
and  0.3505987,045,866,14,  read  0.000,000,045,866,06, 
and  0.350,987,045,866,06.  For,  upon  a  re-cxamina- 
tion  of  the  computation  in  page  431,  which  makes 
2  =  0.000,000,045,866,06,  and  not  =  0.000,000,045, 
866,14,  I  have  found  it  to  be  right. 

In  page  168,  line  7  from  the  bottom,  before  34.8.%  infcrt 
the  mark  =. 

In  page  204,  line  1 1  from  the  bottom,  inftead  of  i68//J4«a% 
read  168///*//^'. 

In  page  212,  line  5,  inftead  of  ^l*njna\  read  ^/m^fi'*(/\ 

In  page  218,  line  g,  inftead  of  4-  tnne^,  read  —  7;;/;/. 

In  page  227,  line  14,  inftead  of  7/^-,  read  7/^^'% 

And  in  the  fame  page  227,  line  4  from  the  bottohi,  in- 
ftead of  7/w^',  read  7/v^ 

e  3  In 


IXXIT  ERRATA. 

In  page  247,  line  6,  inftcad  of  11.24,  ^'cad  11.24*. 
And  in  the  fame  page  247,  line  2  from  the  bottom,  in- 
ftcad of  0.2,  read  0.02. 
In  page  249,  line  3,   inftead  of    1.1125453,441,    read 

1.1125453,263,441. 
In  page  297,  line  3  from  the  bottom,  inftead  of  xr,  read  x- 
In  page  353,  line  19,  inftead  oi  the^  read  thofe. 
And  in  the  fame  page  353,  lines  2  and  4  from  the  bottom, 

after  the.  number  1459373  and  after  the  word  increafes^ 

infer t  a  comma. 
In  page  390,  line  3,  before  the  number  12,721.120,  in- 

fert  the  mark  =. 
In  page  393,  line   15,  under  the  vinculum,   inftead  of 

ha  4-  ha^  read  h^a  +  hd*'. 
In  page  404,  line  2  from  the  bottom,  after  the  word  eqiial^ 

infcrt  to. 
In  page  430,  line  4  from  the  bottom,  inftcad  of  — ,  read  +• 
In  page  449,  line  7,   inftead  of*  5  X  23  X  0*9,   read 

5  X  23  X  0-6561. 

In  page  454,  line  12,   inftcad  of  V5^7>9^5»S^4   ^^^^ 

V"(7>i^-S'504- 
In  page  455,  line  15,  inftead  of  1,631,404,3205  read 

1,6315404.3205. 
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-^  New  J  Exaff  an  J  Eajic  MbtBOD  of  ^tiding 

the  Roots  of  any  E^ations  Generally^ 

and  that  tbitbout  any  previQus  ReduQion. 

\0/  EbM.  HALLfeY.     Being  Number  216 

^  of  the  Philofophical  Tranfadioas  publijbed 
in  May  1694. 


>  • 


TH  £  principal  ufe  of  the  Analytick  Art^  if  to  brii^g 
Mathematical  Problems  to  Equations,  and  to  exhibic 
tnofe  Equations  in  the  mod  fimphe  Terms  that  can  be. 
But  this  Art  would  juftly  feem  in  fome  degree  defe^liTe^ 
and  not  fufficieHtlj  Atiaiyficalj  if  there  were  not  fome 
Method^  by  tht  h6lp  of  which  the  Roots  (be  they  Lines 
\ft  NtrmberSy)  might  be  gotten  from  the  Equations  that 
are  found,  and  fo  the  Problems  in  that  refpefl  be  folved. 
The  Ancients  fcarce  knew  any  thing  in  thefe  Matters, 
beyond  ^tadrattck  Equations.  And  what  they  writ  of 
the  Ceometrici  ConJruBion  of  folid  Problems,  by  the  help 
of  the  Parabola^  Cijfoid^  or  any  other  Curve,  were  only- 
particular  things  defignM  for  fome  particular  Cafes.  But 
as  to  Numerical  Extra^ion^  there  is  every  where  a  pro- 
found Silence  \  fo  that  whatever  we  perform  now  in  this 
kind,  is  entirely  owing  to  the  Inventions  of  the  Mo- 
derns. 


f  J 


And  (irft  of  all,  that  great  Difcoverer.tnd  Reftorer  of 
the  Modern  Algebra,  Francis  Vieta^    about  100  years 

'•  B  ..."  fmce, 


fincc,  (bew'd  a  general  Method  for  extraflmg  the  Roots  of 

MjEqusLtion^  which  he  pablifli'd  under  the  Title  of,  -rf  Nu^ 

merUai  Rtfoiution  of  Powers  j^c.  And  the  fubfequentwritert 

*  HarrUt^  Oughlred^  and  others,  as  well  of  our  own  Country 

•in  Fordgners,  ought  to  acknowledge  whatfoever  tbey  have 

written  upon  this  Subjed,  as  taken  f][om  Vleta^  ^  l^ut  what 

the  Sagacityof  Mr.  Nnvtof^s*  Genius  has  perform'd  In  this 

^Ufinefs,  we  may  rather  conjeQure  (than  be'fiillyaffurfed  of) 

from  that  fliort  Specimen  given  by  Dr.  Wallis  in  the  94th 

Chapter  of  his  Algebra.     And  we  mud  be  forced  to  ex- 

peA  it,  till  his  great  Modefty  (hall  yield  to  the  Intreaties 

of  his  Friends,  and  fuffer  thofe  curious, Difcoveries  to 

*.  fee  ^thc  Light.  .  i 

Not  long  finoe  {vi%.  A.  D.  1690)  that  excellent  Perfbn 
M.  Jofepb  Raptf/m^  F.  R.Sr  publifii'd  his  Univfrfal  Analyfis 
rf  Equatiofttp  and  iUuftrated  bis  Method  by  plenty  of  Ex- 
amples s  by  all  which  he  has  given  Indications  of  a  Ma- 
thematical Genius,  from  which  the  greateft  things  may 
.  be  expelled. 

By  his  Example,  M.  de  Lagny,  an  ingenious  ProfeiTor 
of  Mathematicks  at  Paris,  was  encouraged  to  attempt  the 
fame  Argument ;  but  he,  being  almoft  altogether  taken  up 
in  extrading  the  Roots  of  pure  Powers  (efpecially  the 
Cubick)  adds  but  little  about  AfFe(fled  Equations,  and  that 
pretty  much  perplex'd  too,  and  not  fufficiently  demon- 
ftrated.  Yet  he  gives  two  very  compendious  Exprelfions 
for  the  Approximation  of  a  Cubical  Root ;  one  a  Rational, 
and  the  other  an  Irrational  one.  Ex.  gr.  that  the  Cdc  of 
the  cube  aaa  +  i  is  between 

*  AfUiwardt  Sic  Ifaac  Newton; 

•  + 


f     3     ) 

ai  \     / T 

'/4i  +  -— r»  and  V\aa  +  —  +  ia» 

And  the  root  of  the  5th  Power  a!^  +  by  he  makes 


a/  i  fl*  + iaa  (where  Note,  that 

'tis  ^/jfl,  not  \aaj  as  'tis  erroneoufly  printed  in  the 
French  Book.)  Thefc  Rules  were  communicated  to  me 
\ij%  Friend,  I  hating  not  feen  the  Book ;  but,  having  by 
tryal  found  the  goodnefs  of  them,  and  admiring  the 
Compendium,  I  was  willing  to  iind  out  the  Demonftra* 
tion  :  Which  having  done,  I  prefently  found  that  the 
faitic  Method  might  be  accommodated  to  the  Refolutiori 
of  all  forts  of  Equations.  And  I  was  the  rather  inclined 
to  improve  thefe  Rules,  becaufe  I  faw  that  the  whok 
thing  might  be  explain'd  in  a  Synopjis  ;  and  that  by  this 
tneanS)  at  every  repeated  flep  of  the  Calculus,  the  Figures 
already  found  in  the  Root  would  be  at  lead  trebled; 
which,  by  all  other  ways*,  are  encreafed  but  in  an  equal 
Number  with  the  given  ones.  Now,  the  fore-mention'd 
Rules  are  eaiily  demonftrated  from  the  Genefis  of  the 
Cube,  and  the  5th  Power.  For,  fuppofing  the  fide  of 
any  Cube  to  be  =  ^z  -f-  /,  the  Cube  arifirig  from  thence 
will  be  aaa  +  '^aae  +  ^^ee  +  eee.  And  confequently, 
if  we  fuppofe  aaa  to  be  the  next  lefs  Cube  to  any  given 
Nop^ubick  Nomber  denoted  by  aaa  +  bj  and  ^  +  ^  to 
be  the  Cube-root  of  the  faid  Number,  it  is  evident  that 
e  will  be  lefs  than  i,  and  confequently  that  eee  will  alfo  be 
lefa  than  i,  or  Unity,  and  that  the  recbainder  ^,  or  the  di£* 
ferencc  of  the  Numbers  aaa  and  aaa  +  i,  will  be  = 
itit  threi  other  Members  of  the  Cube,  to  wit,  3  a  ^  ^  + 

*  This  alludes  to  Mr.  Raphfont  isA  Sir  Ifaac  Newton's 
l&thqds. 

B  2  3tfr<f 


(     4     ) 

2^^e  4-  fef.  Whence,  rejecSUng  eee  upon  the  zCCOiitit 
of  its  fniallnefs,  we  have  t  s=  '^nai  +  30^^*  And^ 
fince   a  ae   is  much   greater   than    aee^    the    quantity 

—  will  not  much  exceed  e\  {o  that,  putting  e  =  » 

then  the  quantity (to  which  e  is  nearly  equal) 

will  be  fo^nd 

or  ■  ;  that  is,  r- will  be 


^         .  ,       V*         ———————      J        WtHrb      A9,  ■       '  , 

laa  +   i —  ^tf  + 

nearly  =  e.  And  fo  the  fide  of  the  Cube  aaa  •{-  b  will  be 
nearly  =  a  +  j- ,  or  ^  +  r  ^  which  is  the 

3-+- 

Rational  Formula  of  il/.  ^/if  Lugny.    But  now,  if  aha  were 

the  next  greater  Cubicle  Number  to  tliat  given,  the  fide  of 

the  Cube  aaa  ^  by  will,  after  the  fame  manner,  be  found 

If  b  ob  .    ^ 

to  be  nearly  =  a p  ,  or  ^ ■  .     Ana 

b  %aaa  —  b 

^  a 

this  eafy  and  expeditious  Approximation  to  the  Cubick 
Root  is  (only  a  very  fmall  matter)  erroneous  in  point  of 
defi6l^  the  quantity  r,  the  remainder  of  the  Root  thuji 
found,  coming  fomething  lefs  than  really  'tis  *. 


♦  I  bel  eve  the  exprcflions  a  +  -— — — ,  and  a  —  ■> 

h  b 

a  a 

will  be  found  eafier  to  compute  to  any  given  number  of  figutoS 
than  the  equivalent  and,  feemingly,  more  fimple  expreffions 

ab  ab 

a  +  TT  and  a j  ,  and  more  efpecially  when  4 

T^aaa-Yb  ^aaa^^b  ^         ' 

confills  of  four^  or  more,  decimal  figures.    F.  JVL 


f     5     ) 

At   for    the    Irrational  Formula y    *tis    derived    from 
Ac  fame   Principle,    viz.    b   =3^/j^  +  3<i^/,    or 


b  /  T 
r=  J/  -4-  ee^  and  fo  */\aa  +   —  =  ifl  +  /,  and 

^itf^,  +  —  +  i/i  =  J  +  ^,  the  Root  fought.     Alfa 
the  fide  of  the  Cube  aaa  ^  b,  after  the  fame  mannert 

will  be  found  to  be  {a  +   A/iaa  —  —  .     And    this 

Formula  cdmes  fomething  nearer  to  the  Scope,  being 

erroneous  in  point  of  excefsj  as  the  other  was  in  defeB^ 

and  13  more  accommodated  to  the  ends  of  Practice,  fince 

'  the  Reflitution  of  the  Calculus,  is  nothing  elfe  but  the 

•        ■ 

continual  addition  or  fubtra£lion  of  the  Quantity  — « 
according  as  the  quantity  e  can  be  known.    So  that  wc 


fliould  rather  write  »/iaa  + +  ia.  in  the  former 

3«^ ^ 

^  ^  ^  _  i^ 

cafe,  and,  in  the  latter,  la  +  ^laa  -i •   But  by 

cither  of  the  two  Formula\  the  Figures  already  known 
in  the  Root  to  be  extraded,  are  at  lead  tripled ;  which  I 
conclude  will  be  very  grateful  to  all  the  Students  in 
Arithmetic^;  and  I  congratulate  the  Inrcntor  upon  th^ 
account  of  his  Difcovery, 

Bxampkf  of  theUfeof  ihefe  Rules  In  iffe  Exfra^iM  ff  tbt 

Cube' Roots  of  Numbers* 

But  that  the  ufe  of  thefe  Rules  may  be  the  better 
pCTceiv'd)  I  think  it  proper  to  fubjoin  Zfi  Example  or  two* 

B  3  U% 


' ' ' 

Let  it  be.  proposM  to  find  the  fide  of  the  double  Cabe»  or  let 
€aa  +  ^  be  K  2.  Here  a  is  =  i,  and  confequently  fl'  is  =  i^ 

^nd  i  i$  =  I,  and  -—  is  (=  -i)  ==  ^'S^f  ^md  —  is    =  f , 

and  tJfl+  A  is  (=  i  X  I  +  i  =  t  +  ;)  =  A,  and 
3« 


~  +  ^i*^^  +  —  is  (  =  0.50  +  0.76)  =  1.2^ 

which  will  be  found  to  be  the  true  fide  nearly.    Now, 
the  Cube  of   1.26,   is   2.000,3769  and   fo  0.63    + 


3^69  —  ^ ^2—,  or  0.63  +  v^.3968oo,s29iob,529i 

3«7<> 

s=  1.259,921,049,895  — ;  which  in  13  Figures,  gives  the 
fide  of  the  double  Cube,  with  very  little  trouble,  viz.  By 
only  one  diviCon,  and  the  .extra£lion  of  the  fqutre  Root| 
when-as  by  the  common  way  of  working,  how  mucE 
pains  it  would  have  cod,  the  Skilful  very  well  know. 
This  Calculus  a  Man  may  continue  as  far  as  he  pleafet^ 
by  encreafing  the  Square  by  the  addition  of  the  quantity 

;  which  Correction,  in  this  cafe,  will  give  only  the 

encreafe  of  Unity  in  the  14th  Figure  of  the  Root. 

■ 

Examp.  id.  Let  it  be  proposed  to  find  the  fide  of  t 
Cube  equal  to  that  EngliQi  Meafure  commonly  call'd  4 
Gallon,  which  contains  231  folid  Ounces*.  The  next 
lefs  Cube  is  216,  whofe  fide  6  =  4,  and  the  remainder  is 
15  =  £}  and  fo,  for  the  fir  ft  Approximation,  we  have 

!*  Or  CuUck  Inchos .  4r 
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/^aa      '      b 


3^^    '5    _ 


•  9  +  1=3+  ^9  +  0-8333)  =  3  +  V9-»333 
,S3  tlM  Root.  And  fince  •9.8333..-  ia  3«i3s8.*.f 
^ds  plain  that  6.358  =:  «  +  r.  Now,  let  6.1358 
=  fl;  and  we  fliall  then  have  for  its  Cube  -  - 
231.000,853,894,712,  and,  according  to  the  Rule,  3.0679 

/  0.000,8  K  ^,804,7 12.  -.  ^     n 

+  ^9.412,010,41 18.4074         ^  accurately 

equal  to  the  fide  of  the  given  Cube,  which  within  the 
fpace  of  an  Hour,  I  determin'd  by  Calculation  to  be 
6«I35»792,439>66i,958j97,  which  is  exaft  in  the  17th  Fv- 
gure,and  defeftive  in  the  i8th.  Andthia^i^rflfK&Jiideferv* 
edly preferable  to  the  Rational  Formula^upon  the  account 0/ 
the  great  Divifor  300^  +  ^,  or  ^aa^^b,  in  the  Ration^  For- 
ipula,  which  is  not  tp  be  managed  without  a  great  deal  of 
Labour;  whereas  the  extradition  of  the  fquare-root  proc^ds 
-much  more  eafily,  as  manifold  Experience  has  taught  me» 

Of  the  ExtraSllon  of  thi  Fifth  Root  of  a  Given  Number* 

But  the  Rule  for  the  Root  of  a  pure  Surfolid,  or  the 
jth  Power,  is  of  fomeUiing  a  higher  Enquiry,  and  does 
much  more  perfeAIy  yet,  do  the  buGnefs :  for  it  does  at 
leaft  Quintuple  the  given  Figures  in  the  Rootj  neither  is 
'the  Calculus  very  large  or  operofe.  .  Tho'  the  Author 
no-where  fliews  his  method  of  Invention,  0|r  any  P^moii- 
Ikratiofi,  altho'  it  feems  to  be  very  xxiuch  ws^i^^ng  %  elpf * 
ciidly  fince  all  things  are  not  ri^t  In,  the  printed  Book, 
which  may  eafily  deceive  the  Unfkilful.  Now  the  j;^ 
power  of  the  fide  a  -{•  e  U  compos'd  of  thefe  Members, 
ii»  +  %af^t  +  lOtfV^  +  lOraV  +  5tf/*  +  >«  =  #«^  +  3; 


(     8     ) 

frdm  whence  h.  is  =s  5^*^  4-  lotfV  +  loaV  -h  5flf*>  rM' 
jcflixig  e^  becj^ufc  of  its  froallncfs.    Whence  -4-  =  aV 


5« 
+  2flV  +  a««  +  f*,  and  (adding  on  both  fide*  itf% 

tnd  then  extraAing  the  fquare-roots  of  both  fides,)  ^o 

(haU  have  -/i^*  "^  77  =  V.^^  a^/  +  2^^^*  +  a^'  +  <* 

=  ^flfl  +  j#  +  #/.     Then  (fubtraQing  ^aa  from  both 
fides,  and  extra£ling  the  fquare-roots  of  the  remain- 

/    /            1=  ~ 

d^rs,)  4^  *^  <  ^iU  ^  ==  V   V^i^^  ^ ^  "^  T*^>  ^? 

which  if  4^  he  added,   then  wiU  0+^  =  4^    "ir 


y:^ 


y 


J;a*  +  _  -^  Afltf  =  the  fifth  root  of  the  Num- 

ber  a^  -f-  b.    But,  if  it  had  «♦  —  i  (the  quantity  a  being 
too  great)  the  Rule  would  have  been  thus,  « +^=^  i^  4* 

^|a* «-  —  Jfltf.    And  this  Rule  approaches  woiv» 

derfu)ly,  fo  that  there  is  hardly  any  need  pf  Reftitutiom 

Of  tb^  Extranion  of  all  other  Roots  of  Given  Numbers 
by  Means  of  Jlmilar  Rules  to  tbofe  above  given  for  the 
ExtraSlion  of  the  Third  and  Fifth  Roots. 

But,  while  I  confidered  theie  things  with  my  felf,  I 
lit  upon  a  General  Method  for  the  Formula*^  of  ajl 
Powers  whatfoeyer,  ;ind  (which  being  handfome  an4 
concife  enough)  I  thought  I  would  not  conceal  it  froQi 
the  Publick. 

Thefe  Fprmula's,  (s(s  well  the  Rationale  as  the  /rr/i- 
li^Wones)  aie  thus. 
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^a0  -b  *  ^  V^alT+T^  or  a  +  u-   ^    .v ♦ 


/       ^T"  ii» 


3tf  3  jtffl  4-  ^ 


f 


/ 


y^/TTl  =  la  +  V*«- +  A.  or  -  +  ^;^,. 


-<       !    J  ci 


^d  fp  alio  of  the  other,  higher  Powers,  Pqt  if  n  were 
^^ttined  bi^^ger^  than  the  Root  fought  (which  is  done 

*  The  general  exprefRons  fer  theie  values  of  the  soot  oC 
fiiy  givei>  number  are  as  follows.  Let  the  given  number  bp 
palled  N,  and  (m  being  anj  whple  number  wfaatibever,)  let 
4  near  value  of  it's  mth  roQt  that  is  leis  than  the  truth  be 
called  a,  T)ien  will  tbp  mth  root  of  the  given  number  N 
be  veiy  ocafly  equaf  either  to  the  rational  expreffion  a  + 


I  or  to  the  inatiqDal  expremos 


mrrn  X  N  +  /w+il  x  <r 


#  -f  \r  j-=s--  +  ' 1  —  — ^;asislhewii 

at  huge  in  my  Bxplanation  of  Moofieur  de  Lagny*s  method  of 
extfading  the  Roots  of  Numbers,  pnbliiM  with  other  Mather 
«  in^vcal  Tra8s  in  a  large  odavo  wteiM^  in  the  year  1795? 
pages  507,  508,  ice,  516.    F.  M« 

wiA 


with  fome  advantage,  as  often  as  the  Power  to  be  re* 
folTed,  is  much  nearer  to  the  Power  of  the  next  greattr 
whole  Number,  than  to  that  of  the  next  Ufs)  in  this  cafe. 
Mutatis  Mutandu^  wc  (hall  have  the  (ame  JSxpreffiont  of 
the  Roots,  viz* 


^aa  ^^  ^  srz  ^aa  —  ^,  or  tf  •— 


»h 


zaa—lh' 


^  0*  ^  b=\M  +  J^aa ,  or  a  —  — ?— r  • 

3tf  $ai—b 

/'^  ?  ah 


ttxt  a  -^ 


6*»-iJ* 


A 


*  Tbe  general  expreffions  of  thefe  values  of  the  root  of 
any  given  number  are  as  follows.  Let  the  given  number  be 
calUd  N»  and  (;».  being  any  whole  number  whatfoever,)  let 
•  near  valut  of  ^  mtb  root  that  b  greater  than  the  truth 
be  called  a.  Then  will  the  mth  root  of  the  given  number  N 
he  Yeiy  nearly  equal  either  to  the  rational  expreffion   a  «— 

2  a  X  fl"  —  N  .      ,      .      .      ,  iE 

-—=— ==S •   ^"^  ^  tkc  irrational  expremon 

w--«i  X  N+iw+i)  X  fl» 


«*    •  a  X  fl**  -r  N^ 


•mrft 


\  as  li 


•^^  »  «—  i]»        m  X  w  —  I  X  tf * 

ihewn  in  the  fiud  large  o&avo  volwiK  of  Tra£lf,  in  pages  ^^ 

597f  -  *  -  546>  wbci*  the  ffO^jcA  i#  yeij  fully  ^td,  ^ 

i|lu{lrated  by  examples,    YM*\ 

^         ^  And 


And  within  thefe  two  Terms  the  true  Root  is  ever 
found,  being  fomething  nearer  to  the  Irrational  than  the 
Rational  Expreflion.  But  the  quantity  e  found  by  the 
frratioftal  Formula  is  always  too  great,  as  the  quotient 
r^fulting  from  the  Rational  Formula  is  always  too  lictle« 
And  confequently,  if  we  have  +  i,  the  Irrational  FormuU^ 
gires  the  Root  ibmething  greater  than  it  (hould  be,  an4 
the  Rational  fomething  lefs.  But  contrary-wife^  if  it 
be  —  ^. 

And  thus  much  may  fu£ce  to  be  faid  concerning  the 
extra£^ion  of  the  Roots  of  pure  Powers ;  which  notwith« 
Handing,  for  common  Ufes>  may  be  had  much  more 
eailly  by  the  help  of  the  Logarithms.  But  when  a  Root 
iiS  to  be  determin'd  very  accurately,  and  the  Logarithmick 
Tables  will  not  reach  fo  far,  then  we  mud  neceflarily 
have  recourfe  to  thefe,  or  fuch  like  Methods*  Farther  i 
die  Invention  and  Contemplation  of  thefe  Formulae, 
leading  me  to  a  certain  Univerfal  Rule  for  AdfeAed 
Equations,  (which  I  hope  will  be  of  ufe  to  all  the  StU'^ 
dents  in  Algebra  and  Geometry,)  I  was  willing  here  to  give 
fome  account  of  this  Difcovery,  which  I  will  do  with  all 
the  perfpicuity  I  can.  I  had  given,  in  No.  i88  of  the 
TranfaSiionSf  a  very  eafy  and  general  conftrudion  of  all 
Adfe£led  Equations,  not  exceeding  the  Biquadratick 
Power  5  from  which  time  I  had  a  very  great  defire  of 
jioing  the  fame  in  Numbers.  But  quickly  after,  Mr. 
Rapbfofi  fcem'd  in  great  meafure  to  have  fatisfy'd  this 
Defire,  till  Mr.  JeLagny,  by  what  he  had  performM  in  his 
Book,  intimated  that  the  thing  might  be  done  nfore 
p)mpcndioufly  yet.    Now,  my  Method  is  thus* 


Of 
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Of  the  ReJoUitwn  of  AJfe&ei  lEquait$ns. 

Let  %f  the  root  of  any  Eqattion,  be  imagin*d  to  be 
Compoc'd  of  the  pang  iz  +  or  —  r,  of  which  let  a  be 
affimiM  as  near  z  as  is  poffible  ;  which  is  notwithftanding* 
sot  neceffarj^  but  only  commodious.    Then  from  the  Qaan« 
thy  «  -f  /  or  tf  —  />  let  there  be  form'd  all  the  Powers 
of  s^  found  in  the  Equation,  and  let  the  Numerical  Co- 
efficients of  the  faid  Powers  in  the  Terms  of  the  Equa- 
tion be  refpedively  affixed  to  them  :  Then  let  the  Power 
to  be  refolved^  (in  the  new,  or  transformed,  Equation 
ariCng  from  this  fuWHtution  of  a  +  r,  or  j  —  e^  inftead 
of  z,  in  the  Terms  of  the  original  Equation,)  be  fubtraft- 
ed  fram  the  fum  of  the  known  Parts  (in  the  firft  Co- 
lumn of  Terms  in   the   faid   new  Equation,    amongft 
whidi  the  unknown  Quantity  i  is  not   found)  which 
they  call  the  Hdmogeneum  Comparathnisy  and  let  the  dif- 
ference be  3E:  ^.     In  the  next  place,  take  the  fum  of  all 
the  Co  efficients  of  e  in  the  fecond  Column,  to  which 
put  S3  /.    L^ftly,  in  the  third  Column  let  there  b«  put 
down  the  fum  of  all  the  Co-efficients  of  ee^  which  fum 
call  /•     Then  will  the  Root  %  (land  thus  in  the  Rationat 

"Formula^  viz*  z  =;  tf  +  — :t: — t\  ^^^  thus  in  the  Irra- 

ss  Tt:  t  ^ 

:.      ,  r        /       •                       is±^/J7r^pT7        , .  . 
mnal  Fcrmula,  wx.  «  =  «  =p       ■  ;   which 

perhaps  it  may  be  worth  while  to  illuftrate  by  ibme  Ex- 
amples. And  in  Acad  of  an  Jnjlrument,  let  this  Tabk 
ferve,  which  ftcws  the  GcneCs  of  the  fcveral  Powers  of 
#  d:  <>  and  if  need  be,  may  eaGIy  be  continued  farther  ; 
which  for  its  ufe  I  may  rightly  call  jI  General  Jnalyiicaf 
Sfeeulum.  The  forementigned  Powers  ariGng  from  x 
continual  Multiplication  by  a  -H  ^  (=2)  come  out  thus 
Vlth  their  adjoyoed  Coefficients. 
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TABELLA  POTEST  ATOM, 

A  GENERAL  ANALYTICAL  BPBCULUM* 

S  t  •  W  Jf  ^JP 

fz^:=r/a^  +  jfa^e+   Zfaee+    f  e* 

But  novir,  if  It  be  tf  —  ^  =  z,  the  Table  is  compo^d  of 
the  fame  Members;  only  the  odd  Powers  of  e,  as  /,  f^^V*,  J' 
are  Negative,  and  the  even  Powers,  as  /*,  ^,  /*,  arc  ASr«>' 
mative.  Alfo  Jet  the  turn  of  the  Co^efficieiits'of  At  Sice 
be  ss  / ;  the  fum  of  the  Co-efficients  of  the  Squsm  et  be 
=  /,  the  fum  of  the  G>-cfficient8  of  ^^  be  =  v ;  of 
/♦  r=  ti; ;  of  ^'  =  4? ;  of  ^*  =  j^,  &c.  But  noW|  fince  ^  i» 
fuppos'd  to  be  only  a  fmall  part  of  the  Root  that  is  to  be 
enquired,  all  the  Powers  of  e  will  be  much  lefs  than  diQ 
correfpondent  Powers  of  a^  and  fo,  for  the  firit  Hypo« 
thefis,  all  the  fuperiour  ones  may  be  rejeded  i  and  form- 
ing  a  new  Equation,  by  fubftituting  a  db  r  =  z,  we  (hall 
have  (as  was  faid)  ±  h  =  ±  se  ±  tee.  The  following 
Examples  will  make  this  more  clear. 

Example  I* 

Let  the  Equation  z*  —  3  s*  -f-  75  z  s=   ic,ooo,  bt 

proposed.    For  the  fird  Hypothefis^  let  a  s  10,  and  fo 

w«  haTtt  this  Equation^ 

3*  =5 


■♦    ) 

=  +  -• 

=  -  i.r 

'  tdai  -  J,- 

+  t^ 

=  +  « 

tt 

=  + 

looco 
3CO 

afiCot  +  booet  40H  +  *< 
6of  -      ^t 

+ 

750 
1 0000 

75< 

+ 

45° 

40iS<  +  597«      4o<"  +  ^  =  0 

The  Signs  +  and  —  with  rcfpecl  to  the  Quantities  1 
sod  «%  aie  left  as  doubtful,  till  it  be  known  whether  / 
\t  N^ative  or  AffirmatiTC  \  which  thing  creates  fome 
difficulty,  fince  it  fometimes  happens,  (to  wit,  in  E<]ua- 
tion*  that  have  feveial  Roots,)  that  the  Homogeneum 
Camparaiioiut  (as  they  term  it)  is  cncreafcd  by  the  di. 
ninution  of  the  quantity  a,  and  on  the  contrary,  that, 
when  a  is  encreafed,  the  faid  Homogeneum  is  diminifhed. 
ftitt  the  Sign  of  «  is  determin'd  from  the  Sign  of  the 
(igaotitjr  h,  Foi>  taking  away  the  Refilvend  from  the 
i&magtiuum  formed  of  a,  the  Sign  of  /;  (and  confe- 
qaentlj  of  the  prevailing  Parts  in  the  compoHtion  of  it) 
will  always  be  contrary  to  the  Sign  of  the  difference  *. 
Whence  'twill  be  plain,  whether  it  mull  be  +  ?,  or 
—  / ;  and  confcquently  whether  a  be  t4ken  greater  or 
le&  than  the   True  Raot.    Now  the  quantity  /  is   = 

- ,    when    b    and   /   have   the   fame 


t~  -.^i 


Df  but,  when  the  Signs  ue  difiercnt, 


But  ifter  it  ia  found  that  it  inlt 
be 
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be  —  f ,  let  the  Powers  e,  ^%  and  e%  fe*^.  in  the  Affirm- 
ative Members  of  the  Equation  be  made  Negative,  and 
In  the  Negative  be  made  Affirmative ;  that  is,  let  them 
be  written  with  the  contrary  Signs.  On  the  other  hand, 
if  it  be  +  e,  let  thofe  forcmention'd  Powers  be  made 
Affirmative  in  the  Affirmative,  and  Negative  in  the  Ne- 
gative Members  of  the  Equation. 

Now  we  have  in  this  Example  of  ours,  10,450  inftead 
of  the  Refolvend  10,000,  or  i  =  4-  450;  whence  it  is 
plain  that  a  is  taken  greater  than  the  Truth,  and  confe- 
quently,  that  'tis  —  e.  fience  the  Equation  comes  to  be^ 
10,450  —  4015^  +  597^^  —  40^'  +  /♦  =  10,000.  That 
is,  450  —  401 5  <  +  597^^  =  O;  and  fo  450  =4015^  — 


597^^1  or  i = //  —  tee ;  whofe  Root  ^  is  = 


•r  —  —  a/  -?: ;  that  is,  in  the  prefent  cafe, 

2/  4//         /  '^  ' 

/  =  — ^ — — '-^ — -  ,  from  whence  we  have  the 

597 

Root  fought,  9.886,  which  is  near  the  Truth.    But  then, 

fubftituting  this  for  a  fecond  SuppoGtion,  there  comes 

a  +  e  =i  Zf  moft  accurately  9.886,260,393,649,5  .  ,  •  . 

fcatce  exceeding  the  Truth  by  2  in  the  laft  Figure,  viz. 

when  ^^-^ —  is  =  e.    And  this  (if  need  be) 

may  be  yet  much  farther  verified,  by  fubtradiing  (if  it 

be  +  f )  the  quantity  ~ —      *     ,  from  the  Root  be- 

v^ss  +  tS 

fore  found  j  or  (if  it  be  —  e)  by  adding  *         to 

that 
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t)iat  Root.  Which  Compendium  is  (o  much  die  ihoif 
valuable)  in  that  fometimes  from  the  firft  Suppofitioa 
aloncy  but  always  from  the  fecond,  a  Man  may  continue 
the  Calculus  (keeping  the  fame  Co-efficients}  as  far  as 
he  pleafes.  It  may  be  noted  that  the  fore-mentioned 
Equation  has  alfo  a  Negative  Root,  viz.  % .=  10.26  •  ••• 
which  any  one^  that  has  a  mind,  may  determine  more 
accurately. 

Bxample  II. 

Suppofe  2*  —  172*  +  542  =  3$o,  and  let  ^t  ==  Id- 
Then  according  to  the  prefcript  of  the  Rule, 

+  a*    as  11*    +  3^*^  +  3tf<*  +  «* 
—  Jz*  :«   -  da"  —  %dae  -  de^ 

-f    fZ     =:    ca     "^   £t 

b  s  t 

That  is>    4   1000  +  300f  +  30  e*  +  t^ 
—  1700  —  340^  —  17^* 
+  S40     +  54^ 
=  350 

Or,  —  510  +  14^  4-  ij^te  +  ^^  =  o.  Now,  (iBCC  Vtf 
hare  *—  $iO|  it  is  plain,-  that  a  is  aflumed  lefs  than  the 
Truth,  and  confequently  that  t  is  Affirmative.  And 
from   the   Eqiiatibh  510  =   14  r  +.13^*  comes  e  cs 

V^f  4-  \ii  -\i  _  V6679  -^  7  ,      BT'7-7  _  74^7  % 
/  13  ^  13  IS 

=  S'7'  Whence2(or  lo  +  f,)  is(=:  io-l-'5.7)  ==  15*7. ••» 
which  is  too  much,  becaufe  of  a  taken  wide.    Therefore^ 

3econdIy9  let  tf  =  i5>  and  by  the  like  way  of  Reafoning, 

we 
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jre  (hall  find  .=  ^^  -  ^^"  -''  =  <°9f  -  v^"7.o^ 

/  28 

and  confeqtiehtiy  z  =  14.954,068.  If  the  Operation 
Were  to  be  repeated  the  third  time,  the  Root  will  be 
found  conforrtiable  to  the  Truth  as  far  as  the  25 th 
Figure  ;  but  he  that  is  contented  with  fewer,  by  writing 
tb  dz   te^    inftead  of  t  b,   or  fubtra£ting    or   adding 

■  to  the  Root  before  found,  will  prefently 

obtain  his  end; 

Note,  the  Equation  propofed  is  Hot  explicable  by  aity 
other  Root,  becaufe  the  Refolvend  350  is  greater  than  the 

Cube  of  — •  or  —  . 
3  3 

Example  JII. 

Lefc  hs  take  the  Equation  z*  —  8oz'  +  1998  «*  -*- 
14937  z  +  5000  =  o,  which  Dr.  Wallii  ufes,  in  Cap.  6a 
of  his  Algebra^  in  the  Refolution  of  a  very  diiEcult  , 
Arithmetical  Problem,  where  by  Viet  J  z  Method  he  has 
obtained  the  root  moft  accurately  \  and  Mr.  Raphfon 
brings  it  alfo  as  an  Example  of  his  Method,  in  Pages  25f  . 
26.  Now  this  Equation  is  of  the  form  which  may  have 
feveral  AflSrmative  Roots,  and  (which  increafes  the 
difficulty  of  refohring  it)  the  Qhejicients  are  very  great  in 
tttftlk.  of  the  Refolvend  given* 

But,  that  it  may  be  the  eafiet  managed,  let  it  be  df<* 
^Ided^  and,  according  to  the  known  Rules  of  FAnting^ 

C  let 
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let  —  z*  +  82'  —  «oz*  -f  152  3=  0,5  (where  the 
quantity  «  is  ^^  of  z  in  die  Equatlofl  propofed)  and  for 
the  firft  Suppofition,  let  a  =1.  Then  will  +  2  —  5^  — 
2/*  +  4  /*  —  ^  —  o,^  be  =  o  J  that  is,  li  will  be  =  y 
+  2ie.    Here  therefore  b  is,=.  it  or  1.5,  and  /  is  =  5, 

and  /  is  =  2 ;  aind  confequentlf  {rxr  is  =  — ^  ,  and  bt 

4 

.    ■.      ,  .       ■  .  > 

18  (=  1.5  X  2  =  3.0)  =  ~i  ,  and  Iss   +  bt  is   = 

IL  +  II  =   IZ.,  and  s/iss  +  bt  is  =  -i^,  an4 
444  ^ 

/x— TT;       "^  :c -^  -^5?        5    -  A/37  —  5     ^„j 
Vi//  +  ^/  — —  is=-j ^ ; ,  and 

/   .         a/37-9  A/37  —  5  . 

A/iss  +  bt 18  =  -^-^   -    — ^-^^ ^  ;    and 

^  ♦  a  2  4 


hence    .    (  =    ^i'^^^^-J^   )    u   ^    v:iLJLi 

6.08— <  1.08  ^  1    r  . 

(=  *^  = )   =  0.27,  and  fo  a  +  ^,  or  2,  is 

4  4 

=  I  +  0.27,  or  1.27 ;  whence  *tis  manifeft  that  (10  X 
1,27,  or)  12.7  IS  near  the  true  Root  of  the  Equation 
propofed.  Now,  Secondly,  let  us  fuppofc  2  =  i2-7, 
and  then,  according  to  the  direftions  of  the  Table  df 
Powers,  there  arifes 

b  '       'X  •■    ■        ■     t  u 

—  26,014*4641  ^  8,193.532^  -^  967.74^*  —  50.8^*  — ^r* 
+  163,870.640    +  38,709.60^  +  3048    r*  +  80   /* 

—  322,237.42     —  SO>749-^  '  —  ^998   ^* 
+  189,699,9       +  I4>937«    ^ 

—  5000. 

That 
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That  18,  +  298.6559  —  5296.132  r  +  82.26  r*  + 
29.2  f'  —  ^*  =  o }  And  fo  —  298.6559  =s 
—  5296. 132  f  +  82.26^0  whofc  Root  e  (being,  ac- 

cording  to  the  RUle,    = f )  comes  to 

.648.066- ^6,987.686..o6.oa2^  .056,440,803,31.... 

O2a20 

=  r  J  which  is  le£s  than  the  Truth.  But,  that  it  may  be 
corredied.  'tis  to  be  confider'd  that  —  ,    or 

•002«62OfI 1  #>  1 

- — is  .000,000,90,  and  confcquently  e  cor- 

rcfted  is  =  0.056,44.1,794,48.  And,  if  you  defirc  yet 
more  Figures  of  the  Root,  from  the  e  correfted  let  there 
be  made  tue^  —  tf^  =  0.431,056,024,23...,  and 

i s  -  \/i-ij  -  ^i  -  /w  f3  +  te^  ,1.1..      11  \ 

* — = ,  or  (which  IS  all  one,; 

2648.066  —  \/6,987,685.674,965,Q7^,77  .  .  ■  .      _. 

82,  a6  '  "" 

•056,441,794,480,744,02  =  e\  whence  tf  +  f ,  =  x 

the  Root,  is  moil  accurately  12.756,441,794,480,744,02... 

as  Dr.  Wallis  found  in  the  fore-mentioned  Place;  where 

it  may  be  obferv'd^  that  the  repetition  of  the  Calculus 

docs  ever  triple  the   true  Figures   in   the   aflumed  ^, 

which  the  firft  correftion,  or   ^         ■    ^^—  does   quin- 

Vi/i  -  ht 

tuple  J  which  is  alfo  commodioufly  done  by  the  Loga-^ 
rithms.  But  the  other  Correftion,  after  the  firft,  does 
alfo  double  the  number  of  Figures,  fo  that  it  renders 
the  ajjumed  altogether  Seven-fold ;  yet  the  firft  Cor- 
re(Elion  is  abundantly  fufficient  for  Arithmetical  ufes, 
for  the  moft  part. 

C  2  But, 
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BUC|  ad  to  what  is  faid  concerning  the  nvmber  6f 
Figures  rightly  taken  in  the  Root,  I  would  have  it  under* 
fiood  fo  that,  when  a  is  but  ^  part  diftant  from  the 
true  Root,  then  the  firft  Figure  is  rightly  aflumed  $ 
if  it  be  within  xiv  P^^i  ^^^^n  the  two  firft  Figures  arc 
rightly  afTumed  5  and,  if  within  tttc^  part|  then  the  three 
firft  are  fo  5  which  confequently,  managed  according  to 
Our  Rule,  do  prefently  become  nine  Figures* 

It  remains  now  that  I  add  fomething  concerting  ouf 

Rational  Formula^   viz.    e  =  :t— -7 ,  which  fecms  ex- 

peditious  enough,  and  is  not  much  inferiour  to  the  former, 
fince  it  will  triple  the  given  Number  of  Figures.  Now^ 
when  we  (hall  have  formed  an  Equation  from  a  ±  f  =  2, 
as  before,  it  will  prefently  appear,  whether  a  be  taken 
greater  or  lefs  than  the  Truth ;  fince  s  e  ought  always 
to  have  a  Sign  contrary  to  the  Sign  of  the  difference  of 
the  Rtfolvend  and  its  Homogeneum  Comparation'tTy  produced 
from  £/.  Then,  fuppofing  4-^  +  /r+  a  —  tee-=>o^ 
the  Divifor  is  /  x  —  /  ^,  as  often  as  /  and  b  hava  the  fame 
Signs-,  but  it  is  //  4-  i/,  when  they  have  different 
CIVICS.    But  it  feems  moft  commodious  for  Pradice  to 

write  the  Theorem  thus,  e  =  7-  ;  fince.  in  this 

s 
way  the  thing  is  done  by  one  Multiplication  and  two 
Divifions,  which  otherwtfe  would  require  three  Multi- 
plications and  one  Divifion. 

Let  us  take  now  one  Example  of  this  Method,  from 

the  Root  (of  the  fore*mention'd  Equation)   12.7  • ...  | 

where 

298.6559 
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298.6559  ""  5^9^' '3^'  +  82.26  f^  +  29.2  f' 
+  *         —  /  -i-  t  +  u 

—   /*  is    =  f^  and  fo  7-  is  =  r ;  that  is,  let  us 

make  the  following  Proportion,  to  wit,  as  /  is  to  /,  fo 
is  b  to  — ,  or  as  5296. 132  is  to  82.26,  fo  is  298.6559  to 

;  which  will  therefore  be  ( =   — *-» 7-  ) 

/  ^  5'96.i3» 

tb 
=  4.638,75 ;   and  confequently  the  Divifor  /  —  — • 

will  be  (=  5296.132  —  4-638175)  =  S29i493>^5>  and* 

_i— .  will  be    (  =   J^iJ^  )    =    0.056,441  i 
,  .  ii  *        S29«-493»25  '  3  ^'Ht    , 

i 
that  is,  e  will  be  =  0.056,441,  in  which  all  the  Figures 
are  true*  And  confequently  z,  or  ^  -}~  ^»  ^^  ^^^  Root 
of  the  propofed  Equation  2*  — -  8oz'  +^  1998  z*  ~ 
14,937 z  +  5000  =  o,  will  be  (=  12.7  +  0.056,441) 
=   12.756,441  5  of  which  all  the  eight  Figures  8|re  true. 

But  this  Rational  Formula  e  =  — ; — n  or 


,sdztb'^'       ^    tb    * 

cannot  be  correfted,  as  the  foregoing  Irrational  one  was; 
and  fo,  if  more  Figures  of  the  Root  are  defired,  'tis  the 
bell  to  make  a  new  Suppefltion,  and  repeat  the  Calculus 
again :  And  then  a  new  Quotient,  tripling  the  known 
Figures  of  the  Root,  will  abundantly  fatisfie  even  thp 
moft  fcrupulous. 


C  3  AN 
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Of  the  Refolution  of  Afft&ed  ^quatiMS. 

Let  %f  the  root  of  any  Eqattion,  be  imagin'd  to  be 
Compoc'd  of  the  pang  iz  +  or  —  ^,  of  which  let  a  be 
afiun'd  as  near  z  as  Is  poffible  ;  which  is  notwithftanding* 
not  neceffarj^  but  only  commodious.    Then  from  the  Qaan« 
thy  m  -{-  eor  a^e^  let  there  be  form'd  all  the  Powers 
of  s^  found  in  the  Equation,  and  let  the  Numerical  Co- 
cffidents  of  the  faid  Powers  in  the  Terms  of  the  Equa- 
tion be  refpedively  affixed  to  them  :  Then  let  the  Power 
to  be  refolved^  (in  the  new,  or  transformed.  Equation 
ariCng  from  this  fubftltution  of  a  +  ^,  or  j  —  e^  inftead 
of  z,  in  the  Terms  of  the  original  Equation,)  be  fubtraft- 
ed  fram  the  fum  of  the  known  Parts  (in  the  firft  Co- 
lumn of  Terms  in   the   faid   new  Equation,   amongft 
whtdi  the  unknown  Quantity  e  is  not   found)  which 
they  call  the  Homogeneum  Comparatknisy  and  let  the  dif- 
ference \iQ  dn  b.     In  the  next  place,  take  the  fum  of  all 
the  Co  efficients  of  e  in  the  fecond  Column,  to  which 
put  S3  /.    L^ftly,  in  the  third  Column  let  there  bs  put 
down  the  fum  of  all  the  Co-efficients  of  ee^  which  fum 
call  /•     Then  will  the  Root  %  (land  thus  in  the  Rationat 

T^ula,  ^  z  .  «  +  -^;  and  thus  in  the  Irra, 

iional  rcrmulay  vti^  x  =  a  zp       ■  ;   which 

perhaps  it  may  be  worth  while  to  illuftrate  by  ibme  Ex- 
amples. And  xnllead  of  an  Jnjlrumentf  let  this  Taik 
fcrve,  which  ftcws  the  GcneCs  of  the  fcveral  Powers  of 
#  d:  <>  suid  if  need  be,  may  eaGIy  be  continued  farther  ; 
which  for  its  ufe  I  may  rightly  call  jI  General  Jnal^icaf 
Sftculum,  The  forementigned  Powers  ariCng  from  a 
continual  Multiplication  hy  a  -{-  e  (=  z)  come  out  thus 
^Ith  their  adjoyoed  Coefficients. 
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TABELLA  POTEST ATDM, 
A  GENERAL  ANALYTICAL  BPECULUM* 

c»  =  fii  -h    ^* 

But  novir,  if  It  be  tf  —  ^  =  z,  the  Table  is  compo^d  of 
the  fame  Members;  only  the  cdi  Powers  of  f,  as /,  ^i^:%r 
are  Negative,  and  the  even  Powers,  as  /%  ^,  /*,  arc  AlBSr«'' 
mattve.  Alfo  Jet  the  fum  of  the  Co^efficierits'of  thi  ffde  ir 
be  s=:  / ;  the  fum  of  the  Co-efficients  of  the  Square  ei  be 
=  ty  the  fum  of  the  Co-efficients  of  ^^  be  =  tr  |  of 
/♦  =  ti;  5  of  f '  =  4? ;  of  ^*  =  j^,  &c.  But  noW|  fince  t  i» 
fiippos'd  to  be  only  a  fmall  part  of  the  Root  that  is  to  be 
enquired,  all  the  Powers  of  t  will  be  much  lefs  than  diQ 
correfpondent  Powers  of  a^  and  fo,  for  the  firit  Mypo« 
thefis,  all  the  fuperiour  ones  may  be  rejeded;  and  fomv- 
ing  a  new  Equation,  by  fubftituting  a  db  <  =r  z,  we  (hall 
have  (as  was  faid)  ±  h  =  ±,  se  ±.  tee.  The  following 
Examples  will  make  this  more  clear. 

Example  I. 

Let  the  Equation  «♦  —  3  s*  •!-  75  z  =  10,000,  bt 
propos'd.  For  the  firft  Hypothcfis,  let  a  =a  10,  and  fo 
w«  haTtt  this  Equation^ 

•        3*    =X 


«♦  =  +  ij*  4a^e  +  ^a^g*      40^  +  ^ 
—  ifc*  =  —  da''  %dae  —  A* 

•I-  ^  s=  -f  ra  ^ 

2s   +   loooo  40C0/  +  booee  40^  +  r* 

•»  .          • 

.    ^—       3C0  60^  —       jjte 

=   10000 


+     450        4015/  +  597^^      4or*  +  f*  =  o 

The  Signs  +  and  —  with  rcfpcd  to  the  Quantities  i 
^d<'|  are  left.as  doubtfulj  till  it  be  known  whether  # 
%t  Negative  or  Affirmative ;  which  thing  creates  fome 
diitlcultyj  fince  it  fometimes  happens,  (to  wit,  in  Equa- 
tions, that  have .  feveral  Roots,)    that   the  Homogeneum 
Comparatioms  (as  they  term  it)  is  encreafed  by  the  din 
sninution  of  the  quantity  a,  and  on  the  contrary,  that^ 
when  a  is  encreafed,  the  faid  Homogeneum  is  dimlnifhed. 
fiut  the  Sign  of  e  is  determined  from  the  Sign  of  the 
Quantity  i.     For,  taking  away  the  Refolvend  from  the 
Homogeneum  formed  of  ^,  the  Sign  ol  se  (and  confe- 
quently  of  the  prevailing  Parts  in  the  compofition  of  it} 
will  always  be  contrary  to  the  Sign  of  the  difference  h 
Whence  'twill  be  plain,  whether  it  muft  be  +  ^,  or 
—  e\  and  confequently  whether  a  be  taken  greater  or 
lefs  than  the   True  Root.     Now  the  quantity  ^  is   =s 

2 — Z ^ ,    when    h    and   /  have   the   fame 

Sign ;  but,  when  the  Signs  are  diffinrnt,   ^  is  =  -  . 

be 
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be  —  f ,  let  the  Powers  ^,  ^',  and  ^',  ifc*  in  the  Affintt- 
'ative  Members  of  the  Equation  be  made  Negative,  and 
In  the  Negative  be  made  AflSrmative ;  that  is,  let  them 
be  written  with  the  contrary  Signs.  On  the  other  hand, 
if  it  be  +  /,  let  thofe  forcmentionM  Powers  be  made 
Affirmative  in  the  Affirmative,  and  Negative  in  the  Ne- 
gative Members  of  the  Equation. 

Now  we  have  in  this  Example  of  ours,  10,450  inftead 
of  the  Refolvend  10,000,  or  i  =  +  450  j  whence  it  is 
,plain  that  a  is  taken  greater  than  the  Truth,  and  confe- 
quently,  that  'tis  —  e.  Hence  the  Equation  comes  to  be, 
10,450  —4015^  +  597^^  —  40^'  +  ^*  =  10,000.  That 
is,  450  —  4015/  4-  597^^  =  o;  and  (b  450  =54015^  — 


^s  —  ^ ^ is  ^  bt 

597^^1  or  i = //  —  tee  j  whofe  Root  ^  is  =  ^ 


•r  —  —  \/  -: »  that  is,  in  the  prefent  cafe. 

e  = — — ^^ — -  ,  from  whence  we  have  the 

597 

Root  fought,  9.886,  which  is  near  the  Truth.    But  then, 

fttbftituting  this  for  a  fecond  SuppoCtion,  there  comes 

tf  4.  f  =:  z,  mod  accurately  9.886,260,393,649,5  .... 

fcarce  exceeding  the  Truth  by  2  in  the  laft  Figure,  viz. 

when  ^—-^ ' —  is  =  ^.     And  this  (if  need  be) 

may  be  yet  much  farther  verified,  by  fubtra£^ing  (if  it 

be  +  0  the  quantity  ^_ —      *     ,  from  the  Root  be- 

fore  found  •,  or  (if  it  be  —  e)  by  adding  *         to 

that 
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m 

ttut  Root.  Which  Compendium  is  (b  much  tiie  rhbjf 
traluable9  in  that  fometimes  from  the  firft  Supppfitioxi 
alone^  but  always  from  the  fecond,  a  Man  may  continue 
the  Calculus  (keeping  the  fame  Co-efficients}  as  far  as 
he  pleafes.  It  may  be  noted  that  the  fore-mentionod 
Equation  has  alfo  a  Negative  Root,  vi%.  z  =  10.26  •  ..4 
which  any  one^  that  has  a  mind,  may  determine  more 
accurately. 

Example  11. 

Suppofe  a*  —  17  2*  +  542  =  3$o,  ahd  let  4  ==  16. 
Ttien  according  to  the  prefcript  of  the  Rule, 

+  a»    ss  fl»    +  3^*/  +  3j/»  +  «» 
—  rfz*  =x   —  da^  —  2dae  -  de^ 
+  cz    =  ca    +  ^t 

b  s  t 

That  i8>    4   1000  +  300/  +  30^*  +  '* 
—  1700  —  340^  —  17  e* 

+  540+54^ 

=  350 

Or,  —  510  +  14^  +  13^^  4-  f*  =  o.  Now,  (incc  Ijrtf 
li2Te  *—  51O}  it  is  plains  that  a  is  aflumed  lefs  than  the 
Truth,  and  confcqucntly  that  e  is  Affirmative.  And 
from   the  Equatibh  510  =   14^  +.13^*  comes  e  ts 

Vl7^[J77--Jjr  _  V6679  -^  7  /      ft^>7-7  _  74^7  % 
/  13  ^  13  13 

=  5.7.  Whence%(or  10  +  ^,)  is(=  10  +  5.7)  =i  i5-7--» 
which  is  too  much,  becaufe  of  a  taken  wide.    Therefore, 

Secondly,  let  ^  =  15,  and  by  the  like  wiy  of  Rcafoning, 

we 
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»re  Aall  find  ,  =  iizJ^i:ii*  =  l^Si-vlilll^  , 

and  confeqUehtly  z  =  14.954,068.  If  the  Operation 
Ivcre  to  be  repeated  the  third  time,  the  Root  will  be 
found  conforthable  to  the  Truth  as  far  as  the  25tli 
Figure ;  but  he  that  id  contented  with  fewer,  by  writing 
tb  dz   te^    inftcad   of   t  b,   or  fubtrading    or   adding 

'  to  the  Root  before  found,  will  prefcntly 

obtain  his  end; 

Note,  the  Equation  propofed  is  riot  explicable  by  aifjr 
bther  Root,  becaufe  the  Refolvend  350  is  greater  than  the 

Cube  of  — ,  or  —  . 
3  3 

Example  ill. 

Let  Us  take  the  Equation  z*  —  8oz'  +  1998  a*  -*- 
^4937  z  +  5000  =  o,  which  Dr.  WalUs  ufes,  in  Cap.  62 
of  his  Algebra^  in  the  Refolution  of  a  very  difiEcult  . 
Arithmetical  Problem,  where  by  Viita's  Method  he  has 
obtained  the  root  moft  accurately  \  and  Mr.  Rapbfon 
brings  it  alfo  as  an  Example  of  his  Methctf,  in  Pages  25f  . 
16.  Now  this  Equation  is  of  the  form  which  may  have 
feveral  Affirmative  Roots,  aiui  (which  increafes  the 
difficulty  of  refolving  it)  the  Co^Jjictents  are  very  great  in 
tefpeif):  of  the  Refdlvend  given. 

But,  that  it  may  be  the  ea&et  managed,  let  it  be  di- 
vided, and,  according  to  the  known  Rules  of  Pointings 

C  let 
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let  —  z*  +  82'  —  «oz*  +  152  =  0,5  (where  the 
quantity  z  is  tV  of  2  in  the  Equatiorl  propofed)  and  for 
the  firft  Suppofition,  let  a  =  i.  Then  will  +  2  —  5/  — 
a/*  +  4  /*  —  ^  —  o,^  be  ==  p  i  that  is,  li  will  be  =  y 
+  2ee.    Here  therefore  b  i8.=  li  or  1.5,  and  /  is  =  5, 

and  /  is  =  2 ;  aind  confequentlf  j;XT  is  =s  — ^  ,  and  H 

4 

"i      .     .      <     • 

is  (=  1.5  X  2  =  3.0)  =  — ^  ,  and  J//  +  i/ls   = 

IL  +  11  =   IL,  and  ^iTTTT/  is  =  •^,  and 
4  4  4     '        ^*  2    * 

Vx,7T7/-i-i3==42^4.  =  ,£37^,and 


^x^,  +  ^/  —  —  18  =  — ^ 


^;.^v:37zi   ^     ^37-5^    ,„j 


4 


hence    .    (  =    ^i'^^^^-J'   )    is   ^    ^^^  -  ^ 

.  6.08— <  1.08  ^  .    r  . 

(=  ^  = )   =  0.27,  and  io  a  -f  ^^  or  z,  is 

4  4 

=  I  +  0.27,  or  1.27;  whence  'tis  manifeft  that  (10  X 
1.27,  or)  12.7  is  near  the  true  Root  of  the  Equatioh 
propofed.  Now,  Secondly,  let  us  fuppofc  z  =  12.7, 
and  then,  according  to  the  direftions  of  the  Table  of 
Powers,  there  arifes 

b  .'/...  /  u 

—  26,014.4641  -p  8,193.532^  •*-  967.74^*  —  50.8^*  — ^^ 
•h  163,870.640  +  38,709.60^  +  3048  e*  +  80  /* 

—  322,257.42   —  50,749.2  c  —  1998  €* 

+  189,699.9   +  I4»937«  ' 

—  5000. 

That 
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That  is,  +  298.6559  -p  5296,i32f  +  81.26^*  + 
29.2  tf*  —  /♦  =  o  J  And  fo  —  298.6559  =5 
—  5296.132^  +  82.26^0  whofc  Root  €  (being,  ac- 

cording  to  the  Rtilc,    = j )  comes  to 

2(848.066-^6,987,686.106,022,  .056,440,803,31.... 

82.26 
=  ^ ;  which  is  Icfs  than  the  Truth.    But,  that  it  may  be 

correSed,  'tis  to  be  confider'd  that  ^  s  ,    or 

.00  ,  20,  .... .  .^  .000,000,90,  and  confcquently  e  cor- 

rcaed  is  =  0.056,441,794,48.  And,  if  you  dcfirc  yet 
more  Figures  of  the  Root,  from  the  e  correfted  let  there 
be  made  iue^  —  /<r*  =  0.431,056,024,23...,  and 

^ —3^ ,  or  (which  16  all  one,) 

2648.066  —  a/6,987,685.674,965,q75,77  ....      _ 

82,  i6  ' 

.056,441,794,480,744,02  =  /;  whence  tf  +  ^,  =  x 
the  Root,  is  moil  accurately  i2.756,44i,794,48o,744,02.f 
as  Dr.  Wallis  found  in  the  fore-mentioned  Place ;  where 
it  may  be  obferv'd,  that  the  repetition  of  the  Calculus 
does  ever  triple   the   true  Figures   in  the   aiTumed  a, 

which  the  firft  correftion,  or    ^  does   quin- 

vijj  -  bt 

tuple  5  which  is  alfo  commodioufly  done  by  the  Loga* 

rithmj.     But  the  other  Correftion,  after  the  firft,  does 

alfo  double  the  number  of  Figures,  fo  that  it  renders 

the  ajfumed  altogether   Seven-fold ;    yet  the   firft  Cor- 

redion   is   abundantly  fufficient  for  Arithmetical  ufes, 

for  the  moft  part. 

C  2  But, 
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But,  al  to  ^at  16  faid  concerning  the  nvmber  6f 
Figures  rightly  taken  in  the  Root,  I  would  have  it  under* 
ftood  fo  that,  when  a  is  but  V?  P^rt  diflant  from  the 
true  Root,  then  the  firft  Figure  is  rightly  aflumed  $ 
if  it  be  within  -riv  P^^j  ^'^cn  the  two  firft  Figures  are 
rightly  afTumed  j  and,  if  within  -j^-^  part|  then  the  dircc 
firft  are  fo ;  which  confequently,  managed  according  to 
our  Rule,  do  prefently  become  nine  Figures* 

It  remains  now  that  I  add  fomething  concerning  our 

Rational  Formula^   viz.    e  =  --—^ ,  which  fecms  ex- 

peditious  enough,  and  is  not  much  inferiour  to  the  former, 
fince  it  will  triple  the  given  Number  of  Figures.  NoW) 
when  we  (hall  have  formed  an  Equation  from  a  ±  ^  =  z, 
as  before,  it  will  prefently  appear,  whether  a  be  taken 
greater  or  lefs  than  the  Truth  \  fince  s  e  ought  always 
to  have  a  Sign  contrary  to  the  Sign  of  the  difference  of 
the  Refolvend  and  its  Homogeneum  Comparationir^  produced 
from  a.  Then,  fuppofing  +i  +  /r+  a  —  tee  =  o, 
the  Divifor  is  /  x  —  /  ^,  as  often  as  t  and  b  hav&  the  fame 
Signs',  but  it  is  //  +  i/,  when  they  have  different 
oixjcs.     But  it  feems  moft  commodious  for  Pradice  to^ 

write  the  Theorem  thus,  e  =  r-  ;  fince.  in  this 

/  ±:   — 
i 

way  the  thing  is  done  by  one  Multiplication  and  two 
Divifions,  which  otherwife  would  require  three  Multi- 
plications and  one  Divifion. 

Let  us  take  now  one  Example  of  this  Method,  from 

the  Root  (of  the  fore-mention'd  Equation)   12.7  .... , 

where 

298.6559 
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298.6559  -"  S^9^'^2^^  +  82.26^^  +  29.2 r^ 
+  b  —  /  +  t  +  K 

»-  ^  is    =  fi  and  fo  r  is  =  / ;  that  is,  let  ut 

make  the  following  Proportion,  to  wit,  as  s  is  to  /,  fo 
18  b  to  — ,  or  as  5296. 132  is  to  82.26,  fo  is  298.6559  to 

— }  which  will  therefore  be  ( =   — '-* 7 '  ) 

/  ^  5-96.13* 

=  4.638,75 ;   and  confequently  the  Divifor  /  —  — - 
will  be  (=  5296.132  —  4.638,75)  =  5291.493,25,  and* 
^  will  be    (  =    J^m^  )    =    0.056,441  5 


,  _  i£  5291.493,25 

that  is,  e  will  be  =  0.056,441,  in  which  all  the  Figures 
are  true.  And  confequently  z,  or  a  -{-  e^  or  the  Root 
of  the  propofed  Equation  z*  —  8oz'  -p  19982*  — 
14,9372  +  5000  =  o,  will  be  {=:  12.7  +  0.056,441) 
=   12.756,441  •,  of  which  all  the  eight  Figures  are  true. 

But  this  Rational  Formula  e  =  — ; — r,  or 


is±:tb'  "*       ^    tb     ' 

s 
cannot  be  correfted,  as  the  foregoing  Irrational  one  was; 
and  fo,  if  more  Figures  of  the  Root  are  defired,  'tis  the 
bed  to  make  a  new  Suppefition,  and  repeat  the  Calculus 
again :  And  then  a  new  Quotient,  tripling  the  known 
Figures  of  the  Root,  will  abundantly  fatisfie  even  the 
mod  fcrupulous. 


C  3  AN 


AN    APPENDIX 


TO 


DR.  EDMUND  H ALLEY'S  TRACT  ON  THE 
RESOLUTION  OF  ALGEBRaICK  EQUA- 
TIONS OF  ALL  DEGREES  BY 
APPROXIMATION. 


C4 


■a 


9vB7 


An  Appendix  to  the  foregoing  TraS  of  Dr. 
Edmund  Halley,  intitlcd^  "  A  New^ 
Exaa^  and  Eajy^  Method  of  finding  the 
Roots  of  Equations  Generally  ^  and  that  with* 
out  any  previous  RcduSion** 


By  FRANCIS  MASERES,  Esa. 

CITI8IT0&  9A^0N  OF  TH£  COURT  OF  BXCHSflUSR  IN  XMGLAN0« 


Article  I.  T^K..  HALLEY  confidered  his  method  of 

refolving  aficdied  equations  by  ap- 
proximation (which  is  defcribed  in  the  foregoing  traA,) 
a^  an  improvement  upon  that  which  had  been  given  by 
Mr.  Jofeph  Raphfon  ip  bis  valuable  treatife,  intitled» 
Analjfts  ^quationum  JJniverfalisj  which  had  been  pub* 
liihed  in  the  year  1690  \  becaufe  the  new  figures  in  the 
v^due  of  the  root  fought  that  are  difcovered  by  every 
procefs  of  his  approximation,  were  twice  as  pany  as  the 
new  figures  in  the  faid  value  difcovered  by  the  corre- 
fponding  procefs  of  Mr.  Raphfon's  approximation*  But 
this  circumftance  of  quicker  difpatch,  or  rather  of  the 
appearance  of  it,  (Gnce  the  reality  of  it  depends  upon  the 
^ility  and  number  of  the  operations  to  be  performed  in 

each 
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each  procefs  of  the  approximation  as  well  as  on  the 
number  of  the  faid  proceflcs,)  Is  not  the  only  thing  to 
be  vlaken*  into  confidetatkiii  iirl  di^er  to  determine  whi^h 
of  the  two  metliode  is  the  mod  convenient :  but. the  fim- 
plicity  and  perfpicuity  of  the  reafonings  employed  in 
thiBlAij— and  the.grcttcir  or  lefe  daitger  of  falling  into 
miftakeSy  or  difficulties^  ari(mg.from  having  more  Alge- 
braick  quantities  to  afrange  and  manage  in  Dr.  Halley's 
method  than  in  Mr.  R^^hfofi^s  ;<^nd  femctimes  having 
two  roots,  or,  in  the  language  of  modern  Algebraifts, 
two  real  and  affirmative  roots,  to  examine  and  reafon 
upon  in  the  procefles  o£  the.  former.  iTietbody  and  never 
more  than  one  fucli  root  in  thofe  of  the  latter  ;— arc,  all 
6f  then*,k:i^tfmftatices  of  great  ilripWrtatide  in  fotmifig  a 
judgement  on  this  qucflion.     And  Mr.  Raphfon  always 
continued  to  prefer" his ~o>«riwhenrod  of  approximation, 
(which  proceeded  by  the  repeated  refolutions  of  mere 
Ample  *^qwatJ6nS5,y  to  thdt  of  Dr.  Hdllby,  (which  ptt)- 
Geeded<'by  th^  tefolution  of  qtiadratick  equations,)  after 
the  publication  of  the  foregoing  trkd  of  Drl   Halley  iS 
wdlliasbefore  it.  For  he  infbms  us*  hi  thidT^cond  ^di^ii 
of  his  ytnt/Jy/ls  jSquattonum  UhiverfaltSy  (which  was  piiB-' 
liflied  i-nthe  year  1697)  that  he  himfelf  had  had,  at  the 
time  of  preparing  that  treatife  for  it's  firft  publication  lii' 
the  year  1690,  the  very  fame  thought  a§  Dr.  Halley,  of 
retaining  th^  terms  of  the  fecond,  or  transformed,  equa- 
tion that  involve  the  fqaare  of  the  unknown  root  of  the 
fold  equation  as  well  as  the  terms  that  involve  the  fimple 
power  of  the  faid  rbot,  and  fo  rcfolving  a  quadratick 
equation  in  (lead  of  a  fimple  one;  but  that,  after  £dll 
cOhfideration  of  the  matter,  he  had  rejected  that  mcttod 

of 
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4dF  proceedm^  as  liable  to  more  perplexity  than  the  other^ 
and  had  reiblved  to  proceed  only  by  the  refolution  of  fimple 
equations.  And  Sir  Ifaac  Newton,  in  his  method  of 
refblying  equations  by  approximation,  (which  differs  a 
little  from  Mr.  Raphfon's,)  proceeds  only  by  the  refo* 
lution  of  fimple  equations,  except  in  a  few  particular 
cafes,  in  which  it  may  fometimes  be  convenient  to  pro« 
ceed  by  the  refolutioA  of  a  quadratick  equation,  as,  for 
example,  in  performing  the  firft  procefs  of  approximation 
to  the  true  value  of  Xy  when  the  firft  near  value  of  it, 
obtained  :by  conjedure,  or  otherwife,  and  which  is  taken 
for  the  bafis  of  the  approximation,  is  not  fufficiently  near 
the  truth.  Andf  as  far  as  my  experience  in  thefe  calcu- 
lation^, has  enabled  me  to  form  a  judgement  on  the  fub- 
jedi'I  tm  inclined  to  join  with  Mr.  Rapbfon  in  preferring 
{lis  method  of  proceeding  by  the  refolution' of  only  fimple 
equations,  to  this  of  Dr.  Hallej  by  the  refolution  of  qua« 
draticks.  But>  that  the  reader  may  be  the  better  able  to 
form  a  judgement  for  himfelf  upon  this  fubjed,  I  {hall 
How  proceed  to  give  a  ftiort  view  of  thefe  two  different 
methods  of  approximating  to  the  values  of  the  roots  of 
equations,  and  to  point  out,  firft,  the  circumftances  in 
which  they  agree,  and  fecondly,  thofe  in, which  they 
differ;  and  afterwards  I  (hall  proceed  to  confider  the 
three  equations  ir*— •  3;!?*+  75;!?=  10,000,  and 
*•  —  17**  +  54*  =  35©,  and  I4>937*  —  1998^* 
+  80  IT*  —  4f*  =  50C0,  (which  Dn  Halley  has  chofen 
in  the  foregoing  tra&  for  the  examples  of  his  method  of 
approximation,)  and  fhall  refolve  them,  firft,  by  Dr. 
Halle/s,  and  afterwards  by  Mr.  Raphfon's  method  of 
approximation. 

Art.  a. 
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ArU  2.  In  both  thefe  methods  of  refolving  equationt 
b]r  approximation  we  muft  begin  by  finding  by  conjeftuTe, 
or  other  wife,  in  the  bed  manner  we  can,  a  firft  near  value 
of  Xj  or  the  root  fought,  which  firft  near  value  Dr.  Halley 
denotes  by  the  letter  a.  We  muft  then  fubftitute  fuch 
near  value  inftead  of  x  in  the  compound  quantity  which 
forms  the  left-hand  fide  of  the  propofed  equation,  and 
which  contains  all  the  terms  that  involve  the  unknown 
quantity  x.  Thus,  if  the  propofed  equation  is  the  ca-' 
bick  equation  x^+^**  +  yJir  =  r,  and  a  is  foundy 
by  conjecture  or  otherwife,  to  be  nearly  equal  to  x^  we 
muft  fubftitute  a  inftead  of  x  in  the  compound  quantity 
x^  -^  p  x^  -H  qXf  which  will  thereby  be  converted  into 
the  compound  quantity  a^  '¥  pa}  +  qa^  which  con- 
fifts  intirely  of  known  terms.  We  miift  then  compare 
this  known  quantity  a^  -¥  par  +  qa<^  refulting  from 
this  fubftitution,  with  r,  the  abfolute  term,  or  known 
quantity,  of  the  propofed  equation  x^  '\r  p  x^  -k-  q» 
r=-  T '  ^^^>  if  the  faid  refult  is  lefs  than^tbe  faid  abfolute 
term,  we  may  conclude  that  the  laid  near  value,  ^,  of 
the  root  x  of  the  faid  equation  is  lefs  than  it's  true  value; 
and,  if  the  fail  ic^fvlt  is  greater  than  the  faid  abfolute 
term,  we  may  conclr.u.^  ihac  the  faid  near  value  is  greater 
than  the  true  value  oi  a-.  It  muft,  however,  be  ohferved 
that  this  conclutlon  will  not  always  be  juft,  becaufe  in 
feme  equations  tliat  havt?  more  than  one  root,  or  in  the 
language  of  modern  Algcbriiifts,  more  than  one  real  and 
affirmative  root,  it  fonictimes  happens  that,  while  the 
unknown  quantity  r  increafes,  the  compound  quantity 
that  forms  the  left-hand  fide  of  the  propofed  equation 
will  decreafe.    Thus,  if  the  propofed  equation  had  been 
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4f*  —  px^  +  qx  =3  r,  inftead  of  x^  +  px*  -^  fjt 
=  r,  and  the  magnitudes  of  the  two  co-efficients  p  and 
g  and  the  abfolute  term  r  had  been  fuch  that  the  equation 
admitted  of  three  real  and  affirmative  roots,  and  a  had 
been  a  near  value  of  the  middlemoft  of  the  faid  thre^ 
roots,  the  compound  quantity  x^  ^^  p  x^  -i"  q  x  would 
have  been  greater  than  the  abfolute  term  r,  if  a  was  lefs 
than  the  true  value  of  the  middle  root  of  the  equation  ) 
and,  if  a  was  greater  than  the  faid  true  value,  the  faid 
compound  quantity  would  have  been  lefs  than  r.  But 
thefe  cafes  happen  but  rarely :  and,  when  they  do  happen, 
we  muft  make  ufe  of  fome  further  reafonings  concerning 
the  roots  of  the  equation  and  the  limits  of  their  magni- 
tudes, in  order  to  determine  whether  ^,  or  the  near  value 
of  X  which  we  have  chofen  for  the  bafis  of  our  approxi* 
mation,  is  greater,  or  lefs,  than  it's  true  value. 

^f-t.  3.  When  it  is  determined  in  the  foregoing  man- 
ner, or  by  fome  further  reafonings  fuited  to  the  nature 
of  the  inquiry,  that  a  is  lefs  than  the  true  value  of  Xy  or 
the  root  fought,  we  mud  then  begin  our  further  approxi- 
mation to  it's  true  value  by  fuppofing  the  unknown  excels 
of  X  above  a,  it's  firft  near  value,  to  be  denoted  by  fome 
other  letter  of  the  alphabet  and  to  be  added  to  a* 
Dr.  Halley  on  this  occafion  makes  ufe  of  the  letter  ^ : 
and  we  will  therefore  employ  the  fame  letter.  And 
then  we  (hall  have  a  -ir  e  =  x.  We  muft  next  fubfti- 
tutc  this  binomial  quantity  a  +  r  inftead  of  x  in  the 
propofed  equation.  And,  if  this  equation  be  the  cubick 
equation  which  was  juft  now  taken  as  an  example  of 
thefe  methods  of  approximation,  to  wit,  the  equation 
A*  +  px*  -^  qx  ^  r,  we  (hall,  by  means  of  thii 

fubftitution^ 
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fubditution,  convert,  or  transform,  the  faid  equation  Into 
the  following  equation,  to  wit,  a  -|^*  +  /  X  «  +  «* 
-^  q  X  a  +  e  =  r,  or  a*  +  3^*^  +  ^ae*  +  ^'  + 
pX^a  +  iae  +  ee'^qXa-i-e^r,  ot 


In  which  the  unknown  quantity  that  remains  to  be  difco* 
vered  is  ^,  or  the  difference  between  x  and  tf,  inftead  of 
the  original  unknown  quantity  x  itfelf.  Now  this  quan- 
tity e  is  leFs  than  a  +  ^,  or  x,  and  ufually  much  lefs  than 
it,  namely,  only  a  tenth  part  of  it,  or  fome  lefs  part* 
And  confequently,  as  a  is  nearly  equal  to  .r,  e  will  be  alfo 
much  lefs  than  «,  and,  ^  fortiori,  lefs  than  3  j,  and,  ftill 
more,  lefs  than  3  /»  +  /.     Therefore  e^   (which  is  equal 

to  ^  X  r')  will  be  much  lefs  than  3^  + />]  X  e\  or  than 

3  fl  ^*  +  /  ^%  and,  i  fortiori,  lefs  than  3</''  4-  2pa  +  q) 
X  r,  or  than  3^^^  +  2^fl^  +  q e*  And  confequently, 
if  ^^  be  taken  away  from  the  left-hand  fide  of  the  equa- 
tion, the  remaining  terms  of  the  faid  left-hand  fide  of 
the  equation,  to  wit,  the  terms 


a^  +  3  fl'r  +  2ae^ 
+  pa""  +  2pae  -i-  p  e"^ 
+  y<2    +      qe 

will  ftill  be  very  nearly  equal  to  the  abfolute  term  r  of 
the  firft  equation.  But  this  curtailed  equation  is  only  a 
quadratick  equation^  and  may  therefore  be  refoived  by 

the 
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the  known  methods  of  refolving  fuch  equations  ;  which 
methods  are  eafy  and  accurate.  Thefrefore  Dr.  Halley 
idvifes  that|  ia  order  to  determine  the  value  of  e^  or  the 
difiereoce  between  a  and  x^  we  Ihould  reje£t  only  the 
little  quantity  r^  or  the  cube  of ,  r,  from  the  foregoing 
transformed  equation,  and  fhould  refolve  the  remaining 
quadratick  equatipn  by  the  common  method  of  refolving 
fuch  equations.  And  for  this  purpofe  he  dire^is  us  to 
put  /  for  the  compound  quantity  3  a*  +  2pa  +  y, 
which  is  £he  co-efBcient  of  the  unknown  quantity  ^  in 
the' faid  quadratick  equation,  and  /for  the  compound 
quantity  3a  +  ^^  which  is  the  co-efficient  of  ee,  or  of 
the  fquare  of  the  unknown  quantity  e  in  the  fame  equa- 
tion 3  after  which  abbreviations  of  the  notation,  the 
equation  will  be  as  follows,  to  wit,  a'  -4-  ^  a*  +  y  a  + 
if  +  te^  3=  r. :  Therefore,  (fubtrafting  a^  -{-  pa* 
*h  qa  from  both  (ides,)  we  ihall  have  se  +  te^  =  r 
"^  a*  '—  pa^  ^^  qa,   and  (dividing  both  fides  by  /,) 

/till  ^^  •>  T'-^n^^pc^'^qa 

we  Ihall  have  —   +  ^*  =   i- 2—  ,  or 

(putting  i  for  r  —  a*  —  pa'^  —  qa)  +  if*  =  — , 

^m  f    '  m  i^  ^f  .111/  ^  ^f 

Therefore  e^  +  —   +     —  will  be  (  s=  —  +  

=    -i —    +    — —  )   .=    ^'  ,  and   e  +    — 

4//  4//  '  \tt  2t 

wiU  be  =  :i5!i£ir,  and  *  wiU  be  =  :^£L±Ji-L. 

<^  E.   I. 

Therefore 
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Hicrcforc  a  +  — ^ will  be  a  near  raliic 

It 

of  a  +  ^,  or  X,  or  a  fecond  near  value  of  x,  which  will 
approach  much  nearer  to  it's  true  value  than  a^  it's  firft 
near  value,  did.  And,  in  general,  it  will  be  found  that 
the  number  of  decimal  figures  in  this  fecond  near  value 
of  X  that  are  exa£k,  or  agree  with  the  figures  of  it's  true 
value,  is  nearly  three  times  the  number  of  the  figures 
that  are  exa£l  in  a,  or  it's  firil  near  value :  or,  to  exprefs 
this  matter  more  precifely,  it  will  be  found  that,  if  ^,  thtf 
firfl  near  value  of  x,  agreed  with  it's  true  value  in  thre^'^ 
or  four,  or  five  figures,  or,  in  general,  in  //  figures,  the 

fecond  near  value  of  Xj  to  wit,  a  +  —  *" — , 

2  i 

will,  accordingly,  agree  with  the  faid  true  value  in  3  X 
3  —  i>  or  9  —  I,  or  8,  figutes,  or  in  4  X  3  •*—  »» 
or  12  -—  I,  or  1 1,  figures,  or  in  5  X  3  —  i,  or  15  —  i, 

or  14,  figures,  or,  in  general,  in  3W  —  i  figures,  and  in 
the  mod  unfavourable  cafes  in  3«  * —  2  figures.  This  is 
certainly  a  great  degree  of  exact ncfs  to  be  attained  by  a 
fingle  proccfs  of  approximation  from  ^/,  the  firfl  near 
value  of  *",  (obtained  by  conjefture,  or  otiicrwife,)  to-^ 
wards  it's  true  value  ;  and  it  conftitutes  the  great  merit 
of  this  method  of  approximation  by  refolving  a  quadra^ 
tick  equation,  which  Dr.  Halley  has  recommended. 

jfrt.  4.  But  Mr.  Raphfon  ha»  thought  proper  to  rejeft 
this  method  of  approximation,  notwithdanding  this  ad^ 
vantage,  and  to  carry  on  his  approximation,  from  tf,  the 
firit  near  value  of  it,  towards  a  +  r,  or  it's  true  value, 

by 
9 
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j^y  tefolfing  otdy  a  fimple  equation^  His  method  of  ptd^ 
tceding  is  as  follows.  When  he  has  fubftituted  a  +  g 
inliead  of  x  in  the  propofed  equation  k^  +  px^  +  fjif 
=  r,  and  thereby  traniformed  the  faid  equation  into  iht 
equation 

^'  +  3^*^  +  3«^*  +  ^' 
+  pa^  +  2pai  +     pe^ 

4-  jfl    +      qe 

he  reje&s  the  two  tenns  3  a  ^^  and  p  e\  which  iuToIvf 
the  fquare  of  the  unknown  quantity  e^  as  well  as  the 
term  ^%  or  the  cubei  of  the  faid  Unknown  quantity,  bci- 
caufe  they  are,  all  of  them,  much  (mailer  that!  the  ternft 
3^*^  +  2pae  +  jf,  which  involye  the  fimple  power 
of  i ;  and  he  thereby  reduces  the  faid  transformed  equa- 
tion froni  a  cubick  equation  to  a  mere  fimple  equation^ 
to  wit,  the  equation 

+  pa*   +   2pai 
+   qO'    -fc .    qi 

dt  a^  +  pa*  +  q  a  '^  ja*  +  2pa  +  q\  X  r  =  r f 
the  refolution  \>f  which  is  ftill  more  timple  aiid  eafy  th^ 
that  of  a  quadratick  equation.  For  we  need  only  fuhr- 
tra£^  ^^  +  pa*  -^  q a  from  both  fides  of  ihe  equation^ 

by  which  it  becomes  3  a*  +  2/ii  -fr-  ^  X  r  =  r  — *  «• 
*—  ^  a*  —  jr  a  i  or,  if  (agreeably  to  Pr.  Hallcy*s  nota^ 
lion,)  we  put  /  for  the  compound  quantity-  3  a*  •h  7pa 
+  q  (which  Is  the  co-efficient  of  e^)  and  h  for  the  ab^ 

*  D  felutf 
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'folate  term  r  —  a'  —  pa-  ~  qa,  iivnllhccome'sr^  h^ 

arid  confequently  e  will  be  =  . .  .     Qc  E*  i« 


Therefore  a  +   —  will  be  a  near  value  of  n  +  /• 

or  a  fecond  neair  vajue  of  at^;  which  wi|l  approach  much 
near^  to  it's  true  value  than  a  it's  firft  near  value 
did,  but  not  fo  near  as  the  former  exprefficm  a  + 

•■■■■      ,  which  was  obtained,  in  the  foregoing 

method  recommended  by  Dr.  Halley,  by  refolving  a  qua* 
dratlck  equation*    For  the  number  of  figures  in  this 

iecond  near  value,  a  +  — ,  of  the  unknown  quantity 

,Xj  that  are  exad,  or  agree  with  the  figures  of  it^s  true 
value,  will  be  not  nearly  triple,  but  only  nearly  double^ 
of  the  number  of  figures  that  are  exa£l  in  a,  or  it's  firft 
near  value  ;  o][,  to  exprefs  this  degree  of  approximation 
more  precifely^  if  the  number  of  figures  that  are  exa£t 
in  a,  or  the  flrft  near  value  ^  x,  is  three,  or  four,  or 
five,  or,  in  general,  »,  figures,  the  number  of   figures 

that  will  be  exa£l  in  ^i  +  — •or  the  fecond  near  value 

'^  xy  will,  accordingly,  be  3  X  2  —  I,  or  6  —  I,  or 
5  figures}  or  4  X  2  —  i,  or  8  —  i,  or  7,  figures^  cfr 
5  X  2 —  r,  or  10  • —  1,  or  9,  figures,  or,  in  general, 

-an  -^^l  figure^  and  in  the  mod  unfavourable  cafes 
will  be  2/<  -r*^  figures*  This  is  a  very  confiderable 
degree  of  cji^k^efs  to  be  attained  by  a  fingle  procefs  of 

'j.  *      approximation 


./* 
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approxtdiatioii  performed  by  the  refolution  of  a  mere 
Cmple  equation,  though  it  is  not  fo  great  as  the  degree 
of  exadinefs  attained  by  means  of  the  former  exprefiion 

^    jL    — 1 — -i^ss  -^  which  is    derived   from    the 

more  difficult  operation  of  refolving  a  quadratick  equa- 
tion. 

Jrt,  5.  And,  if  the  approximation  to  the  value  of  x 
by  Mr.  Raphfon's  method  be  carried  one  ftep  further, 

by  putting  c  for  the  quantity  a  +  —  ,    or   the  fecond 

near  value  of  x,  and  /  for  the  unknown  difference  be« 
tween  c  and  x^  and  fubfticuting  c  —  /  (which  will  be 
equal  to  ;r,)  inilead  of  x  in  the  propofed  equation  x^  + 

m 

px^  -{-  qx  ^  r^  and  refolving  the  transformed  equation, 
ariGng  from  fuch  fubftitution,  as  if  it  were  a  mere  fimple 
equation,  or  expunging  from  it  the  term/^,  and  alfa 
the  two  terms  that  will  involve  the  fquare  of  ^  the  value 
of  the  refidual  quantity  c  — /  that  will  be  thereby  ob« 
tained,  or  the  3d  near  value  of  x,  will  agree  with  it's 
true  value  in  nearly  twice  as  many  figures  as  were  exa£l 

in  the  and  near  value  r,  or  a  4-  ;  or,  if  we  put  m 

for  the  number  of  figures  that  were  exa£l  in  that  fecond 
near  value,  (which  was  2  «  —  i,)  the  number  of  figures 
that  will  be  exaft  in  the  value  of  c  —  /,  or  the  3d  near 

value  6f  xl  will  be    2/71  —  i,   (or  2  X  2n  —  i]  —  i, 
;^or  4/1       2  -—  I,)  or  4«  -r-  3»  which,  if  n  is  any  num- 

X)  %  bcr 
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her  greater  th;ln  2,  will  be  greater  than  3  ^  -^  i)  or  the 
number  of  figures  that  are  exa£l  in  the  expreflion  a  4* 

'■   *"    •  or  the  fiecond  near  value  of  x  obtained 
2/ 

by  Dr.  Halley's  method  of  proceeding.  So  that,  when  ftp 
or  the  number  of  figures  in  a,  or  the  firft  near  value 
of  Xf  that  arc  exaft,  or  agree  with  the  figures  of  it's 
true  value,  is  greater  than  2,  the  degree  of  exa£inefs 
that  will  be  attained  by  two  fteps,  or  procefles,  of  Mr. 
Raphfon's  method  of  approximation  will  be  greater  than 
that  which  is  attained  by  one  Hep,  or  procefs,  of  Dr. 
Halley's  method* 


jfrt.  6.  Having  now  defcribed  thefe  two  methods  of 
refolving  high  equations  by  approximation  which  are  re- 
commended by  thefe  two  celebrated  mathematicians,  and 
having  (hewn  how  far  they  co-incide  with  each  other, 
and  in  what  circumftances  they  clifier,  I  (hall  now  pro- 
ceed  to  illuftrate  the  fubje£l  further  in  a  pra£lical  way, 
by  refolving  the  three  equations  which  Dr.  Halley  hat 
chofen  in  the  foregoing  Tra£l  as  examples  of  his  method 
of  refolution,  to  wit,  the  cubicle  equation  x^  —  ly  xx 
4.  5^;r  =  350,  and  the  two  biquadratick  equations 
*♦  —  3.V*  -4-  75flf  =  rojOOO  and  i4»937*—  1998X* 
+  Box'  -^  AT*  =i  5000,  by  both  thefe  methods,  be- 
ginning, in  each  of  thefe  examples,  with  the  method  of 
Dr.  Halley.  And,  to  the  end  that  the  reader  may  be 
the  better  able  to  compare  the  two  methods  with  each 
other,  and  form  a  judgement  of  the  fcveral  advantages 
•r  inconveniencies  that  belong  to  each  of  them,  I  (hall, 

in 
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«  in  refolTfng  each  of  thefe  equations  by  both  methods. 


rtn  the  approximations  to  the  fecond  near  values  of 
them  (which  have  been  above  denoted  hj  a  +  r,)  from  the 
£ime  firft  near  value  a,  and  (hall  carry  the  approxima- 
tions by  both  methods  to  nearly  the  fame  degree  of  ex- 
adnefs :  and  I  (hall  alfo  fet  forth  the  grounds  and  reafons 
of  the  conjefiures  which  I  (hall  make  concerning  the 
f;ud  firft  near  values  denoted  by  a ;  which  has  not  been 
done  by  Dr.  Halley  in  the  foregoing  Tradl :  and  I  (hall 
fometimes  make  choice  of  a  different  firft  near  value  a 
from  that  which  Dr.  Halley  has  adopted,  if  I  (hall  find 
that  I  am  able  to  obtain  one  that  will  be  nearer  to  the 
truth  than  that  which  he  has  chofen,  and  to  fupport  the 
conje^lure  to  which  I  give  the  preference  by  good  and 
obvious  reafons. 


EXAMPLES  OF  THE  RESOLUTIONS  OF  HIGH  EQUA- 
TIONS  BY  BOTH  DR.  HALLEY'S  AND  MR.  RAPH- 
SON'S  METHODS  OF  APPROXIMATION. 


EXAMPLE  L— A  CUBICK  EQUATION. 

jfrt,  7.  Let  it  be  required  to  refolve  the  cubick  equation 
tft  —  lyjTAr  +  54  AT  =  350  by  Dr.  Halley*s  method 
•f  approximation* 

©3  W« 
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We  muft  firft  endeavour  to  find  a  tolerably  deaf  value 
of  x^  which  {hall  be  true  to  at  leaft  one  place  of  figureSf 
hj  a  coDJe£lure  grounded  on  the  obvious  properties  of 
this  equation.  Now  fuch  a  near  value  may  be  found  in 
the  manner  following. 

In  this  equation  x^  —  17^*  -f-  54*  =  350  let  uS| 
firft,  fuppofe  x^  to  be  equal  to  IT  xx^  and  confequently 
A*  to  be  =  17,  Then  will  the  compound  quantity  *»  — 
17  4r;c  +  54*  be  =  54  a?  =  54  X  17  =  918;  which 
is  much  greater  than  the  abfolute  term,  350,  of  the 
equation.  Therefore  the  true  value  of  x  iii  this  equation 
mud  be  lefs  than  17. 

Wc  will  therefore  fuppofcj  in  the  fecond  place,  that  y 
(which  now  appears  to  be  confiderably  lefs  than  17,)  is 
=  14,  and  fubftitute  14  inftead  of  it  in  the  compound 
quantity  x"^  —  \*]  x  x  -^r  S'\  ^* 

Now,  if  X  be  fuppofcd  =  14^  we  (hall  have  x  x  "=1 
196,  and  a'  =  2744,  and  \*]  x x  (=  17  X  196)  ^ 
3332,  and  54  a:  (=  54  X  14)  =  756,  and  confequently 
A-  -  \^xx  +  54^:  (=  2744  -  3332  +  756  = 
3500  —  3332)  =  168  ;  which  is  fomething  lefs  than 
half  the  abfolute  term  350.  We  will  therefore  make  a 
third  conjeflurc,  and  fuppofe  ;f  to  be  =  15,  and  try 
the  effeft  of  the  fubftitution  of  this  number  inftead  of  x 
in  ttie  compound  quantity  *^  —  17  a- j:  -4-  54;r.  Now, 
if  X  be  fuppofed  to  be  =:  15,  we  (hall  have  x  x  =^  225, 
and  x^  =  3375,  and  ijxx  (=  17   X  225)  =  3825, 

aind 
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«nd  54  AT  (=  54  X  is).=  810,  and  confcquently  ic*  — 
ijxjp  +  54*  (rfc.  337^.—  3».^5-+  5«i>  ■=  4185  — 
3825)  =  360  ;  which  is  a.Utde  great et  tbaq  the  -jbfo* 
lute  term  350  of  the  propofed  equation  k'  —  ly  x  x  -^ 
54Ar  =  350.  We  may  therefore  now  conclude  with 
certainty  that  the  true  value  of  x  in  the  faid  equation 
inuil  be  greater  than  14  and  lefs  than  1 5 ;  fince,  winle 
X  increafes  from  14  to  15,  the  compound  quantity  x^  — • 
ijxx^  +  54*  iftcreafeB  from  168  to  360.  And  the 
faid  ^e  value  of  ^r  will  evidently  be  much  nearer  to  15 
than  to  14,  becaufe  the  number  360^  to  -whi^h  the  iaid 
compound  quantity  is  equal  when  x  is  equal  to  15,  ap-  . 
proaches  much  nearer  to  the  number  3509  or  the  abfolute 
term  of  the  propofed  equation,  than  the  number  168, 
which  is  the  value  of  the  faid  c6mp6und  quantity  when  x 
13  act  14.  We  will  therefore  .take  th^  number  15  for  a^ 
or  the  firft  near  value  of  ^f  in  the  proofed  equation 
jc^  —  17^^  +  54  A-  =  350, 

•  -    •    .  • 

jiri.S.  Raymg  thus  pitched  upon  the  number  15  for 

«j  or  tKe  firft  near  value  of  x,  let  e  be  put  for  the  un- 
known excefs  of  15,  or  a,  (which  we  know  to  be  greater 
than  x)  above  x»     Then  we  fhall  have  x  =  a  —  e,  and 

x^  (=  a — e]^)  =1  a  a  —  2  ae  +  ee^  and  x^  (=  ^j— /V) 
=?.  fl'  —  3/1*^  +   3  a^*  —  e^,    and  17  a*  (=   17    X 


4ifl  •—  2fl^  +   ee)   =    ij  aa —  34  ^^  +  .  17  ee^  and 

54*  (=   54   X   a  —  e)   =   54a  —  54^,     Therefore 
^'  — •  17  ATAT  +  54.r  will  be  = 


D* 


3 
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il        +  S4«    —  54  '•  J 


But  «^--  17*4:4-  54*is  =  350. 


Therefore 


—  I7aa  +   34flr  -^  17^* 
+  54«     —  54' 


willalfobe  =  350, 

But  a>  *r-  lyaa  +  54a  his  been  (hewn  to  be  =; 

3605  and  3fl*  is  (=  3  X  T5)*  =  3  X  225)  =  675, 
md  34a  it  (=  34  X  15)  =  510,  and  3^  i$  (=  3 
X  is)  =  45- 

Thcrefo|rc  we  (ball  have  360  r—  675'  +  Sior  —  ^4^ 
4-  45  ^*  «^  17  ^»  —  ^»  =  350,  or  360  —  219  ^  +  28  ^* 
—  ^'  =  350,  and  (adding  219^  +  ^'  to  both  fides,)  360 
+  28^*  =  350  +  21 J  ^  +  e^f  and  (fubtrafling  35^ 
from  both  fides)  10  4-  28^*  =  219/  -}-  'S  and  (fub- 
trafting  28^^  from  both  fides,)  219^  —  28  /*  4-  ^'  =  10, 
and  (omitting  e^  on  account  of  it*s  fmallnefs,)  219^ —  28^^ 
nearly  z=   lo.     Therefore  (dividing  all  the  terms  by  28) 

we  fliall  have  — 2 r*  =    —--  ,     and    (fubtraflinft 

28  a8    '  ■  ^ 

Ijoth  fides  from  — ~-     )  we  fliall  have  — ^  I ^ 

56        '  56    I  28 

t  f 


no 
quantity    _ 
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56        ~    a8    ^  56    I  56        ^^ 

__       ao  X  sg  _  2 19I  *  — '  20  X  56  _  47>96i  —  nap  ^ 

=    ■  _!       .   Therefore  the  fquare-root  of  the  trinomial 

-  Hil  +  .,  wiU  be  =  ^S^l^ 

216.427,817,  &c       «  ^  ^1..    ^         .1  .      , 

es     ^  ^^     ^ •    But  this  tnnomial  <||uantity  h^A 

two  Iquare-roots.  to  wit,  — 7^  —  t  and  i  —  — -^  ,  la 
^  56  5° 

the  former  of  which  the  unknown  quantity  $  is  leCi,  and 

210 
in  the  latter  of  which  it  is  greater,  than  —g^  or  39107. 

Now  the  latter  of  thefe  values  of  e^  being  greater  thao 

3.9107,  will  be  greater  than  the  ralue  of  i  which  we  are 

feeking,  or  than  the  excefs  of  15  above  x,  becaufe  x  has 

been  (hewn  to  be  greater  than  14,  which  differs  from  15 

21Q 
tj  only  I*    It  follows  therefore  that  — -^  —  r,   or   the 

former  of  the  two  fquare-roots  of  the  trinomial  quantity 
£^ 2  ^  2i9f  ^.  ^.^  ^iu  be  that  which  is  to  be  ufe* 

56  I  28 

on  the  prefent  occafion.      We    (hall    therefore    have 

219                  216.427,817,  &c  J   ,  jj.  .     i    A 

^  —  /  =  ^  ^'     '^ ,  and  (adding  e  to  botlj 

-J         X      2IQ  216.427,817,    &C  ,    yr   t  rt. 

Wcs,)  -^   =    rf  ^'     :> —  -f  f,  and  (fubtraaing 
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219.000,000  —  216.427,817,     _    2.572,183 

0.045,931,  or,  more  nearly,  0.045,932.  Therefore 
tf  —  ^,  or  15  — />  will  be  =  15.000,000  —  0.045,932 
=  14.954,068  I  that  is,  the  fccond  near  value  of  x^  or 
the  root  of  the  propofed  equation  **  —  i7*;r  +  54Ap 
=  350,  obtained  by  this  firft  procefs  of  Dr.  Halley's 
method  of  refolving  equations  by  approximation,  will  be 
14.954,068.  (^  £.  I. 


jfrt.  9.  Tills  number  14.954,068,  here  found  for  the 
ralue  of  x  in  the  propofed  equation  4?*  —  ly^r*  +  541^ 
=  350,  is  C3(a£lly  the  fame  as  that  found  by  Dr.  Halley 
in  the  foregoing  Tra£k.  And  it  agrees  with  the  truif 
value  of  X  at  lead  in  the  firft  fix  figures  1 4*9540.  Fori 
if  we  fuppofe  ;i:  to.  be  =  14*9540,  we  (hall  have  xx  ts* 
a2$.622|ii6,oo,  and  x^  =  3344.045,122,664,000,  aad 
17  XX  (=c  17  X  223.622,116,00)  =  3801.575,972,00^ 
and  54  .r  (=  54  X  14.9540)  =  807.5160,  and  confe- 
quently  a:^  —  ijxx  +  54  a'  =  3344.045,122,664,000 
—  3801.575,972,00  +  807.5160  (=  4151.561,122, 
664,000  —  3801.575,972,00)  =  349.985,150,664,000; 
which  IS  fomewhat  Icfs  than  the  abfolute  term  350. 
And,  if  we  fuppofe  x  to  be  =  14*9541,  we  fhall  have 
XX  =  223.625,106,81,  and  .v'  =  3344.112,209,747,421, 
and  iyxx{^  17  X  223,625,106,81)  =  3801.626,815,77, 
zind  54Ar  (=  54  X  14.9541)  =  807.5214,  and  confe- 
q^uently  x^  —  17AM  +  54.1-  (=  3344*112,209,747,421 
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r- 3801.626,815,77  +  807.5214  =  415^-633,609,747, 
421  —  38oi.626;8i5,77  )  =  350-006,793,977,4211 
which  is  fomewhat  greater  than  the  abfolute  term  350. 
Therefore  the  true  value  of  x  mud  be  of  an  intermediate 
magnitude  between  14.9540  and  14*9541,  and  con£e« 
quently  the  firfl:  fix  figures  of  it  mud  be  14.954a 

(^  £•  Du 

The  cxccfscf  350.006,793,977,421  above  the  abfolute 
term  350  is  only  0.006,793,977,421,  which  is  lefs  than 
0.007  5  but  the  excefs  of  the  abfolute  term  350  above 
349.985,150,664,000  is  0.014,849,336,000,  which  it 
more  than  double  the  other  excefs.-.  It  therefore  feemt 
reafonable  to  fuppofe  that  the  true  value  of  x  will  ap- 
proach nearer  to  24.9541,  which  produces  vthe  fmailer 
excefs,  than  to  J 4. 95 40,  which  produces  the  greater 
excefs.  And  it  is  very  probable  that  the  next  two  figures 
68  of  the  value  14.954,068,  obtained  by  the  foregoing 
approximation,  will  Hkewife  be  exac^;  and  Dr.  Hallcf 
feems  to  have  thought  they  are  fo.  And  fo  they  will  be 
found  to  be  in  the  courfe  of  the.  following  xefolution  of 
this  equation  by  Mr.  Raphfon's  method  of  approximation. 

The  Refolution  of  the- fame  Equation  by  Mr,  Raphfnfs 

Method* 

Art,  10. 1  (hall  now  proceed  to  refolve  the  fame  cubick 

equation  *'  —  17  .r;r  +  54  a*  =  350,  by  Mr.  Raphfon's 

method  of  approximation,  beginning  the  approximation 

from  the  fame  firft  near  value  of  *,  to  wit,  the  number 

15,  which  was  chofen  in  the  preceding  articles  for  the 

t)afis  of  the  approximation  by  Dr.  Halley's  method. 

It 
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It  tppeafs  from  the  reafonJngs  ufcd  aboire  in  M>  7^ 
tltaic  the  true  value  of  «  in  this  equation  is  greater  than 
Ac  number  14,  and  lefs  than  the  number  15^  but  ig 
Mttrer  to  15  than  to  14.  We  will  therefore  take  the 
mrmber  15  for  it's  firft  near  value  a,  which  h  to  be  the 
Ifsfis  of  our  further  approximation  to  it's  true  vahie  iu 
thff  manner  prefcribed  by  Mr.  Raphfon ;  and  we  will 
denote  the  excefs  of  a^  or  15,  above  the  true  value  of  m 
hf  the  letter  e,  as  we  did  in  the  foregoing  refolutioii  6t 
Ac  equation  by  Dr.  Halley's  method.     And  we  (ball 

t&en  have  x  =>  a'-^e,  and  confequeatly  jfit  =  lar  — /^  ' 
»  aa*^2ae  +  ffy  and  x*  =  ^  •—  ^  *  =  41*  —  3  a*^  4. 
jif/»  —  e\  and  17  4?^?  (=  17  X  aa  —  2ae  +  ee)  =1 

tjaa-^'i^^ae  +  lyee,  and  S4*(«  54  X  a  —  e)  =« 
54  «r  •-*  54  ^«  Therefore  the  compound  quantity  x*  -^ 
17  4^*  +  54  4r  will  be  equal  to  the  compound  quantity 

~  17a*  +  34^^—  I7i:*  I 

+  S4«— 54'-  J 

But  the  compound  quantity  *'  —  17;^*  +  54.*  is 

a  350. 

Therefore  the  compound  quantity 

{«'  — 3^*^  +  Zae^  —  gi 
+  5+«  —54' 

Will  alfobc  =  SS*). 

Thif 
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This  equation  Is  accurately  true,  and  is  'wbat  Mje» 
^aphfoni  in  his  excellent  treatife  on  this  fubjed,  intitled^ 
Analjfis  JEquati(mum  UniverfaliSf  calls  Tbeorema  Vtffaumf 
or  the  Theorem  of  the  great  French  Algchraift  yieta^ 
or  Monfieur  Fietef  who  is  often  and  juftly  ftyled  Th^ 
Fatter  of  Algebra^  though  his  works  have  of  late  years 
been  but  little  read.  This  theorem,  or  traasforxoel 
equation  arifing  firom  the  fubftitution  of  /i  — -  r,  or  a  4-^» 
inftead  of  x  in  the  terms  of  the  original  equation  jc^  ^^ 
I7jr;e4-54;if  =  350,  or  other  propofed  original  equa* 
tion,  is  the  grand  foundation  of  all  the  methods  that  haTC 
been  made  ufe  of  for  refolving  equations  by  approsdma- 
tion,  as  well  as  of  Vieta's  own  method  fct  forth  in  his 
Treatife  intitled,  De  numerofd  poteftaium  purarum  atjui 
a^iBarum  rrfolutione  tra^atus,  which  begins  in  page  ij6| 
and  ends  in  page  228  of  Schooten's  edition  of  Vieta^s 
Works  publifiied  in  the  year  1646. 

Art.  w*  From  this  equation  (which  is  accurately  true) 
we  mufl,  according  to  Mr.  Raphfon's  method  of  ap^ 
proximation,  expunge  the  three  terms  +  3  <»  #*  •^  17  /* 
"^  f^\  and  then  the  equation  ^  ill  be 


{•*  —  3  ^'  < 
+  54  a  —  54/ 


nearly  =*=  350, 


•r  tf^  —  17 tf*  +  54^  —  la^i  +  34^^/.-*  54/  =5 
(nearly)  350,  or   (if  we  fubftitute   15  inftead  of  41.  just 

the  terms  of  this  equation)  TTl*  —-  17  X  i^l'*  +  54  % 

15  "^  3  ><  15!*^  ^  +  34  X  15  X  /  —  54  *  =  350,  K>r 

337; 
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S375  —  17  X  a^S  +  54  X  IS  —  3  ><  225  X  r  +  34 

X  IS  X  e  —  54  r  =  3SO,  or  33-5  ~  38^5  +  810  — i 

67s  Xe+5ioXr  —  54^=  350,  or  4185  —  3825 
—  729  X  ^  +  510^  =  350,  or  360  —  219^  '=  350. 
Therefore  (adding  219^  to  both  fides,)  we  (hall  have 
360  =  350  +  219  r,  and  (fubtrafting  350  from  both 
fides,)  10  =  219^,  and  confequently  (dividing  both  fidet 

by  219)  r  =s ==   0.0456.     Therefore  a  — »  ^,  or 

15  —  Cy  will  be  =  15.0000  —  0.0456  =  14*9544  9  that 
iS)  the  root  x  of  the  propofed  equation  x^  —  17  x  .r  -|- 
54Af  =  350  will  be  nearly  equal  to  14.9544.        <^  E.  I, 

jfrU  12.  This  value  of  x  is  exaft  in  the  five  figuret 
14.954,  which  fcems  to  be  a  great  degree  of  exa£lnelii 
to  be  attained  by  the  refolution  of  fo  eafy  a  fimpic  eqii»> 
tion  as  the  equation  219^  =  10.  And  a  repetition  of 
this  procefs  will  give  it  us  exaft  to  four  or  five  figure* 
more,  or  to  nine  or  ten  figures  in  the  whole,  as  will  be 
apparent  from  the  following  operations. 

Let  us  fuppofe  the  firll  five  figures  14.954  of  the  fore* 
going  value  of  ;v,  to  wit,  14*9544,  to  be  exaft,  as  we 
indeed  know  them  to  be  by  means  of  the  fubftitution» 
made  in  art.  9  ;  and  let  us  fubftitute  this  number  14*954 
inftead  of  .r  in  the  compound  quantity  x^  —  I'j  x x  +. 
54.  .V,  in  order  to  difcovcr  whether  the  value  of  the  faid 
compound  quantity  arifing  from  fuch  fubflitutlon  will  be 
greater,  or  lefs,  than  the  abfolute  term  350  of  the  pro- 
pofed equation,  as  if  wc  had  not  already  made  this  in- 
quiry 
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quiiy  In  art.  ^  ind  foa&4  the  (aid  refult  to  be  lefs  than 
3  so- 


Then  wc  (hall  have  xxy  or  14.954!%  =  223.622,1169 

and  xij  or  14.954)3,  =  3344.045,122,664,  and  174?* 
(=  17  X  223.622,116)  =  3801.575,972,  and  54*  (  = 
54  X  14*954)  =  807.516,  and  confequcntly  x* —  ijxx 
—  54*  (=  3344-045»i^2,664  —  3801.5753972^  + 
807.516  =  4151.561,122,664  —  3801.575,972)  = 
349.985,150,664 ;  which  is  lefs  than  350,  or  the  abfolute 
term  of  the  propofed  equation  x^  -^^  ly  xx  +  54  =  350. 
Therefore  14.954  will  be  lefs  than  the  true  valiie  of  x  in 
that  equation.  Let  c  be  put  for  14*954,  and  y  for  the 
excefs  of  x  above  14-954,  or  r.    Then  we  (hall  have 

M  ^  c  +  /y  and  XX  =  c  +/1*  =  cc  +  2cf  -V  //^ 
and  o:^  =  r+/]*  =  ^'  +   3  r*/  +  3  r/*  +  /3,  and 


Ijxx  (=  ly  X  cc  +  2cf  +  //)  =   ijcc   +  34^/ 


+  'X7//>  and  54*  (=  54  X  c  +/)  =   54^  +  54>; 
and  confequcntly  «'  —  ijxx  +  s^^  = 

—  17^^—34^/— 17/^      '  > 

+  54^  +54/-  ^    J/ 


.    But  x^  -.  i7^Af  +  54*  is  =  350. 


Therefore  the  compound  quantity 
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I 

irfflalTobe  =  356^ 

Kow  let  the  three  terms  +  3^/*  -  17/*  +  y> 
(which  will  evidently  be  much  fmsdler  than  the  tetlrii 
+  3  ^f  ""  34^/  +  54/>)  ^  expunged  from  the  eq;ft»« 
tion.    And  we  (hall  then  hare 

r»  +  3^7* 
-  17^*  -   34^/ 

+  54^    +  54/ 
(nearly)  350. 


But  r»  —  17^*  +  54f,  or  14.954)*  -  17  X  14.9J 
•f  54  X  I4*9$4>  has  been  (hewn  to  be  =  349«985»'S^ 
«64;  and  3^*  X/is  (=  3  X  14.954V  X  /  =  3  x 
a23.622,ii6  x/)  =  670.866,348  X  y;  and  34^  X/ 
18  (=  34  X  14.954  X  /)  =  508.436  X  /,  and  confe« 
quently  3  c^f—  34  cf+  54/ will  be  (-  670.866,348  Xf 
-  508.436  X  f  X  S4  X  f  =  7^.866,348  X  /  - 
508.436  X  /)  =  216.430,348  X  /. 

Therefore  349.985,150,664  +  216.430,348  X  /  will 
be  =  350,  and  c'onfequently  (fubtrafting  349'985)t50^ 
<S64   from  both    fides,)    216.430,348    X  /will   be   ss 

•.014,849.336,  and  /  will  be  =    .2:2J±^^^  -= 

T,    ty,JO  J  210.430,348 

••Q90>068,tfi0^2. 

Thetelovf 
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Therefore  x,  or  c  +  f,  or  14.954  +  /,  will  be  =s 
i4.954i068|6io,2.  (^  £.  i. 

jfrt.  13.  This  number,  14.954,068,610,2,  is  probably 
CXZ&  in  all  it's  figures ;  but  is  certainly  fo  in  the  firft  ten 
figures  14.954,068,61,  of  which  the  firft  eight  figures, 
14.954,068,  are  the  fame  as  thofe  of  the  former  value 
of  Xy  obtained  by  Dn  Halley's  method  of  approxi« 
mation.  So  that  one  procefs  of  Dr.  Halley*s  method 
of  approximation  gives  us  the  value  of  x  in  the  cubicle 
equation  x*  —  17^x4-54^  =  350  exafk  to  eight 
figures  by  the  refolution  of  the  quadratick  equation 
219^  —  28^*  =  10,  and  two  proceffes  of  Mr.  Raph- 
fon's  method  of  approximation  give  us  the  value  of  the 
'  fame  quantity  exafl  to  at  lead  ten  places  of  figures  by 
the  refolution  of  the  two  fimple  equations  219  r  =  io» 
and  216.430,348  X  /  =  0.014,849,336.  The  reader 
mud  now  judge  for  himfelf  which  of  thefe  two  methods 
deferves  the  preference. 


EXAMPLE  II.— A  BIQUADRATICK  EQUATION. 

jlrt.  14.  Let  It  be  required  to  refolve  the  biquadratick 
equation  x^  —  3^:*  +75*  =  10,000  by  Dr.  Hallcy's 
method  of  approximation. 

^n  Invefiigationj  by  Conje&ures  and  Trials^  ofz^  or  the  Jirfl 

near  Value  of  x» 

In  order  to  find  a  firft  near  value  of  x  in  this  equation, 
to  be  the  bafis  of  a  fecond  approximation  to  it's  true 

£  value 


(  p  ) 

I 

talue  in  the  method  recommended  by  Dr.  Ilallcy,  wtf 
may  proceed  as  follows  : 

If  x^  alone  were  equal  to  the  abfolute  term   10,000, 
^  would  be  exactly  equal   to   Jo.     Therefore  it  feemg 
reafonable  to  conje£lorc  that  in  the  equation  a*  —  3*:;^ 
+  75;r  =  io,oco,  (in  which  the  other  two  terms  2xx 
and  75  .v  have  contrary  Ggns  prefixed  to  them,  and  there- 
fore  have  lefs  efFed  in  incre^ng  or  diminifliing  the 
magnitude  of  x*  than  they  would  have  if  they  were  botl^ 
marked  With  the  fame,fign,  and  confeqoently  will  not 
make  the  magnitude  of  the  triaomial  quantity  a**  —  ^xx 
+  75  jf  be  very  different  from  that  of  x^  alone  J   the 
talue  of  X  will  not  be  very  different  from  10.     We  will 
therefore  fubflitute   10  inilead  of  x  in  the  compound 
quantity  a^  -  3  ;e  ;r  +  75  ;r,  in  order  to  difcover  whc* 
fher  the  value  of  it  refultlng  from  this  fuppofition  will 
be  nearly  equal  to  the  abfolute  term  10,000.     Now,  if  m 
be  fuppofed  to  be  =  10,  we  (hall  have  xx  =  100,  and 
and   x^  =  io,oco,  and  ^xx  ^  300,  and  75;?  =   750, 
and  confequently  x*  —  3  at  jc  +  75  a-  (=  10,000  —  300 
4-    750)    =    10,450;  which  is  greater  than  the  abfolute 
term    ic,coo,  but  not  in  any  great  degree.     We  will 
therefore  make  a  fecond   fuppofition   not  very  different 
from  the  former,  to  wit,  that  x  is  equal  to  9,  and  try  the 
cffeft  of  this  fuppofition.     Now,  if  a;  is  =  9,  we  fliall 
have  xjc  =^  Si,  and  x*  =  6561,  and  3  .v  .r  =  243,  and 
75^  (=  75   X  9)  =  675,  and  confequently  x*  —  3  xx 
&  15^  (=  6561  -  243  +  675   =    7236  -   243)   = 
6993.     Therefore,  while  x  increafes  from  9  to  ic,  the 
the  compound  quantity  x^  —  3^'*-  -j-  *]^x  w^ill  iucreafe 
horn  6993  to  10,450,  and  therefore  will,  at  foxne  poc 

poiiM, 
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j^oint  pf  thne  during  the  faid  increafe  of  x  from  9  to 
10  be  equal  to  lo^oco^  or  the  abfolute  term  of  the  pro- 
pofed  equation  ;r*—  3Ar;r+75jr=  10,000;  or  there 
wHf  be  fome  quantity  greater  than  9,  but  left  than  10, 
which,  being  fubdituted  inftead  of  x  in  the  compound 
quantity  **  —  3  a?  a;  -f-  75  jf,  will  make  the  faid  qtiantity 
be  equal  to  I0|000;  that  is,  in  other  words,  the  true 
vajue  of  Jrin  the  equation  »r*  —  '^xx'^  75  ^r  =  10,000 
will  be  greater  than  9,  but  lefs  than  io.  And,  as  the 
value  of  the  faid  compound  quantity  at*—  '^x  x  +  75;!; 
refulting  from  the  fubftitution  of  10  inftead  of  x  in  it's 
•terms  was  10,450,  which  exceeds  lo,coo  by  only  450, 
and  the  value  of  the  faid  compound  quantity  refulting 
from  the  fubftitution  of  9  inftead  of  x  in  it's  terms  was 
only  6993,  which  falls  fliort  of  10,000  by  the  number 
3P07,  which  is  a  much  greater  quantity  than  450,  it  feems 
reafonable  to  conclude  that  10  will  differ  lefs  than  9  from, 
the  true  value  of  x  in  the  faid  equation  or*  —  3^1:  a?  + 
75;p  =  10,000.  And  foi^  thefe  reafons  we  will  pitch 
upon  10  for  the  value  of  a^  or  the  firft  near  value  of  x 
in  the  propofed  equation,  or  for  the  bafis  of  the  approxi- 
ipation  which  we  are  now  to  make  towards  it'$  true  value 
in  the  manner  recommended  by  Dr.  Halley, 

Anifire  epcaff  Determination  of  the  Value  ofx  by,Dr,  Holhfs 
'*  Method  if  Approximation. 

Art.  15.  Now  let  e  be  put  for  the  diffctence  between 
tf,  or  10,  and  &e  true  value  of  x  in  the  propofed  equa- 
tion. 

And  we  fli^U  then  have  ;r  s^  10  1^  ^,  err  a  -»  f,  afid 
'idonfequently  xx  ^  #--4*  s:  a«  «»  fat  -^  #^^  and 
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iP*  ss  tf  —  7^*  =  fl^  —  4  fl*  r  +  6a'^e*  —  4  J  ^'  +  e^, 
and  3;rjc  (=  3  X  aa  ^  2ae  +  ee)   =   3 a*  —  6a e 

4-  3^/,  and  75 a:  (=  75  X  a  —  ^  >  =  75«  —  75 '• 
Therefore  the  whole  compound  quantit7  a*^  — -  ^mx  -(• 
75  X  will  be  equal  to  the  compound  quantity 

{«♦— 4fl»^  +  6fl*/* — 4flr^'  +  ^       1 
—  3£Z*  +  6af  —  3^  ^     i 

+  75^—75^.  J 

But  the  compound  quantity  **  —  3^x  'i-   75^   >t 

=   10,000. 

Therefore  the  compound  quantity 

{^4  —  ^^3^  ^  ^fl^tf*  —  4fl^»  +  ^4     •% 
~  3^*  +     6a^  ~  3^*  [ 

+  75^—75'  J 

will  alfo  be  =   io,ooo. 

This  is  the  full  transformed  equation)  and  is  acta* 
ratcly  true.  •  But  from  this  equation  Dr.  Halley  direfts 
us  to  expunge  the  two  terms  4  ae*  and  r*,  as  being  very 
fmall  in  comparifon  of  the  terms  6a^e*  and  3/%  and, 
i  fortiori f  in  comparifon  of  the  terms  4  a'  ^,  6ae^  and 
75  e,  which  are  to  be  retained.  And  by  this  omiilion 
the  equation  J8  reduced  to  the  quadratick  equation 

c*  — 4a5r  +  6a*i*    ^ 

lO^OOO. 


<     —  3«*  +  6flr  —  3#*         V  nearly  = 
I    +  7S«  — 75^  J 


Art.  x^ 


> 
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Art.  i6.  Now,  Cncc  /i  is  =  lo,  we  (hall  have  a^  «— 
3«*  +  7S«  =  iOj45o>  as  has  bc^n  (hewn  in  art.  14; 

and  wc  (hall  have  4^1*  (=  4  X  10]^  =  4  X  1000)  =5 

4000,  and  d^l  (=  6  X  lo)  =  60,  anid/i*  (=  6  X Tol* 
=  6  X  100)  =  600,  and  confequentljr 


,  10450  —  4000^  +  600^* 
+  60^  —  3^* 
-      75' 

=  10,450  —  40^5  '  +  597'*' 


Therefore  10,450  —•4015^  +  597^*  will  be  nearly 
=  10,000.  And  confequently  (adding  4015^  to  both 
fides,)  we  (hall  havi  10,450  +  597'*  =  io,oco  + 
4015  ey  and  (fubtra^ing  597  e^  from  both  fides,)  10,450 
^  10,000  +  4015^  —  597'%  ^"^^y  laftly,  (fubtrafting 
10,000  from  both  fides,)  4015  ^  —  597  ^»  =  450. 
Iliis  quadratick  equation  muft  now  be.  refolved ;  which 
may  be  done  as  follows. 

Art.  17.  Divide  all  the  terms  by  597,  the  co-efficient 
of  /*.  And  we  (hall  have  6.725,293  X  ^  —  ^*  = 
0.753,769.  Now  let  both  fides  of  this  equation  be  fub* 
traded  from  the  fquare  of  h^lf  the  nUmber  6.725,293, 
which  is  the  co-efficient  of./,  that  is,  frpm  the  fquare  o£ 
3.36^,646^  or  from  Il.307,388,i2fl,3i6}  amd  we  (hall 

E  3  then 
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then  have  3.362,^46*  —   6.725,293    X    <f   +  /*   (  = 
'1.307,388,121,316  —  0.753,769)   =   10.553,619,121, 
316.     Therefore  the  fquarc-root  of  the  trinomial  quan- 
tity 3.j62^646'i*  —  6.725,293   X   f  +  ^*  \^ill  be  (  := 
Vio%5S3,6i9,i2i53i6)  =  3-24M33' 

But  this  trinomial  'quantity  has  two  fquare-roots^  to 
wit,  the  binomial  quantity  3.362^646  —  r,  and  the  bi- 
nomial quantity  e  —  3.362,646,  in  which  latter  quantity 
e  is  greater  than  S  362,646'.  Btit  we  have  feen  above  in 
art.  14,  tnat  r,  oY-che  difference  between  10  and  the  true 
value  of  jr,  is  lefs  than  i.  Therefore  this  latter  bino- 
mial quantity  <'—  3.362,646  cannot  be  that  which  will 
give  us  the  true  value  of  ^,  and  confequently  we  muft 
make  ufe  of  the  other  fquare-ro«t  of  the  faid  trinomial 
quantity,  to  wit,  the  binomial  quantity  3.362,646  —  <. 
We  ftiall  therefore  have  3.362,646  —  ^  =  3.24^^6331 
and  confequently  (adding  e  to  both  fides,)  we  fhall  have 
3.362,646  =  3  248,633  +  ^  and  r  (=  3.362,646  — 
3.248,633)  =  0.114,913,  or  (neglcrting  the  three  la(t 
places  of  figures  as  not  exaft,)  0.1 14.  Therefore  a  —  ^^• 
or  10  —  *,  will  be  =  10  —  0.114  —  9-8865  that  is,, 
the  fecond  near  value  of  x  in  the  propofed  equatioi^ 
;r^—  3;r;if+75Jf=:   10,000  will  be  9.886. 

<l^  £•  I. 

Art.  18.  Now  let  {>.836  be  fubftitutcd  inftead  of  x  \n 
the  compound  quanthy  •r*«^-3*fflr  +  75'*'i  in  order 
to  difcovet  whetbcY  the  value  of  that  quantity  r^fulting 

from 


(  si  i 

(votn  fuc%  {yjibdkutiofi  will  be  greater,  or  lefs,  than  the 
^bfol^tfte  t*rm  lo/ocbd,  and  confequcntly  whether  the  faid 
number  9.886  wllF  be  greater,  or  lefs,  than  the  trtfe  valuo 
of  X  in  the  propofcd  equation  x^  — ^  3^*  +'75*-** 

xeiOCo«     This  fubftitutlon  may  be  made  as  follows. 

',       ■         •'  * 

If  X  is  =  9.886,  we  (hall  have  *t  (=:  (^Mt\  )  =s 
97*t32f996,  and  x^  (  -  9-886^»>  =  966.188,398^456, 

and  ;v*  (=fc  *g8jB<ih).  ==  95^1-738,507^136^16,.  ahd  con- 
fequently  3  jr  *(  =  3  X  97-73^>99^)  =  293.198,988, 
and  75  a;  (=  75  X  9.886)  =  741. 450,  and  the  whole 
cbm^OWd  qiiafttfty  ^t*  -^  3-*'*',+  7^*  (=*  955'-738f 
^^71^^63016  •i^'i^3.ic;l8,^88  +  ^4r.4So  =5  io,afjvi«^, 
5b7ii3f6,or6  ^  ^^93  198,988)  =  ^,$%*489»5i$fi  J»jOIp6^, 
which  is  very^neafi^^^tqnal  to>  1^  foDFie\(rhat  le6'  tham^ 
the  abfolute  term,  ip,poo,  of  the  propofed  equation 
**  —  3*^,+  75*  =  10,060,  Thefef6re  the  number 
9.886  will  be  very  nearly  equal  td|  but  fomewEat  IfSfs 
than,  the  true  value  of  x  in  that  <:qtiattoti.  i^  rJ  i. 

-<^  fecond  Proofs  of  Dr.  Halle fs  M^Ud  '^f  ApprbicifHtiiion. 

Jri,  19.  Now",  in  order  to  cfotsriii  the  value  b^'*-  to^a 
greater  de^e^  •«  ^aftnefs  by  mefitiis  of  a  feeoad  proceft 
"tn  Df .  HaHcy's  hiethod  of  approJcimaticn,  let  c  be  pot 
for  the  valafcf' of  ir  already  found,  to  wit,*9.88#,  ind  f 
?dr  the  unknown  diflfererice  by  Whfch  the  triie  vartujt.'pftvp 
exceeds  9.886;  -  ^ 

Thien  we  (hall  have  y  =»,  f  "^^y  and  confequentlj 
-#«(=:  c  +J'|»  =  fc  +  a  c/  Jrff^  4nd  a-*  (==  .-  ^*\ 

5?  f*  +  4f'/  +  6f*/»  +  ^cp  f/*iiad  3**  f* 

?4  3}< 
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3  X  cc  +  icf  ■{■'ff)  =   2ce   +   f>ef  +  ^ff^  and 

75*  (=  75  X  *  +/)  =  75<"  +  75/«  Therefore  the 
compound  quantity  *♦  —  3XT+  75*  will  be  equal  to 
the  compound  quantity 

L     +75^+  75/-  J 

ThereTore  this  laft  compound  quantity  will  be  =  the 
abfblute  term  10,000.  * 

r 

^  :  From  this  equation  let  the  two  terms  4  cp  aod  /*  be 
jexpunged)  on  account  of  their  extreme  fmallnefs  in  com- 
parifon  of  the  terms  that  involre  ff  and  /•  And  «^ 
AalL  then  have  the  compound  quaifiity 


J' 


^  +  4^?/  +  6c^p 

'  r,  =  1 0,000. 


But  we  have  feen  that  c*  —  3  c*   +  75  c^  or  9.886^* 

. —  3  X  9^886^1  *  +  75  X  9-886,  is  =  9,999-989>S»9» 

ii36,oi6;  and  4r'  will  be  (=  4    X  9.886I'   =  4   X 

966. 1 88,398^456)  =  3864.753,593,824,  and6r  will  be 

(=  6  X  9.886)  =  59.316,  and  confequently  4^'  —  6c 

+  75  will  be  (=  38<54.753j593i8i4  —  59-3*6  -4.  75 

=   3939'753»593i8H  —  59-3i6)  3880.437,593,8x45 

and  6c*  will  be  (=  6  X  9.886^*  =  6    X   97.732,996) 

.=  586.397,976,  and  confequently  6^*—- .3  will  be  (  = 

•586,397,976  —  3)    =    583'397>976.     Therefore  the 

comppund  quantity 
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{ 


f>c^r 


will  be  =  95999-989fSi9f»36»o^6  +  3^80.437,593,824 
^  /  +  S83»397>976  X  ff.  And  confcquently  this  laft 
quantity  9,999.989,519,136,016  +  388o.437>S93>8MX/ 
+  583.397,976  X  y/ will  be,  nearly,  =  10,000,  and 
therefore  (fubtrading  9}999*989,5 19,1 36,0 16  from  both 

fides,)  388o.437»593>824  X/+  583-397,976  X/Zwill 
bfe  =s  0*010,480,863,984;  which  is  a  quadratick  equation 
now  properly  reduced  into  order,  and  prepared  for  refb* 
lution.  And  by  refolving  this  equation  we  (bali  obtain 
the  Taloe  of  ^  and  confequently  of  r  +yi  or  9.886  +  /i 
.or  the  third  near  ralue  of  x  in  the  propofed  equation 
*♦— 3**  4-  75*  =s  10,^00.  This  quadratick  equa« 
tion  may  be  refolved  as  follows. 

;    Art.  20.  Since  3880.437,593,824  ></+  s83-397>976 
X  //is  =  0.010,480,863,984,  we  (hall  have  v 

3a8o.437,$93,834X/    ,    rr  __    o.oio,48o,«63,984    ^j^  ^ . 

58^3P%976  -^-^  5^3-397*97^  ^     ^  ^^ 

6.651,441,646  X  /  +.//-  0.000,017,965,204,569,033. 
J>Iow  let  the  fquare  of  half  the  co-efficient  pf  /,  that  is, 
jpf  half  the  number  6.651,441,646,  or  the  fquare  of 
3.325,720,823,  (which  fquare  is  =  11. 060,41 8,99 2^ 
^35,797,329,)  be  added  to  both  fides  of  this  equation. 

And. we  ftall  have  3.325,720,823V  +  6.651,441,646  X 

/  +  //C=  *  1-060,418,992,535,797,329  +  0.000,017, 

965,204,569,033)   =    11.060,436,957,740,366,362. 

-  Therefore  (eitrafling  the  fquare-roots  of  both  fides,)  we 

fliall  have  3.325,720,823   +  /  =  3-325.723,523  j   and 

•  *  con- 
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confcqucntly  /  will  be  (=  ^S^SiV^SiS^S  —  3-3>S>72o, 
823)  =  o.ooo,oo2,|oo.  Therefore  r  + /,  os  9.886 
+  /,  will  be  (=  9.8^86  +  0.000,002^700)  =-'9.886, 
002^700  ;  that  is,  the  third  near  value  of  x  in  the-  pFO- 
pofed  equation  x^ —  3;ca'  +  7S-«'=  10,060,  obtained 
hy  Dr.  Halley's  method  of  approximation,  will  be  9^886^ 

002,700.  <^   E.    I. 

•  ■       ..     ' 

N.  jS.  Dr.  Halley  (in  the  foregoing  tfaA,  ai  it  ii 
printed  in  the  Mifceilanea  Curicfa,)  makes  this  more  ^ccu^ 
rate  value  of  .r  to  be  9*886,260^393,649,5,  which,^  he  teltt 
us,  fcarce  exceeds  the  truth  by  2  in  the  hft  figure  (fee 
abore,  page  15.)  But  I  conceive  that,  if  this  is  not  .qwiii|; 
to  feme  errors  of  the  prefs,  he  muft  have  inatie  ibtise  iUp 
in  his  calculation ;  becaufe  the  number  here  finind  £6r  fy 
to  wtt,  9.886,002,700,  (with  which  Dr.  HaUey's  num^ 
agrees  in  only  the  firft  four  figures  9.886,)  will  be  favnd 
to  agree  in  the  firft  nine  figures  9.886,002,70,  with  the 
number  that  will  be  found  for  jt  in  the  followiiig  tttticlet 
by  Mr.  Raphfon's  method  of  approximation. 

Tire  Refolutiqn  of  the  fame  Equation  by  Mr,  Rapifin*s 

Method  of  Approximation,  ' 

Jtrt.  21.  I  now  proceed  to  refolve  the  fame  biqna* 
dratick  equatioci  ;^r*  —  3«*  +  75jf=  10,000  by  Mr. 
Raphfon's  method  of  approximation,  beginning  the  ap- 
proximatiofl-fro^  the  fame  fird  near  value  of  x,  to  wi^ 
the  number  ta,'  wluch  was  chofen  in  the  foregoing  ar- 
ticles for  the  baSs  of  the  apprpx^mation  by  Dr.  Halley*$ 
inethod. 

Having  found,  by  the  reafonings  ufed  in  art.  14,  thai 
the  value  of  x  in  the  propofed  equation  *4  —  3  a*  ;»  -f* 
75  4P  =:  io>ooo  will  be  nearly  equal  tOj  but  (omewha^ 

le6 
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lefs  than,  tlie  number  lo,  let  ^  be  ^  lo,  and  let  e  de« 
n(fte  the  unknown  differehce  by  which  lo  exceeds  the 
true  value  of  x.^ 

Then  wiU  *  be  =  lo  —  r,  or  «  —  ^;  and  confe-^ 
quenlly  xx  will  be  (=  a  — ^^)  =  «<!  —  2tftf-ir  <<|| 
axid  Af*  ^iU  be  (=c  a  —  ?i*)  =  a}  —  3^"^  +  3^^*  *^ 

/»^  and  r»  wiU  be  (  =  a  —  ?*)  rt  a*  —  ^a^e  +  6fl*^T 
—  4  /J  f»    +    i^.     Therefore   3  i  i  Avill   be   =   3    X 
(da,  —  2fltf   -^^^1=  2a  a  —  6ae  +  3^^,  and  75  m 

wiH,bc  (=  75  ?C  tf — ,^)  =  75  a  —  75^.  Therefore 
the  compound  quantity  a:*  —  3ar'5;  +  75*  will  be  =^ 
the  compound  quantity 

•  I    +  :^i/^-^'7S^. 

Therefore  this  lait  compound  quantity  will  be  s  tho 
abfolute  term  iO|Ooo» 

Now. let  the  four  terms  +  6a}e^  —  3^*  —  4ae^ 
H^  1^  be  (expunged  from  this  equation,  as  being  much 
(jnaller  than  the  three  preceeding  terms  4  a^e^  6  a  e^  an4 
75>9  which  involve  tl^e  fimple  power  of  r«  And  the  re^ 
inaining  compound  quantity 

—  3  a*  +  6tf^ 
+  7S^  —  75^ 
will  be  nearly  =  the  abfolutc  term  10,000 


•i- 


But  fl*  —  3/»^  +  7S<?  bas  been  (hewn  in  art.  14  to 

be  =  10,450;  and  /^a^  is  (=:  4  X  icl^  =  4  X  1000) 

^  4^00,  and  6  a  is  ^=  6  X  10)  =  60f 

Therefore 
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Therefore  a^  —  3^*  +  75  a  —  4^'^  +  6a^  «—  75^ 
Will  be  (=  10,450  —  4000/  +  60^  —  75^  =  J0»45O 
— •  4075^  +  60^)  =  10,450  —  4015^}  and  confc- 
quently  10,450  —  401 5  ^  will  be,  nearly,  =  the  abfolutc 
term  io,ooo.  Therefore,  (adding  4015^  to  both  fides,) 
We  (hall  have  10,000  +  4015/  =  10,450,  and  (fub- 
tracling  10,000  from  both  fides,)  40 15^  =  450.  There- 

f'ore  ^will  be  =  — —  =  Ciia.    Therefore  a  —  r , 

4015 

or  10  —  f.  Will  be  =  10  —  0.1 12  =  0.888 ;  that  is, 
the  fecond  near  value  of  pc,  or  the,  root  of  the  propofed 
equation  a*  -^  J*  x  +  75  jp  =  10,000,  wUl  be  9.888. 

q.  E.  I. 

■ 
* 

jlrt.  22.  Of  thk  number,  9.888^  the  firft  three  figures^ 
9.88^  are  exa£l,  or  the  fame  with  the  three  firft  figures  of 
the  true  value  of  x^  and  the  fourth  figure  8  is  only  a  little 
greater  than  the  truth,  the  exaA  fourth  figure  being  a  6. 
Afid  the  refolution  of  the  fimple  equation  4015^  =  450, 
by  which  this  value  of  e  has  been  obtained,  is  much  eafier 
dnd  (horter  than  the  refolucion  of  the  quadratick  equation 
401 5  ^  —  597  tf  ^  =  450,  given  above  in  art.  17,  by  which 
we  obtained  the  number  9.886  for  the  fecond  near  value 
o^  :r,  by  Dr.  Halley's  method. 

^rt.  23.  Having  thus  obtained  9.888  for  a  fecond 
near  value  of  x  in  the  propofed  equation  x^  —  3  »  ^  + 
75  AT  r=:  ic,ooo,  we  will  try  the  degree  of  it's  approxi- 
mation to  the  truth  by  fubftituting  it  inflead  of  x  in  the 
compound  quantity  x^  —  3^*  +  75  .r. 

Now,  if  Af  is  =  9.888,  we  (hall  have  xx  (=  9.88^!*) 
-  97-772,544>and  x^  (=  9.888!')  =  966.774,915,072, 

and 


1 
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and  A*  (=  9^88?) ♦)  =  9SS9-470>36o,23i,935,  and  con- 
fequently  3^4:  (=  3  X  97-772,544)  =  293.317,632/ 
and  75*  (=  75  X  9.888)  =  741.600,  and  x^  +  75  .r- 
(=  9559-47o>36o,23i,936  +  741.600)  =  io,3oi.07o» 
360,231,936,  and  a4  —  34rAr  +  75*  (=  10,30 1.070» 
360,231,936  —  293.317,632)  =  10,007.752,728)231, 
936;  which  is  a  little  greater  than  io,oco,  or  the  abfou 
lute  term  of  the  equation  x^  —  3:1'^  +  75*  =  lo^ooo. 
Therefore  9.888  will  be  a  little  greater  than  the  true 
value  of  X  in  that  equation. 

j1  feco'nd  Procefs  of  Mr.  Raphforts  Method  of  Jpproxithation. 

t 
Art.  24.  In  order  to  obtain  a  nearer  value  of  jr,  let  f 

be  put  for  the  excefs  of  9.888  above  the  true  value  of  x. 

And  we  (hall  then  have  x  =  9.888  — f  and  confe- 


quently  x x  {=  9.888-/1*  =  9.88bJ*  —  2  X  9.888 
X  /  +   &c)  =  97-772,544  —  '9-776   X  /  +  &c, 

anc!  x^  (=  9.888  —JY  =  9^888^*  —  4  X  9^8881^  X 

/  4.  &c  =  9559-47o»36o,t3i,936  —  4   X  966.774, 

915,072   X/4-  &c)  =  9S59-47o»36o,23i,936  — 

3867.099,660,288  X  f  +   &c,  and  3x*    (=  3  x 


97-772,544  —  ^9-776  X/+  &c  =  3    X  97.772,544 

—  3  X  39.776  x/)  =  293.317,632  —  59-328  X/ 

+  &c,  and  75 J?  (=  75  X  9.888—/  =   75   X  9888 
—  75  X  /)   =  741.600  —  75/ 

Therefore  the  compound  quantity  iT*— 3;p.rH-  j^m 
will  be  =  the  compound  quantity 

•    *  95,59- 
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9559-470»3^»23i,93^  -  3267.099,660,288  X/+  Sec 
-2933/7,632,  +       59-318  X/-&C 

4-741.600  -       75  X  / 

s=  10,007.752,728,251,936—3882.771,660,288  X/&C. 
But  the  compound  quantity  x^  —  3jf  jr   4-   750:  is  = 

10,000. 

Therefore  we  fliall  have  10,007.752,728,231,936  — 
3882.771,660,288  X  /  &c  alfo  =  10,000;  and, 
(adding  3882.771,660,288  X  /  to  both  fides,)  10,007. 
.752,728,231,936  nearly  =  io,coo  +  3882.771,660, 
288  X  /,  and  (fubtrafting  10,000  from  both  fides,) 
3882.771,660,288    X  /  =^   nearly,   7752,728,231,936, 

^  7.7V^,21»2^     -     r^r^.^f^n 

and   A    =  — -  — tt;"  =  0.00 f,oQ. 

Therefore  9.888  — /  will  be  =  9.888  —  0.001,99 
sr=  Q.bH^jCi  i  that  is,  the  third  near  value  of  x  in  the 
propofcd  equation  .v*  —  3  .r  a:  +  75  ;r  =:  io,oco  wiU  be 
9.886,01.  Q^  E.  I. 

Jilt.  25.  If  V  is  =  9.886,01,  we  (hall  have 

^x  (^^j^S^T^^^)  =       97.733,193,720,1, 
Und  A-5  (=  9.^80,0?^  i)  =:     966.191,330,448,845,801, 

Wd  x^  (=  9-^^^>0A^*)  =  955i-777.i54,730>594,«77* 

144,01, 
«nd  confequcntly  3  .r;r  (=  3  X  g7.733>i93»72o,l) 

=        293.199,591,160,3 
and  75  X  (r::  75  X  9.886,01)  =  J^^'^SO.JS^ 
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and  x^  +  TSx  -  i«,293-227»9O4>73O>S94>077»'44*0if 
and  jf*  +  754:  —  3  ijrx,  or  X*  —  3  jr  .r  +  75  .V,  = 

10,293.227,904,730,594,077,144,01 

—.293.199,591,160,3 

=r  10,000.028,313,570,294,077,144501;  which  is  a  little 

greater  than  10,000,  or  the  abfolute  term  of  the  propofed 

equation  ;(f*—  3^;^?+  75  ;r   =    io,ooo.     And  confe- 

quently  9.886,01  will  be  a  little  greater  than  the  true 

value  of  X  in  that  equation. 

A  third  Procefs  of  Mr.  Raphforfs  Method  of  Approximation. 

Art.  26.  In  order  to  obtain  a  ftill  nearer  value  of  x^ 
let  g  be  put  for  the  excefs  of  9.886,01  above  it's  true 
value.     And  we  (hall  then  have  x  =  9.886>QI  —  ^, 

and  XX  {—  9.886,01  — "^  =  9.886,0 1^ 
—  2  X  9.886,01    X  ^  +   &c)   = 

97-733>i93>720,i  —  19.772,02  X  g  +  &c 
and  x/^  (=  9.886,01  — g\^  =  9.386,0 iV  —  ^   X 

'      *  9.886,0  lA'   X  ^  +  &c 


=  9.886,oiA*  — 4x966.191, 330,448,845,801  x^+&c 

=  9T8i56,oiV-    3864.7^5»32i,799»3^3>204X/+&c> 

=  955'*777»^54>730'S94.o77»H4>oi 

-  3864.765, 32 1,795,383 ',204  X  ^  +  &c^ 

ax)d3«r(=  3  X  97«733»i93»7^o>^  -        19.772,02  x^4-&c 
=  3  X  97.733,193,720,1  -  3  X  19.772*02  x^+&:c> 
=i        293.199,591,160,3  —        59.316,06  x^  +  &c, 

and  iix  (=  95  X  9.886,01  -  g-  75  x  9.886,01  -  75^> 

s  741.450,75  —  75^,  and  confequently  x^ —  S^-^r  + 

75  X  K  the  compound  quantity 

955  r. 
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—  293-i99>59i>>6o,j  4-     59.3J6,o6  X  ^  — &c  /• 

-f-74»-45«'»75  —     75  X  ^  J 

=:    10,000.028,313,570,294,077,144,01 

-    3880.449,261,795,383,204    X  ^  +  &C. 

Therefore  this  laft  quantity  10,000.0289313,570,2949 
077,144,01  —  3880.449,261,795,383,204  X  ^  +  &c 
•will  be  nearly  =  10,000. 

Therefore  (adding  3880.449,261,795,383,204  X  ^  to 
both  fides,}  we  (hall  have  10,000.028,313,570,294,077, 
144,01  =  10,000  +  3880.449,261,795,383,204  X^,and 
(fubtrafting  10,000  from  both  fides,)  3880.449,261,7959 
383,204  X  ^  =  o-o;8,3i3,57o,294,077,i44,oi,  and« 
laftly,  (dividing  both  fides  by  388^.449,261,795,383,204) 
g  =  0.000,007,296,467. 

Therefore  *,  or  9. 886,01  —  ^,  will  be  =  9.886,01 
—  0.000,007,296,467  =  9.886,002,703,533;  that  is, 
the  fourth  near  value  of  x  in  the  propofed  equation  x*  — • 
3^x  +  75^=:  10,000,  obtained  by  this  third  procefs 
of  Mr.   Raphfon's  method   of  approximation,    will  be 

9.886,002,703,533.  (^  E.  I. 

« 

jlrt.  27.  Of  this  number  9-886,002,703,533,  the  firft 
nine  figures,  9.886,002,70,  arc  the  fame  with  the  firft 
nine  figures  of  the  laft  value  of  x  found  above  in  art.  20 
by  Dr.  Halley's  method  of  approximation,  to  wit,  9.886, 
002,700.  And  therefore  we  may  be  confident  that  thcfc 
nine  figures,  9.886,002,70  are  exaft,  or  the  fame  with 
the  firft  nine  figures  of  the  true  value  of  x  in  the  pro* 

pofcd 
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pofed  equation  ;r*—  3*;p-4-75j?=  io,0oo.  And 
I  believe  that  the  iirft  eleven  figures,  to  wit,  9.886,002, 
^03,5,  of  the  value  obtained  in  the  foregoing  article,  to 
>vit,  9.886,002,703,533,  are  txaCt. 

Dr.  Halley  makes  the  more  accurate  value  of  x  in  this 
equation,  which  he  has  obtained  by  the  fecond  procefs  of 
his  method  of  approximation,  to  be  9*886,260,393,(549,5, 
(fee  above,  page  15.)  which,  he  tells  us,  fcarce  exceeds 
the  truth  by  2  in  the  laft  figure.  But  from  the  agreement 
of  the  tv^o  values  of  x  found  in  the  preceeding  articles  by 
the  application  of  both  his  and  Mr.  Raphfon's  methods 
of  approximation,  in  the  firft  nine  figures  9.886,002,70, 
we  may  fafely  conclude  that  thefe  nine  figures  are  eza£t, 
and  confequently  that  the  value  of  x  afligned  by  Dr* 
Halley  is  erroneous  in  all  the  figures  260,393,649,5  that 
come  after  the  four  firft  figures  9.886. 

I  now  proceed  to  confider  Dr.  Halley's  third  and  laft 
example. 

EXAMPLE  m.-^A  BIQU ADRATICK  EQUATION. 

jirt.  28.  Let  it  be  required  to  refolve  the  biquadratick 
equation  —  ^*  +  8ox''—  1998**  -f  14,937*  =3 
5000,  or  14,937.*^  "^  1998 X*  +  8o;r^  — -  x*  =  5000^ 
by  Dr.  Halley's  method  of  approximation. 

^n  Inveftigation^  by  ConjeBures  and  Trials ^  ofz^  or  the  jirji 

near  Value  of  x. 
In  order  to  find  a  firft  near  value  of  one  of  the  roots 
of  this  biquadratick  equation  (for  it  has  four  real  and 
aflBrmative  roots,)  to  be  made  the  bafis  of  a  fecond  ap- 
proximation to  it's  true  value  in  the  manner  recom- 
mended by  Dr.  Halley,  we  may  proceed  as  follows : 

F  Let 
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Let  us  fubftitute  two  or  three  very  eafy  numbers,  con-- 
fifting  of  two  figures  each,  inftead  of  *,  in  the  compound 
quantity  14,937  ;r  — ^  igpS.r*  +  Sox'  —  a%  which 
forms  the  left-hand  fide  of  the  propofed  equation,  in 
order  to  fee  whetiier  either  of  the  values  refulting  from 
fuch  fubftitutions  will  be  nearly  equal  to  50CO,  or  the 
abfolute  term  of  the  faid  equation.  And,  firft,  let  us 
fuppofe  X  to  be  equal  to  10. 

Then  will  the  compound  quantity  14,937  x  —  19984*^ 
+  Sojr*  —  ;i^  be  =  14,937  X  10  —  1998  X  100  -h 
80  X  loco  —  10,000  (  =  149*370  —  199,800  + 
80,000  —  loGOo  =  229,370  —  209,800)  =  19,5701 
which  is  confequently  greater  than  the  abfolute  term 
5000.  We  will,  therefore,  in  the  fccond  place,  fuppofe 
r  to  be  =   12. 

Tlien  we  fliall  have  14,937  je  -—  19984?*  +  80  x*  — 
**  =  H3937  X  n  —  1998  X  144  +  to  X   1728  — . 

20*736  (=  179*244  --*•  2^7,712  4-  138,240  —  20,736 
^  3^7*484.  -—  308,448)  =  9,636;  v\hich  is  lefs  than 
the  former  refult,  19,570,  but  yet  is  greater  than  the 
abfolute  term  5000. 

We  will  therefore,  in  the  third  place,  fuppofe  .v  to  be  =  13- 

And  then  we  fliall  have  14,937  a:  — -  1998  a*  +  80  Ji-* 
-^.  AT*  —    Hi937   X  13  —  1998  X  169  +  80  X  2197 

—  28,561  (  ==  194,181  —  ZZlfi(^i  +  i7S»7^o  — 
28,561  =  369,941  —  366,223)  =  3>7i8  J  which  it 
lefs  than  the  abfulute  term  5000. 

Therefore,  if  we  fuppofe  x  to  incrcafe  from  12  to  13, 
the  compound   quantity    14,937  a'  —  1998.1*  +  80*' 

—  x^  will  have  decrcafed  at  the  fame  time  from  9,036 
^  35718,  and  therefore  muft,  at  fome  inftant  of  time 

during, 
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during  the  faid  decreafe,  have  been  equal  to  the  inter- 
mediate quantity  $000  ;  or^  in  other  wo^ds,  there  will  be 
a  quantity  greater  than  12,  but  lefs  than  13,  that  will  be 
a  root  of  the  propofed  equation  14)937  •*■  "*  '998  **  + 

80  Ap'    —    X*    =     5000. 

Further,  fince  the  refult  of  the  fubftitution  of  12  in- 
fiead  of  .V  in  the  compound  quantity  149937  lii^  -^  1998  ;tr^ 
«f  80  jr^  -^  X*  is  9,036,  and  the  refult  of  the  fubftitution 
of  13  inftead  of  x  in  the  fame  quantity  is  3,718)  which 
differs  lefs  than  the  former  refult,  or  99036,  from  the 
abfolute  term  5000,  it  feems  reafonable  to  fuppofe  that 
the  true  value  of  x  in  the  equation  14993  7  •«  —  1998*;^ 
+  80  ;r^  —  x^  —  5000  will  approach  nearer  to  1 3  than 
to  12;  and  it  alfo  feems  reafonable  to  fuppofe  that  the 
difference  of  the  two  extreme  numbers  12  and  13,  cor- 
refponding  to  the  refults  9036  and  3718,  will  be  to  the 
difference  of  12  and  x  in  nearly  the  fame  proportion  as 
the  difference  of  the  faid  refults  9036  and  3718  to  the 
difference  of  the  former  refult  9036,  (which  correfponds 
to  12)  and  the  abfolute  term  50C0,  or  that  13  —  12  will 
be  to  .r  *—  12  in  nearly  the  fame  proportion  as  9036  — 
3718  is  to  9036  -^  5000,  or  that  i  will  be  to  at  —  12  in 
nearly  the  fame  proportion  as  5318  is  to  4036,  and  confc- 

quently  that  ;f  ^—  12  will  be  nearly  equal  to  ~ —  , 

or  to  0.7,  or  that  cc  will  be  nearly  equal  to  12  +  0.7, 
or  12.7.  And  therefore  we  will  take  12.7  for  our  firft 
near  value  of  x,  which  we  denote  by  the  letter  a,  and 
will  make  it  the  bafis  of  our  further  approximation  to  the 
true  value  of  x  in  the  propofed  equation  in  the  method 
recommended  by  Dr.  Halley* 

'-Fa  ui  rriQn 
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A  m;re  exacl  Determination  of  the  Value  of  x  by  Dr^  Hatkji 

^letliod  of  Approximation. 

Art.  29.  As  wc  do  not  yet  know  whether  \l.'j  is 
greater,  or  Icfs,  than  at,  let  12.7  be  fubftituted  inftead  of 
X  in  the  compound  quantity  14,937  x  —  1998  jt*  -h  80  a* 
—  ^,  in  order  to  difcover  whether  the  refult  will  be. 
greater,  or  lefs,  than  the  abfolute  term  5000,  and  from 
that  circumflance  to  determine  whether  12.7  is  greater 
or  lefs  than  x  in  the  propofed  equation  14,937  *•  — 
1998  *^  +  80  ;v*  -*  ;r*  ==  5O0O. 

Now,  if  X  is  =  12.7,  we  (hall  have  xx  (=12^*)  = 

161.29,  and  x^  (=  12./P)  =  204.3.383,  and  a*  (=  12.7V) 
=  26,0 1 4.464  r,  and  confcqucntly  14,937  a?  (=  I4f937 
X  12.7)  =  189,^.99.9,  aiid  1998  a;*  (^  1998  X  161.29) 
=  322,257.42,  and  80  .v^  (  =  80  X  2048.383)  = 
163,870.640,  and  the  whole  quadrinomial  quantity 
14,937  A' —  1998  A*  -f-  %ox^  —  A*  (  =  189,699.9  — 
322,257.42  +  163,870.640  —  26,014.4641  =  353,570. 
.5400  —  348,271.8841)  =  5298.6559-,  which  is  fome* 
what  greater  than  5000,  or  the  abfolute  term  of  the. 
equation  14,937  :<•  —  1998^-4-  80 a ^  — a*  =  5000.^ 
Therefore,  while  AT  increafes  from  J  2  to  12.7,  the  com- 
pound quantity  14,937  a" —  1998  a*  4-  80.1^  — a*  will 
have  decreafcd  only  from  9036  to  5298.6559.  But  we 
have  feen  that,  when  a  is  =  13,  the  faid  compound 
quantity  will  be  =  3718.  Therefore,  while  x  increafe* 
from  12.7  to  13,  the  faid  compound  quantity  will  de- 
creafc  from  5298.6559  to  3718,  and  confcqucntly  will^ 
at  feme  inftant  of  time  during  it's  faid  decreafe,  be  equal 
to  the  intermediate  quantity  5000,  or  the  abfolute  term 
of  the  equation  14,937  x  —  1998  .v*  +  ^ox*  —  at*  = 

5CO0| 
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5000  •,  and  therefore  there  will  be  fome  value  of  x  greater 
than  1 2  7>  but  lefs  than  13,  that,  being  fubflituted  in- 
ftcad  of  X  in  the  compound  quantity  14,9^7  x  •—  1998^?* 
+  80  jr'  —  x^y  will  make  the  faid  compound  quantity  be 
equal  to  5000 ;  or,  in  other  words,  there  will  be  a  root 
S>{  the  equation  14^937.*  —  i998;r*  +  80  ;ir^  —  x^ 
=  5000  that  will  be  greater  than  12.7,  but  lefs  than  13. 

j/rt.  30.  Having  thus  difcovered  that  the  true  value 
of  that  root  of  the  propofed  equation  14^937^  —  1998.^* 
+  80  x'  —  A*  =  5O00  which  we  are  now  feeking,  is 
greater  than  12.7,  let  e  be  put  for  it's  unknown  excefs 
above  12.7,  fo  that  x  (hall  be  =  12.7  +  ^,  or  a  +  /• 

Then  we  fhall  have 
XX  {■=  a  +  e\ ')  =  flfl  +  2  tf  ^  +  f  f, 


and  x^  {=  a  +^V)  =  ^^  +  30*^  +  3^^*  +  ^S 

and  **  (=  a^fTl*)  =  ^4  +  ^a^e  +  6a''e^  +  4^^'  +  e*j 

and  confequently 


M>937*  (-  14937  X  a-\-e)  =  i4>937^  +  H*937^» 
and   1998  ;f^  (=    1998    X  aa  -f-  2r:e  +  ee  )    = 

ig^Saa  +  3996/7^  +  1998^^, 

and    80 *»    (  =   80   X   a*  -h  ji/  f  -r  3/iir-  -f-  t"  )   = 

So^^    +  2/\oa^e  4-  240  rt^'  -f  8o^»5 

and  confequently  the  whole  quadrinomial  quantity  14)937* 
—  1998  X'  4-  8o  .v^  —  x^  will  be  equal  to  the  following 
compound  quantity,  to  wit, 

Mi937'»   +    M.937'  "| 

+  80fl5     +    240  fl*^     +    340Jt»  +   80f3  I 

'    F  3  But 
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But  the  quadrinomial  quantity  i4>937  at  -—  1998 x^  -^ 
80  x^  —  A*  is  =  5000. 

Therefore  the  lafl-mentioned  compound  quantity,  iii- 
Tolving  the  unknown  quantity  e  inflead  of  x^  will  alfo  be 

=  5000. 

Now  let  the  three  lad  terms  of  this  lad  compound 
quantity,  to  wit,  the  terms  +  80^*  —  4  ^f'  —  e\  be 
expunged  from  it,  on  account  of  their  fmallnefs  in  com- 
parifon  of  the  terms  in  the  fecond  and  third  vertical 
columns  of  the  faid  compound  quantity^  which  involve 
in  them  the  fquare  and  the  fimple  power  of  the  unknown 
quantity  e.  And  we  (hall  then  have  the  remaining  coni* 
pound  quantity,  to  wit,  the  quantity 

^  ^4»937«    +    14*937 '  "i 

J         —    1998  tf*  —    3996  tff  —   1998  f*  I 

*\  4-         8otf'    +    i^oa^e    +      240  «r*  T 

ncaily  =   5000. 

Now  the  firft  vertical  column  of  terms  in  this  equa- 
tion, to  wit,  »4  957tf  —  1998/1*  4-  Sc^^  -^  a\  has 
already  been  ftewn  (in  art.  29,)  to  be  =  5  298.6559  j 
and  3996  X  «  is  (  =   3996  X  12.7)   =  50,749.2;  and 

240^*  is  (=    240    X    12^7!^   =    240    X    161.29)    = 

38,709.60;    and   4«^   is    (=   4    X    12^71^     =    4     X 
2048.383)  =  8193.532;  and  240fl  is  (=  240  X  12.7) 

=  3048.0;  and  6a*  is  (=  6  X^TirjY  =  6  X  161.29) 
=  9'^7-74- 

Therefore  we  fball  have  the  compound  quantity 
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—  50,749.2       X  ^  —  1998       X  c^ 
+  38,709.60     x  *  -f-  3048.0    X  «* 

-  8»i93.5^»  X  ^  -    9^7-74  X  ** 
nearly  =  5OC0,  or  the  compound  quantity 

C    5-93-65 59  +  53,6+6.60    X  ^  -  2965.74  X  /*      "I 
\  -  5S.942.732  X  if  4-  3048.0    X  tf*      J 

=  5000,  or  tli€  compound  quantity 
5298.6559  —  5296.T32  X  ^  +  82.26  X  e^  =z  5000. 
Therefore  (adding  5296.132  X  ^  to  both  fides,)  wc 
ihall  have  5298.6559  4-  82.26  X  ^-  =  5OC0  +  5296.132 
X  i\  and  (fubtrafting  82.26  X  e^  from  both  fides,)  we 
fliall  have  5298.6559  =  5000  +  5296.132  X  f  —  82.26 
X  e*\  and,  laflly,  (fubtrafting  5000  from  both  fides,)  wc 
fliall  have  5296.132  X  e  —  82.26  X  ^-  =  298.6559; 
which  is  a  quadratick  equation  properly  prepared  for 
refolution,  and  which  we  will  therefore  now  proceed  to 
refolvc,  in  order  to  obtain  the  value  of  e^  or  of  the  excefs 
of  the  true  value  of  x  in  the  propofed  equation  14,937  x 
—  J998*-  4-  SoAf*  —  *^  =  50C0  above  ^,  or  12.7, 
it's  firfl  near  value. 

Art.  31.  Let  all  the  terms  of  this  equation  5296.132 
X  tf  —  82.26  X  e-  -=1  298.6559  be  divided  by  82.26, 
the  co-efficient  of  e^.  And  we  fliall  then  have  64.382, 
834>9  X  f  -  ^-  =  3-<53o,6:?3, 357,646.48.  Now  let 
both  fides  of  this  equation  be  fubtrat^ted  from  the  fquare 
of  half  the  co-efficient  of  ^,  that  is,  from  the  fquare  of 
half  of  64.382,834,9,  or  the  fquare  of  32.191,417,4,  or 
from    1036.287,354,221,022,76.     And  wc  fliall  have 


ja. 1 9 1,4 1 7,4V  -  64.382,834,9  X  r  +  r*  (=i  1036.287, 

F  4  354i 
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3S4.^2i>022>76  -  S-^S'^^^sSjS 57,646,48)  =  1032.656, 
720,863,376,28.  Therefore  the  fquare-root  of  the  tri- 
nomial quantity  3 2.191,417, 4V  —  ^4-382,834,9  X  e 
+  r*  will  be  equal  to  the  fquare-root  of  1032.656,720^ 
863^376,28,  that  18,  to  32-i34>976)5' 


But  the  trinomial  quantity  32.191,417,4^*  —  64.382, 
834,9  X,  e  +  e^  has  two  fquare-roots,  to  wit,  the 
binomial  quantity  32.191,417,4  — *  e  and  the  binomial 
quantity  ^  —  32. 191, 4i7,4»  We  muft  therefore  now 
inquire  which  of  thefe  two  fquare-roots  will  enable  us 
to  find  the  value  of  e  required  on  the  pr^fent  occafion, 
or  that  value  of  it  which  is  equal  to  the  exccfs  of  the  root 
of  the  propofed  equation  14,937^  —   1998  x*  +   80  *» 

—  ;r*  =  5000  above  12.7.  Now  we  know  that  this 
cxcefs  is  lefs  than  0.3,  bccaufe  x  is  Icfs  than  13.  There- 
fore the  latter  fquare-root  of  the  faid  trinomial  quantity^ 
to  wit,  the  binomial  quantity  e  —  32.191,417^4,  (in 
which  e  is  greater  than  32.191,417,4:)  cannot  be  that 
which  is  fuited  to  our  prefent  purpofc ;  and  confequently 
we  muft  make  ufe  of  the  other  fquare-root  of  the  faid 
trinomial  quantity,  to  wit,  the  binomial  quantity  32.191, 
417^4  —  e.  We  (hall  therefore  have  32.191,417,4  —  ^  = 
32.134,976,5  ;  and  confequently  (adding  /  to  both  fides,) 
32.191,417,4  will  be  =  32.134,976,5  +  /,  and  e  will 
be  (=:  32.191,417,4  -  32-I34j97^>>5)  =  0.056,440,9. 
Therefore  a  '\-  e^  ox  12.7  +  ^,  will  be  (  =  12.7  + 
0.056,440,9)  =r  12.756,440,9-,  that  is,  the  fecond  near 
value  of  Xy  or  the  root  of  the  propofed  equation  1 4,937  *• 

—  1998.V*  -f-  800:^  —  A4  =  5000,  obtained  by  this 
firil  procefs  of  Dr.  Halley's  method  of  approximation, 
will  be  12.756,440,9.  (^  E.  I. 

7  This 
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This  value  of  ;ir  Is  cxzSt  in  the  firft  feven  figures 
12.756,44,  it's  more  accurate  value,  as  computed  by  both 
Dr.  Halleyand  Dr.  Wallis,  being  12.756,441,794,4809 
744,02. 

^  Corre^ton  of  the  foregoing^  or  fecond^  near  Value  of  x, 

fuggefted  by  Dr,  Halley, 

Art.  32.  Dr*  H  alley  on  this  occafion  points  out  a  cor* 
re£iion  to  be  made  to  the  value  of  x  jufl  now  obtatnedy  , 
to  wit,  the  number  12.756,440,9,  without  entering  upon 
a  compleat  fecond  procefs  of  his  method  of  approxima- 
tion, and  tells  us  that  we  may,  by  this  corredion,  find 
the  value  of  4r  to  be  =  12.756,441,794,48,  or  to  thir- 
teen figures,  all  exa£l.  This  correction,  if  I  underftand 
itf  may  be  explained  as  follows. 

The  compleat  transformed  equation  obtained  in  art.  30 
by  fubftituting  a  -^  e  in  (lead  of  x  in  the  terms  of  the 
original  equation  14>937.^  —  1998  j?*  +  80  .r»  —  x^ 
=   50CO,  is 

H»937«    +    H»937^ 

—  1998^1*  —    3996  <f^  -^  1998  f* 

+       8otfS  +      240 /j*f  +  240  tfr*  +  %oe^ 

—  fl*  —  \a^e  —    6a*«*  —  ^ae^  —  t^ 

s=    5000. 

And  by  fubf^ituting  12.7,  or  the  value  of  a^  inflead 
qf  a  in  all  the  terms  of  this  equation,  except  80^^  — 
^ae"^  —  <4^  this  equation  will  be  converted  into  the 
following  equation,  to  wit,  5298.6559  —  5296.132  X 
f   +  82.26  X  tf*  +  80  ^*  —  ^ae^  —  ^4  =  50CO. 

Add  5296.132  X  e  to  both  fides :  and  we  (hall  have 

5298.6559  +   82.26    X   ^*   +   80^'  —  ^ae^  — V  = 

5000  +  5296.132   X  e. 

Subtra^ 
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Subtrad  82.26  X  e-  from  both  fides :  and  we  (hall 
have  5298.6559  +  80  ^»  —  4/ifJ  —  ^*  =  50C0  + 

5296.132    %  €   82.26    X    €^. 

m 

Laftlyi  fubtra£l  5000  from  both  fides :  and  we  ihall 
have  5296.132  X  ^  —  82.26  X  ^*  =  298.6559  +  80^* 

—  4^^^  —  e^,  or  5296.132  X  e  —  82.26  X  ^*  = 
298.6559  +  80^*  —  4  X  12.7  X  e^  — <?4,  or  5296.132 
X  tf  —  82.26  X  ^^  =  ^98.6559  +  8o^»  —  50,8  X  e^ 

—  rS  or  5296.132  X  e  —  82.26  X  ^*  =  ^9^*^559 
+  29.2  X  e^  —  A  Therefore  (dividing  all  the  terms 
by  82.26,  (the  co-efficient  of  tf%)  we  (hall  have  64.382, 
834>9'3>688    X   e  —  e^  z=z  3.630,633,357,646,486,749, 

33Ji388  +  o.354>972,o39,873,  X  ^^  —  -^^-^^ . 

Now  let  the  value  of  e  that  we  have  already  found,  tQ 
>vit,  0.05644,  be  inferted  inftead  of  e  In  the  two  terms 

0.354,972,039,873  X  i^  and  ;  and  for  this  pur- 

pofe  let  f,  or  0.05644,  be  raifed  to  it's  third  and  fourth 
powers. 

Then  we  fhall  have  e^  =  0.003,185,473,6,  and  e*  = 
0.000,179,788,129,984,  and  i^  =  0.000,010,147,242, 
056,296,96.  Therefore  0.354,972,039,873  X  e^  will  be 
(=   0.354,972,039,873   X   0.000,179,788,129,984)    = 

0.000,063,819,759,245,372,554,852,032^    and   — — 

.-,  ,      _  0.000,010,147,242,056,296,96 
yriii  DC  =  '■  ■  ., —  -^^,  !■   s=   0,000,000, 

02.20 
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»^3>35S»7^6,432»oo7,78o  -,  and  confequently  0.354,971^ 

039,873  X  e^ —^  will  be  (=  0.000,063,819,759, 

245>372,S54>852^032  —  0.000,000,123,355,726,4321 
007,780)  =r  0.000,063,696,403,518,940,547,072,032 J 
and  3.630,633,357,646,486,749,331,388   +   0.354,972, 

039>873  X  e'    -  -^^  will  be    (  =    3  •630*633,3571 

646,486,749,331,388  -h  0.000,063,696,403,518,940,547, 
072,032)  =  3-630,697,054,050,005,689,878,460,032. 
Therefore  64.382,834,913,688  X  e  —  e^  will  be  = 
3.630,697,054,050,005,689,878,460,0321  which  qua-» 
dratick  equation  we  mu(t  now  rcfolve. 

jfrt.  33.  The  half  of  64.382,834,913,688  (the  co-efl5- 
cient  of  e)  is  32.191,417,456,844,  the  fquare  of  which 
is  1036.287,357,880,800,614,602,440,336.     From  thit 

.  number  let  both  fides  of  the  equation  64.382,834,913, 

688  X  e  — r  tf*  =  3.630,697,054,050,005,689,878,160,033 

be  fubtraAed.    And  we  (hall  have  the  trinomial  quantity 

.32.191,417,456,844V  —  64.382,834,913,688  X  e  +  e* 

K  <  =  1036.287,357,880,800,614,602,440,736  —  3.630, 
697,054,050,005,689,878,460,032)  =  1032.656,660, 
826,750^608,912,561,875,968.  Therefore  (cxtratling 
the  fquare-roots  of  both  fides,)  we  (liall  have  32.191,417, 
456,844  —  e  =:  3^'i34;975>662,457  ;  and  confequently 
(adding  ^  to  both  fides,}  we  ftiall  have   3-.  191  >4 17^456, 

?44  =  32*i34>975»^^i>457  +  ^,  aiid  ( fubtrafting 
32' 134)975)662,4 59  frcitn  both  fides)  e  =  0.056,441, 
794,387.  Therefore  a  +  f,  or  12.7  4-  e.  will  be  (=  i'i.7. 
+  0.056,441,794,387)  =  12.756,441,794,387;  that  is, 
^ic  value  of  ^  in  the  ptopofed  equation  14,937  x  — •. 

1998*^ 
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1998  X*   +   80*'  —  x^  =   5000  will  be  12.756,4419 

794,387.  Qi    E.    I. 

^  Remark  on  the  foregoing  CorreBlon  of  the  feconi  mar 
Value  of  Zy  fuggejled  by  Dr.  HalUy. 

Art.  34.  This  number  12.756,441,7949387  is  exad  in 
the  firft  eleven  figures  12.756,441,794,  whereas  the 
former  number,  obtained  in  art.  31,  to  wit,  I2.756»44^9» 
was  exa6l  in  only  the  firfl:  feven  figures  I2•75^,44s  lb 
that  this  corre£lion  has  given  us  four  new  figurca  of  the 
value  of  X  exa£t.  And  Dr.  Halley  makes  'the  number 
obtained  by  means  of  the  corre£^ion  tx^Gt  to  two  figures 
more,  it  being  according  to  his  calculation  1 2.756,44?^ 
794,48,  which  confiffs  of  thirteen  figures,  which  are  all 
exa£l.  But  even  this  additional  number  of  exa£l  figure* 
fecms  to  be  hardly  worth  the  trouble  of  going  through 
the  calculations  that  are  ncccflary  to  obtain  them.  If 
more  figures  of  the  value  of  x  are  required  than  are  af- 
forded by  the  firft  proccfs  of  Dr.  Halley's  method  of 
approximation,  I  fliould  rather  be  inclined  to  enter  upon 
a  com  pleat  fccond  proccfs  of  it,  grounded  upon  the  value 
found  by  the  firfl  procefs,  than  to  have  recourfe  to  this 
covreilion  of  the  firfl  procefs  ;  partly  becaufe  I  believe 
the  labour  of  calculation  in  performing  a  complcat  fecond 
proccfs  \vill  hardly  be  greater  than  that  of  applying  the 
foregoir.;^  corrcC\i:n  to  the  firft  procefd,  and  partly,  and 
ciiicfly,  becaufe  I  think  the  rcafonings  employed  in  a  fe- 
cond procefs  are  clearer  and  more  fatisfaclory  than  thgfe 
tm ployed  in  making  the  correclion  of  the  fir(i  procefs, 
and  Ids  likely  to  lead  the  calculator  into  a  miftakc,  fuch 
as  that  of  addiiig  a  quantity  v/here  it  fhould  be  fubtrafted, 
*;r  the  contrary,  or  of  omitting  fomc  neceflary  divifion  of 

the 
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tiie  new  quantities  .taken  into  the  calculation,  or  not 
carrying  the  divilion  far  enough.  But  the  comparative 
merits  of  a  compleat  fecond  procefs  of  Dr.  Halley's 
method  of  approximation  to  the  root  of  an  equation, 
and  of  the  foregoing  correftion  of  the  firft  procefs  of  it, 
will  be  better  underflood  by  exhibiting  a  compleat  fccond. 
procefs  of  it  in  the  cafe  of  the  foregoing  equation 
14,937  ^  "*"  1998**  +  80  a;*  —  x^  =  5000,  grounded 
on  the  Talue  of  x  obtained  by  the  firft  procefs,  which  was 
12^756,440,9,  or  rather  on  12.756,44,  the  firft  feveii 
figures-of  that  value,  becuufe  thofe  figures  will  be  fuf- 
fident  to  enable  us  to  find  the  next  value  of  x  exaft  to 
about  21  places  of  figures;  and  therefore  I  ihall  now 
proceed  to  exhibit  the  faid  fecond  procefs  in  the  fame 
full  manner  as  the  former  procefs. 

An  Inveftigaiion  of  a  third  near  Value  of  x  hy  a  fecond 
Procefs  of  Dr,  Halle fs  Method  of  Approximation, 

Art.  35.  We  will  therefore,  in  the  firft  place,  fubftitute 
the  number  12.756,44  inftead  of  x  in  the  compound 
quantity  14,937  x  —  1998  x'*'  -h  %ox^  —  a*,  in  order  Xo 
difcover  whether  the  value  of  that  quantity  refulting 
from  fuch  fubftitution  will  be  greater,  or  lefs,  than  5000, 
or  the  abfolute  term  of  the  propofed  equation  14,937  x 
—  1998  Jf*  +  80*^  —  ;r*  =  5000,  and  from  that  cir- 
cumftance  to  determine  whether  the  number  12.756j44.is 
greater,  or  lefs,  than  the  true  value  of  jr  in  that  equation. 

Now,  if  Af  is  =   i2»756j44>  we  Ihall  have 


Kx  (=  i2.75e),44V)  =     162.726,761,473,6; 

and  a'  (=  12.756,44V)  =  2075.814,169,132,289,984; 

and 
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aiidA*(=  12.756,44^)  =±=  26,479.998,899,6?5,9o$,243, 

496,96  ; 

and  confequently  14,937.1' (=  14,937  X  12.756,44) 

=  190,542.944,28; 

and  I998XX  (=  1998  X  162  726,761,173,6) 

=  325,128.069,424,252,8; 

and  80 ;r'  (=  80  X  2075.814,169,132,289,584) 
=  166,065.133,530,583,198,720. 

Therefore  the  whole  compound  quantity  14,937  x  — 
J998  x^  +  80 A*  —  A*  wiU  be  (  = 

190,542.944,28  -  jas, 128.069,424,252,8  % 

+  i66,o65.i33,$3o,58j, 198,720  -  a6,479.998,879/)85,  > 

909,243,496,96     J 

_    r      .3^6,608.077,810,383,198,720  1 

"~  \  -35»>6o8.c6S,3a3,938,709,a43,49^96        J 

=  5000.009,486,644,489,476,503,04  ;  which  is  a  very 
little  greater  ihar»  50:0,  cr  the  abfolutc  term  of  the 
propofcd  cqiistlon  14,937  A'  —  1998  a*^  +  80  .r*  —  9^ 
=  500c.  The^icfor^r,  for  the  rcafons  given  above  in 
art.  20,  v,'c  iiiay  concluJc  that  the  number  12.75644  is 
lefs  tl^an  the  true  value  of  x  in  that  equation. 

Art,  36.  Having  thus  difcovcred  that  the  number 
12.75644  is  lefs  than  the  true  ,vahie  of  .1^  in  the  equation 
'4^937-'^'  —  19^8*;^  4-  80  A*  —  ^4  •=  5000,  let  us 
put  c  fcr  rl-.c  niinibcr  12.75044,  and  f  for  the  unknown 
ezccf;)  of  .1  ubovc  it,  fo  that  x  will  be  equal  to  r  +  /I 

Thea 
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Then  wc  (hall  have  xx  (=  r +/!*)  =  cc  +  2cf  +  ff^ 
and  A^(=r-f/V)  =  c*  +  3i:y  +  3^/*  +  /^  and 

^*(=  ^+/V)  ==  ^*  +  4^'/  +  6^T  +  AcP  +/S 
and  14,937  at  {  =    14,937    X    r  +/)   =    i^mjc  + 

» 4^937/1  an^  1998^'  (=  1998  X  rt  +  2cf^fJ)  =r 
1998  rr   +    3996^/  +    1998^1  and  8o;if*  (=  80    X 

^*  +  3^y  +  i^r+J')  =  8or'  +  240ry  +  240^/* 
+  80/*.  And  confequently  the  whole  compound  quan- 
tity i4i937Ar  —  1998  ;if*  +  80iV'  —  **  will  be  equal 
to  the  compound  quantity 

f         H>937^  +  14*957/ 
J     -  1998  fr   -  3996  f/  -  1998// 

y^       ,4    ^    4,3/.   6.v/-4^-/^Ji 

But  the  compound  quantity  14,937  ;r  -»«  1998;^^  -(• 
80**  —  ;r*  is  as  5000. 

Therefore  the  other  compound  quantity,  which  involvet 
in  it's  terms  the  unknown  quantity  y  inftead  of  a*,  will 
alfo  be  equal  to  5000. 

Now  let  the  three  laft  terms,  +  80/3  —  4  f/^  —  /*i 
be  expunged  from  the  faid  compound  quantity,  on  accounts 
of  their  extrcam  fmallnefs  in  comparifon  to  the  precced- 
ing  terms  which  involve  the  fquare  and  the  (imple  power 
of  yi     And  the  remaining  compound  quantity,  to  wit, 

14.93/ 


»4>957^     +   «4i937/ 
«.   1998  ^r  —  3(^(>cf^  ^998/* 

+       8of»    4-  240^/  -f  2\ocf* 

will  be,  nearly  I  =  5000. 

But  it  has  been  (hewn  in  art.  35  that  the  hxii  vertical 
column  of  terms  in  this  equation^  to  wit,  14,937  r  "^ 
1998  rr  +  8or*  —  c^  is  =  5000.009,486,644,489, 
476>So3>04>  and  3996  <:  is  (=  3996  X   12.75644)  = 

50,974-734,^45 

and  240c*  is  (=  240  X  162.726,761,473,6) 

=  39iOS4'422,753,664,o ; 

and  4^5  is  (=  4  X  2075.814,169,132,289,984) 

=  8303.256,676,529,159,936; 
and  24or  is  (=  240  X*  12.756,44)  =  3o6i.545>6oi 
and  6  c*  is  (=  6  X  162.726,761,473,6) 

=  976.360,568,841,6. 

Therefore  we  (hall  have  the  compound  quantity 

5000,009,486,644,489,476,503,04 

H-   i4>937/ 

-  50>974-734i24  x/ 
+  39>054-422,7  53,664,0  x/ 

-  8,303.256,676,929,159,936  x/ 

-  1998  X  /» 
+   3061.545,60  X  /* 

-  97^'36o*5^8,84i,6  x  /» 

nearly  =  5000,  or  the  compound  quantity 

5000. 


f  «'  ) 

5ooo.oo9^&H«4S9,476,503,o4 

-  59»»77'99<»»9'6»5*9.»59»936  ^  / 

-  a974.36o,s68,84i,6  x  /» 

+     3061.545^  X /• 
neatly  s  500O9  or  die  oompound  quantity 
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50oaoo9486^44^89,476,so3,04 

—  5286.568,i62»865|i59,936  X  / 
+  87-i84,43ii^58i4  X  /»,  nearly,  =  50005 
and  confequently  (addii^  59a86.568,i62,865,i  59,936  X/ 
to  both  fides,)  5000.009,486,644,489^476,503,04  + 
87.184,431,158,4  X/*  =  5000  +  5286.568»i62,865, 
159,936  X/  and  (fubtraOing  87.184,431,158,4  X  f* 
from  both  fides,)  50oo.oo9,486,644»489,476,503,04  =3 
5000  +  5286.568,162,865,159,936  X  /  —  87.184, 
43i>i58,4  X/S  and,  laftly,  {fubtrafimg-5000  from 
both  fides,)  5286.568,i62,865«i59,936  X  /  -^  87.184, 
43i>»s8f4  X/*= 0.009,486,644,489.476,503,04 5  which 
is  a  quadiadck  equation  property  prepared  for  refolution^ 
and  which  we  will  therefore  now  proceed  to  refolre  in 
order  to  obtain  the  value  of/  or  of  the  excefs  of  the 
true  value  of  ir  in  the  propoied  equation  14^37 «  -*- 
19984?  +  80**  —  jr*  =:  5000  above  f,  or  12.75644, 
it's  fecond  near  value* 

Jri.  37.  Let  all  the  terms  of  this  equation  5286.568, 
162,865,159,936  X  /  —  87, 184,43^*58,4  X  /»  = 
0.009,486,644,489,476,503,04  be  divided  by  87.184,431, 
158,4,  which  is  the  co- efficient  o{ /\  And  we  (hall 
then  have  60.636,607,851,008,642,270,08  X/— /* 

G  » 
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and  1998  X*  wUI  be  (  =  1998  X  a  a  +  2  0f  -f  a) 

=  1998  atf  +.  3996  tff  +  1998  r^. 


and  80**  will  be  (=  80  X  «»  +  ^a^e  •♦-  3ar^-f 

=  80  a'  +  740  a*  e  +  240tf#*  +  80^, 

and  confequently  the  whole  compound  quantity  14^74? 
—  19980:*  +  80  x'  — «  4r^  will  be  equal  to  the  compoaod 
quantity 

{M>937«  +    i4»937*                                  ^  T 

—    1998a*  —  3996iftf  —  1998c*                 *  I 

+      8o«s    +  a40a*e  +  34OM* -f  Sor*  | 

—           «^   —      4a»tf  —  6ii*#»  »  4ac'  « A  J 

But  the  former  compound  quantity  141937  i^  *-*  19984?* 
•*-  8ojf*  —  **  is  =  5000. 

Therefore  the  latter  compound  quantity  will  alio  be 

=  5000. 

Now  let  all  the  fix  terms  of  the  faid  latter  compound 
quantity  which  involve  in  them  the  fquarCj  cube,  and 
fourth  powcfj  of  the  unknown  quantity  e^  to  wit,  the 
terms  —  1998  #*  +  240  a**  —  6a*^*  +  80 e*  •—  4  a f* 
—  f^9  be  expunged  from  the  fiiid  compound  quantity  on 
account  of  their  fmallnefs  in  comparifon  of  the  terms 
+   ^W37'  '^  3996^^  +  440^*^  —  4a'f,  which  > 
involve  only  the  £mpk^power  of  # :  and  it  b  evident  4&it.' 
the  remaining  compound  quantity,  to  wit,  the  eompouwir  - 
quantity    14,937  ^   "~    1998  a*    +    80  tf '    —    fl*    + 
Mi4i75  ~  390^11^   +    240  a*  r-^  4'''0  .^^H 
nearly/^  5000.:  ...., .    .  -  .      ,.  -v.-;, 

But 


..•1.4/ 
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But  it  hal  been  fliewnin  trt«  19  that,  if  a  be  equal  to 
ia.7»  (as  it  is  here  fttppofisd  tm  be,)  the  qoadrinomial 
quantity  14,937 «  *^  19980^  +  80  a*  —-  o^  will  be 
=  5298.6559. 

« 

Therefore  the  compoand  quantity  5298.6559  -H 
'4>937'  —  399^^'  +  24oa*#  —  4«**  will  be 
nearly  equal  to  5000* 

Further,  fmce  a  is  =  12.7,  we  ihalt  have  a*  = 
161.29,  and  a^  3=  2048.383,  as  is  (hewn  in  art.  29. 
Thcrrfore'  3996  a f  will  be  (x=  3996  X  12.7  X  e)  = 
56,749.2  X  ^,  and  2400^^  will  be  (=  240  X  161.29 
iC  if)  =  38,709.60  X  e,  and  4^^  X  e  will  be  (:^  4  X 
2048.383  X  0  =  ^i93'S3«  X  ^• 

Therefore  the  compound  quantity    5298.6559    + 

»4»937^  —  SO>749-^  X  /  +  38,709.60  X  e  — 
8193.532  X  e  will  be  neariy  ss  5000,  or  the  com- 
pound  quantity  5298.6559  +  53,646.60  X  ^  — 
58,942.732  X  e  will  be  nearly  =  5000,  or  the  com- 
pound  quantity  5298.6559  —  5296.132  X  e  will  be 
nearly  ==  5006.  Therefore  (adding  5296.132  X  ^  to 
both  fides,)  we  Ihall  have  5.298.6559  =  5000  -H 
5296.132  X  e,  and  (fubtrading^5O0O  from  both  fides,) 
we  (hall  have  5296.132  X  ^  =  298^5559$  which  is  a 
fimple  equation  properly  prepared  for  refolution. 

This  Cmple  equation  5296. 132 'X  e  ss  298.6559  is 
refolved  by  the  fingle  operation  of  dividing  both  fides  of 

G  3  the 
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tBia6ii^^i3f''AA<iud!kainfA  (fsA^tit^ «'/;  And }by')hU(-jU. 
Tihon  ;e  ft'ali  find  .  to  be  (^'''.2^y  ^'  oJis^;^ 

^         5296.132  'r     ;/"•'-     r^ 

Therefore  a  +  e,  or  12.7  +  e^  will  be    (  =   12.7 


l2-756,j['9- 
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-rfr/^9.  -Now  kt  i2.25fS39  bjj  (ubftit^tcd  ipflc^^  <rf  * 

ia.thqcj^fi^pound^quaptJH^  l4|p3Z.'f  rTn  \?95c'£.+  8*?* 
•— .r*,  in  ordei;  to-difc<^yer  whetl^^r  ^p  I^U^^  of  lu^ 
fubftitution  will  be  greater,  ojrJcfs,  than  5^90^0,.  or.  j^^ 
abfolute  term  of  the  propofea  equation  145937  Jf*  — 
*99§.ar?  +  iox^  —  a;*  ^:i5^^?^»  and.  from  th^.cir- 
cumfta;jnce  to  determine,  whether  the  true  value  of  x  will 
bc,greatex  or  lefe  than  i:itfj;5(5^9.  This  fubftitption  will 
be  as  follows.   ,.,.,.  .  .    / 

If.AT  IS  ==    i2.fj6,39V  we  fliall  have 

and  4?*^(=  1 2v 75631^^-  =  2o5^5:789,76o,2(i3,742,#J9, 

'      '  ^  ^•_    * '        •  ■     # 

.  •■  • 82s.390.41-. 

Therefore  14,937  a' will  be  (=  14,937  ^  i3i-756>39)  = 

.     ,  .  J905S42^I974^43> 

und  x^jrSA^willbe  (=  191^8  X  16^^.725,485^832,1)    . 

=  33iS»J^2S.s2o,692,535,8, 

and 


and  corif^qoeniPpbdPirlyot^i^fppiouQd  q^ait^yfi  4)937  «^. 
—  1998X*  +  80^  ~  ^  will  be  (=v?fl?.,5/».WfftJfc 


S'iVl^^§6,4±)  \  =  #500.273,805,270,591,690,609,59  ; 
wh^ch  Js  iom^what  -gccaterthan  joopj^qr  jbe,  a^^lutc^ 
tnm  ^fjhe  pxopo{b(t\equaUoiv.  Therefore,  ^hile  x  m- 
crcales  from  12.7  to  12. 756,39,  the  compound  quantity 

14,9^^  -  i9j)ifi»  V8oi^^ii-jr^^;^'}ff^^^^ 

from  5298,65^ V*  ^8"§ciiJi':l^i86^iiVo;59^\ «g6,iyd^'59T 
and,  while  x  increafes  r.rther  from  12.75639  to  13,  the 
fain  compound  quantity  will  hWd'ti^ir^feiKfartHer  froln 
55to.273,8o5,270,5^\iS§A,6^9^5^^^^  io  37ilf.  ^Therefore 
thjre  will  W^rfh^ V^fift?  i*  i  *gfttftef  thaH  ^i^.7^16, 
h\  Icilt^KaiiiiJ-j'tliat^wifr  rhake  the-  ii»  compoujd 
quantity  be  equal  to  the  intermediate  quantity  5000  ; 
or*  in  other  words,  the  ,trup  value  of  x  in  the  propofed 
equation  I4>937  .r  —  1998  «*  +  8o;tf>  —  x^  =  5000 
will  be  greater  than  12.756,39,  biiVfefe  rfisiii  13.      ^  ^^ 

Qj   E.    I. 

A  fecond  Procefs  of  Mr.  Raphforfs  Method  of  Approxi- 

"yir/.  40.,  Now  lct*V\  DC  put  =    ^•7^6,351,'  and"/ 
th^  unknown  quantijty^t^'  whiph  the  true^  value  pF  x 
the  propofed  equation  14,937^  —  1998  a:^  -^  So  x^  — 
x^  =^  5000  exceeds  r,  or  12.756,39;  fo  that  x  ihall  b^ 

^  ?[+  fi  ^r  ".756,39  +  /. 

G  4  Then 


(   88   ) 

Then  wc  ibaU  We  «*  (=  e+/\*)  =ee  +  %cf  +.j^ 
and  *»(»  e  +7l*)  =  «*  +  3<y+  !«/*  +  /*,«»* 
«•(=*+/!*)  =<*  +  4<»/+6i^t|-4r/»  +/», 
and  confequently 

«4.937'(=  14^37  Xf +/)  =  14,937  X  '^  +  «4»937  X/» 
and  1998^^  (=  1998  X  cc  +  ^cf  -¥//)  1998^^  + 

3996^/  +  1998J9; 

ind  804f»  (=  80  X  r*  +  3^/+  icf^-^P)  s=  8br» 

+  240  ry^-  240^/*  +  8o/», 

and  the  whole  CDmp<]>und  quandty  1 4>937  ^  "-*  Y998  '^ 
4*  8o4r'  ^-*  «^  ss  the  compound  quantity 

f        14,937  <;  +  I4»937/ 
J     -  X998rr   -  399^^/  -  ^99^ ff 
"V    4-     8o*»      +  »40tfV  +  i^cff-^  8o/» 

But  the  compound  quantity  14)937 «  *^  I998iir^.+ 
8o;»r'  —  *♦  is  «s  5000. 

Therefore  the  compound  quantity 

r       H»937^    +    Ht917/ 
J      -  1998^/  -  3996  f/  -  1998// 
I      +       Zoc^  +     24o<;»/  +  %^oeff+  8o/> 

will  alfo  be   =   5000. 

Now 


(  h  ) 


Now  let  «U  the  terms  in  this  eqintioii  that  IxiTpl?ei 
^ther  ff%f\  or  /^,  be  expongi^  from  it.  And  we 
(hall  then  ha?e  the  compound  qoandtj 


i4>937^  +  I4f937/ 


nearly  s  5000. 


But  It  has  been  (hewn  in  the  laft  article  that  149937  c 
—  1998 re  +  80 r*  —  f*,  or  14)937  X  12.756,39  — • 

1998  X  I  St.  756*39^^  +  80  X  i2.7S^>39^*—  ii-75^39H 
Is  =  5000.273,805,270,591,690,609,59;  and  31996^  is 

(=  3996  X  12.756,39)  =  5o>974-534>4f  5  and 
a4or*is(=  240  X  162.725,485,832,1) 

=  39»oS4* » i6*599»704>o  5 
and  4c>  is  (=  4  X  2075.789,760^213,742,119) 

=  8303.159,040,854,968,476. 


Therefore  the  compound  quantity 

5ooo.a73,8o5»a70,59i,690,^;9 

+  I4f937/ 

-  So>974-554»44  X/ 
+  59>054- "6,599,704,0  x/ 

-  8303.159,040,854,968,476  x/ 


i 
1 


will  be,  nearly,  s  5000,  or  the  compound  quantity 
5000.273,805,270,591,690,609,59  +  S3»99»-i'6f599» 
704,0  X/—  59>i77-693>48o,8s4,968y|76  X/wiU 
be  nearly  s  5000,  or  the  compound  quantity  5000.273, 

805, 


(    ^o     ) 


1^  ily  will  Be;  ncarry,"  i=  '  cooo".      ."  '    .     \   [ 

Therefore  (adduig  5>2«<3L5.7^;?8jb  150,^^8,^76  X/>,to 
both  fides,}  we  flail  have  jooo.273;8qjc,270^9I,6A>, 
6«9#?9="=^'»0QoJ+  5,2^.57^,881, iiol^8,<^76  xV 
and  (fubtrafting  looo  fro\n  btfSi  B^cs,)  5)286V5 76,881, 
150,968,476  X  y^=  o.2?3s«P5,T70,59i,69o7to9,5(^-, 
which  is  a  fimple  equation  properly  prepared  for  refo- 

-    .y  ^:»r■'•J  ^'  Tr9.f'  *  >  ^*' —    - '•  ••    "  •     '     - 

. 4. Thi^ equation  i^.ta  b^t^otarcd'bf  fKp^jGngle  opiiMon 
cf  diTidin^both  fides  lylrii^by  5^286;  S^'JEI^^S^  r^^  5^968,476, 
the  co-efficient  of  t}ic.finkJiEpvnq(iai5ufity"^;b    Wbii^  w6 

n,.ii  fin^  >/J  u^  yc^:  ty;i7?,fe^^>?9f»69e-($c>9,y^  ,  _ 
(hall  find  /to  l^e  (,7^  v.-^-^^j^^^^ 5^^68.476      \  = 

o.ooo,o^i^^2.*  tlierrfor^'^  + /,  ^r^iX-ts^^jS^ '+'5^ 
will  be  (=  r2\7i6i^gl^  bl6cy,t%l!',^92)  =  12.756, 
441,792  ;  that  is,  the  3d  near  value  of  x  in  the  propofed 
equation  14,937  .v  —  It^gox*  ^'  86>i  "—   *^  ='jfOoo, 


Of  1W5  auhnU^  pgi.756j4'jXi<^92-,-the  firft  ten  figures, 
12.756,441,79,  are  cxaft  ;  it's  more  accurate  value 
bei-ng  i2.^56,44*ly794>^{(J8  5,74if;b2',  aB  hasi  been  <iieeii  .la 
art.  37.  But  this  Begtte;  c^f  exaftnefe  ;maf  Be  attartned 
by  carrying  this  apfhroiitnation  by  Mr-  Raphfon*s  method 
one  ftep  further  5  which  iflaj^be  done.as  f<illows.  '  d 

Jlrt.  4 1  • 


(    9f    ) 

by  tiherfor^fpiiig  ^coc^f%<  he?  jfubftltrntf^*  iQAf^l' of  r^^ib 
the  compoand  quantity  I4y939  ***-*!  9^  **•*+.  80** 
—  x^.  in  order  to  difcovcr  whether  the.  rcfult  of  fuch 
fi4)ftitutiqn  wjll  (]^  Weater*  Qr  Jefs,  th^a  iQd6>  or  the 
aBfolut^  tqon  pf  the  propolcd  equation  i4>937xf — 
1998  9c^  -f  80  jfJ  — .  *♦  =  5000,  and,  from  that  "cir- 
cumfta^c^^ftp  det^nmPB:  iB^^fther  the  itrme.Tafaie  sf  ir  in 
tha(^eq«KKiDfi.,viU  be  greafier,  or  lefa^:jt|ian  lihe  faid 


558,968,975^6^,088^    .,  ,:..-_, 

and^(=  I2.756,44i,792^*)  =  26,480.013,779,125, 
••'      '    ^..'     oo8,935,59©,937,95i,t94,'4&3,isV>'6?f6\*- 

Therefore!  14^9370?  will  be  (=  14,937  ^  '^•756?4N4-if792) 
.:;!..  :     =5=.  1 90,542.9  J  t, 047,  l«4, 

and  1 9^8- if*  wiH  be  {=  1998  H  l61.^^6,%i^^1i^ifiii, 
-'   •   '^'  •  »^7',264)=  325^1 28Ji6o,'770,982,974,i»^^^^ 

and  8oxVwiir  be  •(=  86' 3^' 2075.815,043,95 15482,55^, 
^       '   '  " 9^8;97 5,065,^088)  =  i86;o65.ie3,'5\6jtifii,6c4, 
717,518,005,207,640;   -   •    '  ^'  '"'''''  ""•'  ' 

.^nd  confeqi^emly  I4,937*r -|- 8ojr^  w|illbc(=  1.90^542. 
•97i>047,io4  +  166,065.203,516,118,604,717,51,8,005, 
207,040)  =  356,'6o3.i74,563,222,6o4,7i7,5i8,oo5,2o7, 
040,  and  1998^'*  +  x^  will  be  (=  325,128.160,776, 
I982,974:,x85,47a  +  26,480.013,779,  I25,oo8,9355590» 

937. 
S 


(    9*    ) 

121,062^937^51,694,483,357,6965  and  I4j937*  +  8w* 
~  1988**  —  **  wiU  be  (= 

5  j6,6o8. 1 74,563.22a,6o4,7 17>5 » ^»^S»ao7*P40» 
-  35i,6o8.i74,5So,io7,983,i»i,o6a,937,95 1,694, 

483i357>696 

=  5ooo,ooo,oi3,i  i4i6ii>S9^5S>o67,255,345,5i6^642, 
304 ;  that  18,  the  compoand  quantity  14,937 .v  -—  I998;r^ 
+  80**  —  x^  will  be  =   5000*000,013,1  i4,62i,59(S» 

455)^^7)^5 5>345)5'^'^4^>3^4>  which  is  a  little  greater 
than  5000,  or  the  abfolute  term  of  the  propo(bd  equation 
14,9370:  —  1998  ;r*  +  80**  —  or*  =  5000.  And 
therefore,  for  the  reafons  giren  in  art.  29,  we  may  con- 
clude that  the  true  Value  of  x  in  that  equation  will  be 
greater  than  1 2.756,441,792. 

j1  third  Procejs  of  Mr.  Raphfirfs  Method  of  ApproxinuOm. 

Art,  42r  Having  now  determined  that  the  number 
12.756,441,792,  which  was  the  near  value  of  x  obtained 
by  the  fecond  procefs  of  Mr.  Raphfon's  method  of  ap- 
proximation, is  lefs  than  it's  true  value,  let  the  faid  near 
value  12.756,441,792  be  denoted  by  the  letter  J,  and 
tlie  fmall  quantity  by  which  the  true  value  of  x  exceeds 
it  be  denoted  by  the  letter  g. 

Then  we  (hall  have  x  =  </  -i-  ^,  and  confequently 
.V*  (=  rf-K?*)  =  dd  +  2dg  +  ggj  and  *'  (  = 
d  +  g\')  =  ^''  +  3'''^  +  3^^*  +  g\   and  a*  (= 

rfT?;M   ^  d*  +  ^d'g  +  6d^g'^   +    4dg^    +    ^. 

Therefore 


,    (    93    ) 

Therefore  14^37 «  Will  be  (=  i4f937  ^  ^  +  «J) 
=  »4f937^  +  H>937  X  g^  and  1998**  will 
be  (=  1998  X  i/<<  +  2dg  +  gg)  =  iqslidd  + 
29^dg  +  1998;;;   and   80 ;i^  will  be   (=80  X 

^  +  3^«  +  3rf^*  +  ^)  =  8orf»  +  240i/»^  + 
tjpdg*  +  80  f'.  And  confcquently  the  whole  com* 
pound  quantity  149937  x  —  49984:*  H-  80  ;r'  —  ;r* 
irill  be  equal  to  the  compound  quantity 


t      i4»937^  +  H*9S7^ 

I  —  1998^*  —  39961//  —  1998^ 

A  +     So/*  +  2J\pd^g  +  %^d^  +  8o/» 

^  -         ^-    4i/»/   -    td^g 


\ 

•  +  8o/>  r 

*  -  4<r'  -  g^-  j 

But    the   former  compound  quantity   14,937  ^    "" 
1998  *•  •*•  80  x'  —  ;«♦  is  equal  to  5000. 

Therefore  the  latter  compound  quantity 

'/       i4f9S7^+  >4i937^ 
I     -  i998i/»  -  3996  dg  —  i998/» 

'  I     4"     80 J*   +  2J^od^g  +  2jpdg^  +  8o/3 


wiU  alfo  be  equal  to  5000. 


Now  letAe  Oj  terms  •—  1998  f*  +  240  de'  —  6d^P^ 
4-  *TO/**  "^  ^dg^  ~  ^  (which  involve  in  them  the 
fquare^  ciib^,  andTourth  power  of  the  unknown  quan- 
^^  i>)  ^  cxpuogpd  out  of  this  equation^  on  account 
of.  their  fmaHncfs  in  comparifon  of  the    four   terms 


,.'1;,  t  n  -il 


I   94    ) 

+  14.9375  —  3996 rfft  ;^4q^CT/f  ^'V^'l'^r 
ihVoWe  ftie  fimplc  power  6f  'j^l    And  w&m^u  thin  haVc 

the  remammg  c6mf»odnd  gaantlty  ^  .      ■ 


H»9S7^  +   i4»937^ 


■J.   -I-  •     '  ■■' 


.  '5^  *^        :jvy    ^  '^  nearly  =,ipoo. 

.    .—         d\       -  4£a^    .; ,     J.        .       .      >    i.rr^l 

•    -  ■>        .....,.'  -■■■  ■'•  - 

But  wchave  feen,  in  the  lad  article,  that,  if  dis  equal 
to'i2.756544i,792,  the  quadritiomial  quantity  14,93710 
—4  19981/*  +  80  £p^—  d^  wiU  be  equal  to  5000.000, 
013,1  i4i62^596,45S»o67,255,34S,5i6,642,304.  [ 

%  Therefore  the  compound  quantity  5000.000,01 3« 1 149 
62i,596,455>o67,255,345,5i6, 642,304  +.  i4>J?37;«  — 
3996  dg  +   240  J*  ^  "^  Ad^  g  v^jll  be  pearly  ==  5000. 

But,  fince  d  is  =  12.756,441,792,  wp  ihall  have 
d'  (=  12.756,441,792)-)  =  162.726,807,192,684,171, 
264,  and  d^  (=  12.756,441,792)')  =  2075.8 I5,04it, 
95^482,558,968,975,065,088,  and  3996 ^.(=:  3396  X 
12.756,441,792)  =  50,974. 741, 40*0,8325.  and  2401/* 
(  =  240  X  i62.726,8o7,i92,684,i7i,*264)' =  39f054* 
*  433>726,244,2o:, 103,360,  and  4^^  (=  4   x  2075.81J, 

043»95i>482,558,968,975,c65,o88V-  8303.260,175, 
^05,930,235,875,900,260,352, 

Therefore  the  compound  quantity  5€00.oco,or3,ii4, 
62i,596,45i,o67,255,-34'5,5i&,642;3b4  +  '14,93:?^  — 
399^  dg  +  240^*^-:-  4*^^   will  T)c  '=    5606.000, 

013, 


■ 

t*\  »  .  . .      • 

^CTclbri^'iliH  Kft'birantS}  ^^BdtHbdbioii,  114,621, 


•  ;v 


and  coftfe^»fl^i(3ddn^~y28&'5p7',8so,393  >T»9>i  3  *j5  i  S» 
96(y,46^J5*  'X-^ 'to  both!  fiideii)  ^060.000,013,1^  14,621; 

i?9l^>4si.c^.;a5S<?4S>5>*i6V'2i304"wlll  be  =  '^ooo'  + 
5i86.i(J7',»^,3^i72si,53i,sx5,^co,a6o,3s2  x  >,  and, 

IsiiMfy'-'^^dte^iH^Yoop'  <h>Wi''6oth  fides,')-  ^.i^ft-se;. 

6 .  ooo',o'ii,rti,«2t,if96,45^;^^ 

Vrhich'itf 'k'-^mpte  e^u&tlon  propierly  prepared  for  refo- 

lation. 


=^'¥h^ktofe>'VJl'be'^''-        .'     ■    •       ' 

0.000,000,002,480, 744,022,88  ;  and  confequently  d  +  g^ 
or  12.756,441,792  +  g,  will  be  (=  12.756,441,792  + 
0.000,000,002,480,744,022,88)   =  12.756,441,794,480, 


(   9«   ) 

744,022>88 ;  that  is,  the  fourth  near  tilue  of  ^r  in  the 
t>ropofed  equation  14,937  4r  —  iqgSx*  +  8o«»  —  »* 
s  5000,  obtained  by  this  third  proceis  of  Mn  Raplu 
fon*s  method  of  approximation^  will  be  =  f  2«756|44if 
794»48o,744,oa2,88.  q.  b*  i. 


Jrt.  43.  This  number,  i2«75tf,44i,794y48o,744^2,88t 
agrees  with  the  number  found  by  Dr.  Wallis  and  Dr. 
Halley,  for  the  Talue  of  ir,  to  wit,  the  number  I2«756f 
441,794,480,744,01,  in  all  it's  nineteen  figures  1  and  it 
agrees  with  the  number  found  abore  in  art.  37  by  Dr. 
Halley's  method  of  approximation,  to  wit,  the  number 
12.756,441,794,480,744,021,60^  in  the  firft  twenty  fi- 
gures 12*756,441,794,480,744,022:  and  therefore  thofe 
twenty  figures  are  probably  exa£l,  and  the  true  Talue  of  4; 
is  greater  than  12.756,441,794,480,744,012,  but  left 
than  12.756^41,794,480,744,023.  But  this  cannot  hf 
proved  with  certainty  without  fubftituting  thofe  numbers 
inftead  of  at  in  the  compound  quantity  I4i9374r  — 
igfSx^  +  8o;r*  —  Mi  which  would  be  a  work  of 
great  labour,  and  is  not  neceflary  to  the  objeft  of  this 
difcourfe,  which  is  to  make  a  comparifon  between  Dr. 
Haley's  and  Mr.  Raphfon's  methods  of  refolring  hifj^ 
Algebraick  equations  by  approximation,  and  to  enable 
the  reader  to  form  a  judgement  concerning  their  refpec* 
tlvc  merits,  and  determine  for  himfelf  to  which  of  the 
two  he  will  give  the  preference  ;  and  this  objeQ>.I  hope^ 
is  now  attained. 


A  SCHa 


(J>7    ) 


A    SCHOLIUM,      . 

Concerning  another  Method  of  approximating  to  the^  Roots  of 
High  Equationsy  that  may  be,  called  The  Diffcrcntisi 
Method. 


jfrt.  44*  Having  now  gone  through  the  refolution  of 
the  biquadratick  equation  I4f937r^  —  1998  x  x  -^  80  .f' 
y^  ic^  ^  SOQfhj  both  Dr.  Halley's  and  Mr.  Raphfon'a 
methocfs  of  approximation,  and  obtained  the  value  of 
one  of  it's  roots  to  a  great  degree  of  exa£knefs,  I  will 
here  itate  to  the  reader  another  method  that  .might  have 
been  taken  to  invedigate  the  fame  roo^  to  the  fame  de« 
|;ree  of  exadnofs,  that  is  totally  different  frofn  l>oth  the 
foregoing  methods.  This  method  (which,  I  think,  may 
be  properly  :di(Ungui(hed  by  the  appellation  of  the  Dif^ 
firential  method  of  approximating  to  the  roots  of  high 
equations,)  occurred  to  me  as  a  natural  and.  convenient 
artifice  for  obtaining  the  number  12.7,  cpnfifting  oC 
three  figures,  as  the  value  of  a,  or  the  firft  near  value 
of  X  in  the  aforefaid  equation  14,93 7  x  —  ic^<)%x  x  + 
Sox'  •^—  **  =  5000,  which  we  were  afterwards  to 
make  ufe  of  as  the  btfis,  or  ground-work,  of  the  further 
approaches  which  were  intended  to  be  made  to  the  true 
value  of  X  in  that  equation* by  Dr.  Halley's  and  Mr." 
Raphfon's  methods  of  approximation.  For  the  (leps  we 
took  in  art.  27  to  find  the  faid  number  a>  or  12.7,  for  a 
firft  near  value  of  x^  and  the  bafis  of  the  fubfequent  ap- 
proximations, were  as  follows : 

»  ■  " 

H  Art.  45. 


(    98    ) 

Art.  45*  In  the  firft  place  we  made  a  random  gaefii 
that  the  number  lo  (which  is  a  number  yery  eafil/  ma<- 
naged  in  calculation,}  might  not  be  very  different  from 
the  value  of  x  in  the  propofed  equation  149937  x  *r^ 
1998  4*4:  +  8ox'  —  iT^  =  5000 }  and  then,  in  order 
to  try  the  juftnefs  of  this  cdnje£iure,  we  fubftituted  10 
inftead  of  x  in  the  compound  quantity  14,937 »  — 
1998 j^x  4-  Sox''— iT^}  and  we  found  that  the  value 
of  the  faid  quantity  refulting  from  this  fubftitutiou  was 
29,570  \  which  is  confiderably  greater  than  5000,  or  the 
abfolute  term  of  the  propofed  equation.  We  therefore 
concluded  that  the  true  value  of  x  in  that  equation  muft 
be  greater,  or  lefs,  than  10  by  more  than  a  Cngte  unit, 
and  we.  conjedured,  in  the  fecond  place,  that  it  might  b^ 
nnrly  equal  to  la. 

r  • 

We  then  tried  dils  fccond  conjefture  by  fubftitttting 
12  inftead  o^  x  in  the  compound  quantity  14,937^  — 
1998  x;r  +  8o;r'  -^  ^,  and  we  found  the  value  of 
the  faid  quantity  refulting  from  this  fubftitution  to  be 
9,036  5  which  is  lefs  than  half  the  former  rcfuit  19,570, 
but  yet  is  confiderably  greater  than  the  abfolute  term 
5000. 

,  We  therefore  made  a  third  conje^^ure  that.  ^  might 
be  nearly  equal  to  131  and  we  fubflituted  13  inftead  of 
X  in  the  compound  quantity  14,937^  —  1998  at  4r  + 
80  x^  —  x\  And  the  value  of  the  faid  quantity  refultr 
ing  from  this  fubftitution  was  found  co  be  3,718*,  which 
is  lefs  than  the  abfolute  term  5000* 

We  then  obfervcd  tha^,,  Cnce,  when  x  was  equal  to 

12,   the  compound  quantity    14,937*  —  !<)()%  xx  4^ 

•  -  7**^  8o;ir* 


I 
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<6  *'  —  x^  was  equal  to  9^03(^5  and,  wJieti  x  Wad  eqttal 
to  13,  the  fame  compound  quantity  wad  eqtial  to  3171?, 
it  followed  that,  while  *  increafed  from  li  to  13,  the 
latd  compound  quatntity  mufl  hshre  diecreafcfd  fi^m 
9^036  to  3,718,  and  confequentlj^  muft,  ac  foihe  poinf 
<]f  time  during  the  faud  decteafer,  have  6een  equal  to  tho' 
intermediate  magnitude  focb,  of  the  ibfolute  term  of 

the  propofed  equation    14,937  *  ^^   ^99^  ^*   +  ^°  ** 

—  **  3=  5000.  And  therefore  we  concluded  that  there 
niuft  be  fome  value  of  x  greater  than  t2,  but  lefs  than 
13,  which  would  make  the  fald  compound  quantity 
^4i937*  "^  ippS^r*-  +  Sox*  —  ^  be  exadly  equal 
to  the  intermediate  magnitude  5000 ;  or,  in  othef 
words,  that  the  true  value  of  x  in  the  equation  14,937  «r 

—  1998  iT  AT  +'8oflf^  —  x^  =  56do  muft  be  greater 
than  12,  but  lefs  than  13* 

Art.  ^^^  Having  thus  found  that  4?  muft  be  gfeateiT 
than  X2,  but  lefs  than  13^  we  might  ha¥€  taken  either  of 
thofe  numbers  for  the  bafis  of  a  further  approximatioa 
to  the  true  value  of  x  by  cither  of  the  two  methods  of 
Dr.  Halley  and  Mr.  Raphfon.  But,  as  I  vi^as  d^firous  of 
approaching  a  little  nearer  tio  the  true  vahic,.of  is  before 
I  began  the  applxcalipn  <sf  either  of  thofe  methods,  I 
made  ufe  of  the  following  conjectural  and  probable  fup* 
pofition,  (which  is  (iinilar  to  that  by  wbicti  the  logarithm 
of  a  number  that  is  of  an  intermediate  magnitude  be-« 
tween  two  numbers  that  are  very  nearly  equal  to  each 
other,  and  of  which  the  logarithms  are  known,  is  derived 
from  the  logarithms  of  the  faid  two  citfeme  numbers,) 
to  wit^  that,  fince  the  number  12,  the  number  x,  (or  the 

H  a  true 
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think  thitf  if  »  ind  the  two  numbers  that  were  nearljr 
equal  to  it  were  to  be  taken  much  nearer  to  an  equality 
with  each  other  jthan  the  three  numbers  12,  ;r,  and  13^ 
(of  which  the  greateft  exceeded  the  lead  by  i.  or  Htm 
I2tfa  part  of  the  lead,)  the  aforefaid  fuppofed  propofw 
tionality  of  the  differences  of  the  three  contiguous  nam* 
bers  to  the  differences  of  the  refults  of  their  (iibititutioa 
in  the  compound  quantity  i^'9'i?  k  •*-  1998  or  r  4- 
%Cx^  'm^  x^  would  approach  dill  nearer  to  the  truthi 
and  confequently  that  the  number  of  figures  that  would 
ht  tKSiOt  in  the  value  of  x  obtained  by  means  of  fuch 
fuppofed  proportionality  would  be  greater  than  it  was  in 
the  former  cafe.  I  therefore  refolved  to  try  the  efic£t  of 
a  fecond  conjecture  founded  on  this  fuppofed  propor* 
tionality  between  the  differences  of  x  and  two  numbers 
very  nearly  equal  to  it  and  the  differences  of  the  three 
correfponding  refutts  of  the  fubilitution  of  x  and  tho 
faid  contiguous  numbers  in  the  faid  compound  quantity 
14,937  a;  •^  ic)()ixx  +  Zox^  —  x^.  And  with  this 
view  I  took  the  ne^r  value  of  x  obtained  by  the  former 
proportion,  to  wit,  the  number  i2."58,  for  the  greater 
of  the  two  contiguous  numbers  to  x^  and  the  number 
12,756  for  the  leiier  of  the  faid  two  contiguous  numbers9 
and  I  fubftituted,  lil,  the  number  I2.;ij8,  and,  2ndly9 
the  number  12.756,  indead  of  x  in  the  faid  compound 
quantity  14,937  J?  — ?  1998  ^f**  +  Soar*  —  x^.  The 
value  of  this  compound  quantity  refulting  from  the  fub* 
ilitution  of  12.758  was  49991*762,652,593,904  ;  and  the 
value  of  it  refulting  from  the  fubftitution  of  12.756  waa 
5002.335,593,512,704.  Therefore,  while  x  increafea 
from  12.756  to  U'7s8,  the  compound  quantity  I4>937*' 
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-<•  ig^Bxx  +  Sox*  '^  A^  will  decreafe  from  5002.335^ 
593,5ia>704  to  4991*762,652,593,904,  and  confequently 
will,  at  fome  one  inftant  of  time  during  the^faid  decreafe^ 
be  equal  to  the  intermediate  magnitude  5000  ^  or,  ia 
bdier  words,  the  true  yalue  of  x  in  the  propofed  equa- 
tion I4>937  X  —  1998  X*  +  80  4?'  —  «*  =  5000  will 
be  greater  than  12.756,  but  lefs  than  12.758. 

Here  therefore  we  have  three  contiguous  numbers,  to 
wit,  12.756,  X,  and  12.758,  the  greateft  of  which  ex« 
ceeds  the  leaft  by  only  0.002,  or  the  6378th  part  of  the 
lead  number  12.756 ;   and  we  have  the  three  corre- 
fponding  quantities  5002.335,593,512,704,   5000,  and 
4991.762,652,593,904,  which  refult  from  the  fubftitution 
of  the  faid  three  contiguous  numbers  in  the  faid  com- 
pound quantity   I4>937^—  ij^8**  +  80 ;r*  —  a*. 
We  may  therefore  fuppofe  that  the  difference  of  the  firft 
and  third  of  the  faid  three  numbers  12.756,  Xj  and 
12.758,  will  be  to  the  difference  of  the  firft  and  fecpnd 
of  the  faid  three  numbers,  tq  wit,   12.756  and  x,  ia 
nearly  the  fame  proportion  as  the  difference  of  the  firft 
and  third  of  the  faid  refults  (correfponding  to  the  faid 
three  numbers,)  is  to  the  difference  of  the  firft  and  fe- 
cond  of  the  faid  refults,  or  that  12.758  —  12756  will 
be  to  4?  —  12.756  in  nearly  the  fame  proportion  as 
5002.335,593,512,704  —  4991  •76^652,593,904  is  to 
5002.335,593,512,704  —  5000,  or  that  0.002  will  be 
16   X  -^   12.') 56    in    nearly  the    fame    propbrtbn    as 
io;572,940i9i 8,800  is  to  2 •3351593*5 12,704,;  whence 
it  will  follow  that  x  —  12*756  will  be  nearly 
-      0.061  X  2.33^,595,5;  12,704  .^  0.004,671, ig7,oa;,4o8  > 
10.572,940,918,800  xa5 72,946,91 8,800    ^ 

H4  - 
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a=  o.ooO)44r,dD5,  and  therefore  that  x  will  be  (:3 
0.000,441,805  +  12.756)  =  12.756,441,8055  of  which 
value  of  X  the  firft  eight  figures  12.756,441  are  exafk, 
and  the  ninth  figure  8  is  greater  than  the  correfponding^ 
figure  7  in  the  true  value  of  .r,  (which  is  12.756,441, 
794,480,744,022)  by  only  an  unit  in  the  faid  ninth  fi- 
gure, or  0.000,000,1* 


Art.  49.  The  fubftitutions  of  12.758  and  12.756  in- 
ftead  of  X  in  the  compound  quantity  14,937  jr  *~ 
1998 MX  +   80  jr*  -—  X*  will  be  as  follows  : 

If  A?  is  =s   12.758,  we  {hall  have  xx  {z=,  12.758I*) 

s=r    162.766,564,  and  jr*  (=  12.758^  *)   =   2076. 575, 

823,512,  and  a4  (=  12^758!*)  =  26,492.954,356, 
366,096,  and  confequently  14,937*'  (=  '4>937  X  12.758) 
=  190,566.246,  and  1998x4;  (=  1998  X  162.766,564) 
=  325,207.594,872,  and  80 jf'  (=  80  X  2076.575, 
823,512)  =  166,026.065,880,960.  Therefore  the 
whole  compound  quantity  14,9374:  —  19984:*  + 
80  4.'  — •  A?*  will,  upon  this  fuppofition,  be 

(=190,566.246  ^    325*207.594,872 

+  166,116.065,880,960    —      26^92.954,396,366,096 
=  356,692.311,880,960    -    3P,7oo«549>2**>3^*096) 

s=  4991*762,652,593,904  ;  which  is  fomewhat  lefs  than 
5000,  or  the  abfolute  term  of  the  equation  14,937  *  •— • 
1998  4r4r  +  8o4r*  —  4P*  =  5000t 

.    . .  And| 
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And,  if  jf  1$   =    12.756,  wc  (hall  have    xx   (^=s 


1 2.756V)   =    162.715,536,    and  at'  (  =   12.750)^)    = 

^075-599i377>*>^>  aiid  ^  (=  12.756^^)  =  26,4.76.345, 
<^5S»767>296,  and  confcqucntly  I4»937*  (=  J4i937  X 
J2.756)  =  190,536.372,  and  1998  ;v*  (=  1998  X 
162.715,536)  =  325,105.640,928,  and  8oAr^  (=  80  X 
^075.599,377,216)  =  166,047.950, 1 7 7, 280,  There* 
fore  the  whole  compound  quantity  14,937  »  *-«  19984:* 
.+  Sox^  —  jr*  will,  upon  this  fuppofition,  be 

(=r  190,536372  •    3^^*»Ov640,9*8 

■    +  166,047.950,177,280    -      26,476.345,655,767,296 

s=  5002.335,593,512,704  J  which  18  a  little  greater  than 
500O,  or  the  abfo^ite  term  of  the  equation  14,937  ^  "^ 
1998  iT*  4-  8ox^  —  x^  :=  5000. 

Art.  50.  Since  the  former  near  value,  of  *,  to  wit, 
12.758,  (which  was  obtained  by  means  of  the  fubflitu- 
tions  of  the  fmall  numbers  12  and  13  inftead  of  x  in  the 
compound  quantity  14,937  -^  —  1998  ;r*  +  80*'  — .  x*^ 
and  of  the  proportion  derived  from  thofe  fubftitutions,) 
was  exadt  in  the  four  fird  figures  12.75,  ^^^  ^^^  ^^^ 
near  value  of  *,  to  wit,  12.756,441,805,  (which  has 
1>een  obtained  by  means  of  the  fubftitutiohs  of  th6  num« 
bers  12.758  and  12.756  inftead  of  x  in  the  faid  com* 
pound  quantity,  and  of  the  proportion  derived  from 
thofe  fubftitutibns,)  is  exafi;  m  the  eight  firft  figures 
12*756,441,  and  but  a  little  too  great  in  the  ninth  figure  8, 
we  may  conclude  that  every  new  procefs  of  this  dif- 
fcrcntial  method  of  refolvlng  equations  will  douUe  the 

number 
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BURibcr  of  figures  in  the  value  of  x^  or  the  root  fooj^t, 
that  are  already  known  ;  and  therefore,  in  point  of  es« 
aAnefs,  this  method  will  be  nearly  upon  a  level  with 
Itlr.  Raphfon's  method  of  approximation,  by  i^hich  the 
figures  of  the  root  that  are  already  known  are  doabled 
by  every  new  procefs.    Nor  is  there  much  diflference  id 
the  labour  of  performing  the  neceffary  calculatibtts  Vk 
this  differential  method  of  approximating  to  the  roots  of 
equations  Ind  in  that  of  Mr.  Raphfon,  which  confills  iH 
fubftituting  the  binomial  quantity  ^  -4-  <,  or  «  —  #>  iii« 
ftead  of  X  in  the  propofed  equation,  and  then  refelviog 
the  transformed  equation,  arifing  from  fuch  fubftitution^ 
as  if  it  were  a  mere  fimple  equation,  or  negleding  all  the 
terms  of  it  that  ipvolve  in  them  any  othcir  power  of  the 
nvk  unknown  quantity  e  than  it's  fimplt  power,  or  # 
iifelf.    For  in  both  methods  it  is  neceffary  to  fubftitute 
the  former  near  value  of  x^  to  wit,  the  numbdr  i2.75Sy 
inftead  of  x  in  the  terms  of  the  compound  quantity 
I4>937^  —  1998  ;r*  -h  80*'  —  x^'y  and  in  this  dif-^ 
Jerential  method  we  are  alfo  obliged  to  fubfiitute  another 
near  value  of  .r,  differing  from  the  former  near  value 
ia.758  in  the  fifth,  or  laft,  figure,  to  wit,  the  number 
1 2.756,  inftead  of  x  in  the  terms  of  the  faid  compound 
quantity  ^  the  labour  of  making  which  Second  fubftitution 
feems  to  be  about  equal  to,  or,  perhaps,  a  little  greater 
tbauy  that  of  computing  the  compound  co-efficient  of  # 
in  the  transformed  equation 

>4i937«  -  i4»937^ 
-  i998tf»    +  3996*^  -  ace 

8ofl«    -     J40«»tf  +  &c      I         ^      ' 

41^      +        4«'«  — &c 

which 


(    »07    ) 

which  would  have  arifen,  In  Mr.  Raphfon's  method  of 
proceeding,  from  the  fubftitution  of  12.758  —  ^,  or 
ii  —  <,  inftead  of  x  in  the  propofed  equation  149937  x 
—  1998  x^  ^  80  4r*  — .  jr*  =  500b,  to  wit,  the  co-ef- 
ficicnt    —   I4»937   -*-  3996  a   —   240  a*  +   £^a\  or 

"^  »4»937  +  399^  X  12.758  —  240  X   12.758!*  + 

4  X  12.758'^  or—  14,937  +  399^  X  12.758  — 
^40  X  161.^66,564  +  4  X  1076.575,823,512.  But 
Mr.  RapKfon^s  method  feems  to  be  more  perfpicuous  and 
fcientifiek  than  the  other,  as  well  a».  In  fome  .degree^ 
\t^  laborious ;  and  therefore,  upon  the  whole,  I  think  it 
Referable  to  this  diff*erential  method  of  approximation, 
tib  well  as  to  that  of  Dr.  Haltey,  excepting  in  the  begin- 
tiiifig  of  the  refolution  of  an  equation,  or  when  we  are 
etideavouring  to  find  the  quantity  a%  or.  the  firft  near 
Valu^  of  4f,  which  is  afterwards  to  be  made  the  bafis,  or 
gtchmd-work,  of  a  further  approach  to  the  true  ralue 
i6f  K  by  either  Dr.  Halky's  or  Mr.  Raphfon*s  method  of 
Aji^foximation :  for  to  this  purpofe  I  think  th^  faid  di{- 
(ertotial  method  ,of  approximation  feems  to  be  remark- 
abl]r  well  adapted. 

Ari.  51.  And  in  this  ufe  of  the  faid  diflerential  method 
for  the  difcovery  of  n,  or  the  firft  near  yalue  of  x^  which 
16  to  be  made  the  bafis  of  a  further  approach  to  it's  tru4^ 
▼due  by  Dr.  Halley^s  or  Mr.  Raphfon's  methods  of  ap« 
proldtnation,  I  ihould  think  it  would  be  advifeable  td  ufe 
•8  many  figures  of  the  value  of  x^  obtained  by  it,  as  wb 
hare  re^on  to  think  are  exad,  or  nearly  exaA.  Thus, 
for  example,  in  refolying  the  foregoing  equation  14,9374? 
^  1998  4r^  +  8o«^  —  i^  SB  5odQi  I  think  It  would 

have 
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have  been  better  to  make  a  equal  to  the  number  12.758, 
confiding  of  five  figures,  obtained  by  the  firft  eafy  pro- 
portion of  I  to  X  —  12  as  5318  to  4036,  than  to' make 
it  equal  to  the  number  12.7,  confiding  of  only  three 
figures,  which  was  obtained  from  the  fame  proportion 
by  taking  only  the  firft  figure  0.7  of  the  quotient  of  the 
divifion  of  4036  by  5318.     For,  if  we  had  taken  a  equal 
to  all  the  faid  five  figures   12.758,  we  might,  by  the 
application  of  only  one  procefs  of  Mr.  Raphfon's  method 
of  approximation,  have  obtained  a  fecond  near  value  of  x 
that  would  have  been  exad^  to  at  leaft  eight  figures. 
And  by  this  union  of  this  differential  method  of  appro*, 
zimating  to  the  roots  of  high  equations  with  Mr.  Raplw 
fon's  method  of  refolving  them^  by  employing  the  former 
method  in  the  firft  ftage  of  the  refolution  to  obtain  to  as 
great  a  degree  of  exa£lnefs  as  one  prpcefs  of  the  faid 
differential  method  will  enable  us  to  find  it,  the  value 
of  a^  or  the  firft  near  value  of  the  root  fought,  and  then 
proceeding  to  make  ufe  of  <?,  or  the  near  value  of  the 
root  X  fo  obtained,  as  a  bafis  for  a  further  approximation 
to  the  true  value  of  the  faid  root  by  Mr.  Raphfon's  me« 
thod,  the  calculator  will,  as  I  conceive,  obtain  the  value 
of  the  root  fought  to  any  propofed  degree  of  exadnefs 
with  the  Idaft  trouble  and  the  leaft  perplexity  poflible. 

Art.  52.  I  will  obferve,  however,  that  the  leanied 
Dr.  Hutton,  of  Woolwich  Academy  (in  his  late  compen- 
dious colle£lion  of  trades  on  the  different  branches  of  the 
Matheniaticks  in  two  volumes,  oftavo,  drawn-up  for  the 
ufe  of  the  Cadets  in  the  Military  Academy  at  WoolwichJ 
recommends  this  differential  method  of  refolving  high 

equations 
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fqaations  by  approximation  (which  he  calls  Tie  Method 
of  Trial  and  Error^  or  The  Double  Rule  of  Falfe  Pofitiin^) 
fpr  the  compleat  refolution  pf  fuch  'equations,  indepen^ 
dentljr  of,  and  in  preference  to,  all  other  methods  of 
tefoiring  them  whatfoever.  *  ;  * 

End  of  the  Scholium  begun  in  Art,  44,  page  97. 

JrL  53.  The  foregoing  biquadratick  equation  t4f937«i^ 
—  3998  «4r  +  80  Jf'  —  x^  =  5000  has  three  other' 
loots,  or,  in  the  language  of  modern  Algebraifts,  thrde 
other  real  and  affirmative  roots,  of  which  the  leaft  is  le£i' 
dian  I,  and  is  equal  to  0.350,987)04,  &c,  and  the  other 
two  are  greater  than  30,  being  equal  to  32.060,290,  &€» 
and  34.832,280,  &c,  as  I  have  found  upon  an  ihveftiga- 
tioo  of  them  by  Mr.  Raphfon's  method  of  approtiiha* 
tion,  if  no  aiiftakes  have  been  niade  in  the  calcidatiods' 
that  were  neceflary  for  that  purpofe.  The  inveftigation. 
o£  the  leaft  of  thefe  three  roots,  to  wit,  0.350,987,04 
&C,  is  given  in  the  3d  volume  of  the  Scriptores  Logarithm 
«Mrf,  pages  722,  723,  724. 

Jfr.  Raphfon^s  Obfervaitons  on* Monjieur  de  Lagnfs  and 
'  Dr,  Halleys  claims  to  the  rhtrii  of  having  invented  their 
'  'Methods  of  refolving  Equatfdnpby  Approximation. 

Art.  54.  Before  I  co^cj^ude  this,  difcourfe  I  will  infert 
two  paflages  from  Mr^Il^iphfon's  appendix  to  the  fecond- 
edition  of  his  ingenious  and  ufeful  treatife  on  the  refo- 
lution of  equations  of  all  orders  by  approximation,  in* 
titled  Analyfis  JEquationum  Univerfalis^  in  which  he  puts-ia 

his  claim  to  the  merit  of  having  invented  this  method  of 

lefolving 


fdbhringttquttioas,  and  declares  that  he  had  hid  the  tskm0 
thought  which  Moniieur  de  Lagny  and  Dr.  Halky  afterv* 
wards  purfaed,  of  making  ufe  of  the  terras  that  invohro 
Ac  fquare  and  other  h^her  powers  of  the  anknowfli 
quantity  contained  in  the  transformed  equation,  in  ovdef 
to  obtain  the  value  of  the  (aid  unknown  quantity,  and 
coofequently  the  value  of  x^  or  the  root  of  the  original 
tqnation,  to  a  greater  degree  of  exaAnefs ;  but.  that» 
upon  mature  confideration,  he  had  laid  it  afide,  as  tcodiag' 
to  introduce  new  difficulties  into  the  inveftigation^  and  t» 
iBminilh  it's  perfpicuity  and  fimplicity.  His  words  are  a^ 
IpUows:  ^n  l)$minus  de  Lagny  kbrum  faeum  wiqtuum 
^fiikr^^  mc^n^t  prwfsus  mfeio*  ^ibus^a  tmdis  ma  Jb&m 
Jua  \9jus\  methoduif  fid  H  eiiim  ali€  quam  pluriwia^  eodtm 
prwrsus  procijk^  tt  perpetui  inde  derivati  gradtmm  fcM^ 
Htvemri  faffintp  hujuS'^^  appendicis  eftojiimdeni  idfur  quim 
ffij^mus  brevtffin^. 

Ipfe  tquidtm  dt  gradoAm  inferendiSf  quas  prihs  njearam 
in,  Tbtorenufte  Vietzo>  poujlatibus^  oHm  cogitaw  :  Jed  tamen^ 
fion  pro/ecuttif  fui  \  utpoie  qui  tnetbodum  m^am^  iarum 
omnium  fundament alenty  veluti  facilUmam  femper  exijiimam% 
Subfequenii  proceffu  earum  omnium  inventUnem  indag^rt. 
0iUibet  liceaU  See  Mr.  Raphfon's  Analifu  JEqmaikmum 
Univerfalit^  edition  2nd,  A.  D.  1697,  page  49.  And 
again,  in  page  55,  he  concludes  his  appendix  with  thefc 
words:  Innumeras  etiim  alias  methodos  et  abbreviationtSf 
aovarum  quidem  methodorum  nomine  injigniendas^  a£i^' 
venire  liceai  f  qua  tamen  omnia  fundamentaU  huic  fuperierum 
potejlatum^  imprimis^  rejeEHonis  methodo^  poJU&que  gradaitm 
reiinendarumy  innitantur.  Noftram  tamen  ftmplicijjimam 
fore  it  fadUimam^  cuivis  pateat. 

OF 


^ 
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^F  THE  EXTRACTION  OF  THE  SQUAiE-ROOT  OB 
A  GIVEN  NUMBER  BY  APPROXIMiiTION. 


A^.  55.  I  HAVE  now  acoempUihed  the  xk^tSt  I  had 
principally  ia  view  in  drawing-up  this  Appendix  to-  tlio 
foregoing  Trad  of  Dr.  Halky  \  which  was  to  make  a 
comparifon  between  his  method  of  refolving  cabiek  and 
odier  higher  aflle£led  equations  by  approximation,  Whick 
proceeds  by  the  refelution  of  quadratick  equatiions,  and 
Mr.  Raphfon's  method  of  refbhring  them,  which  proceeds 
by  the  refolntion  of  only  fimple  equation8«  And  my 
readers  wiH  now,  I  hope,  be  able  to  determine  for  tbeni« 
felves  ^^  to  which  of  the  two  methods  they  ought  to  give 
die  preference : ''  or,  if  tho  preference  ought  in  fooM 
cafes  to  be  given  to  Dr.  Halley's  method,  and  in  others 
to  Mr«  Raphfon's,  to  determine  ^  in  what  cafes  Di^ 
Halley's  method,  and  in  what  cafes  Mr.  Raphfon's  me« 
thod,  deferves  to  be  preferred/'  For  my  own  part,  E 
am  decidedly  of  opinion  (as  I  have  declared  above  in 
page  27,)  that  in  moil  cafes  Mr.  Raphfoii's  method  of 
approximation  will  be  found  more  convenient  than  D& 
Halley's,  though  there  may,  perhaps,  be  foipe  few  ocea* 
fions  on  which  it  may  be  expedient  to  have  rccourfe  to 
Dr.  Haltey's  method.  Now,  whenever  it  (hall  be  judged 
convenient  to  proceed  by  Dr.  Halley's  method,  it  mtiH 
evidently  be  ncceffary,  in  every  fcparatc  procefs  of  the 
approaimatiop,  to  extrafl  the  fquare-root  of  a   ^iveii 

number  % 


%u 


number;  and  in  the  fecond  and  other  following  prcv 
ceiTes  of  fuch  approximations  by  Dr.  Halley's  methody 
it  is  obvious  that  the  given  numbers  of  which  the  fquare* 
roots  muft  be  extra^ed,  will  be  very  long  numbers,  con- 
fining often  of  12  or  14,  or  16  or  more,  decimal  figures. 
In  thefe  cafes  therefore  it  may  feem  proper  to  inquire, 
whether  the  labour  of  extrading  thefe  fquare-roots  may 
Hot  be  leflened  by  applying  the  method  of  approximatibn 
^en  to  that  well-known,  and  not  very  difficult,  operation, 
inftead  of  performing  it  in  the  common  way :  becaufe  in 
€xtra£ling  the  fquare-root  of  a  number  in  the  conamoii 
way  we  obtain  only  one  new  figure  of  the  fquare-root 
fought  at  every  new  divifion  of  the  laft  remainder  by  the 
new  divifor  formed  by  doubling  the  root  already  found } 
whereas  it  may  be  fuppofed  that,  by  fome  of  the  mediods 
of  approximation,  we  might  obtain  feveral  new  figures  of 
the  root  fought  at  every  new  operation,  and  thereby  avoid 
much  unneceflary  labour.  Now,  in  anfwer  to  this  in* 
quiry,  I  believe,  it  may  fafely  be  affirmed,  that,  in  ge« 
neral,  it  will  be  found  mod  convenient  to  extra£l  the 
fquare-root  of  a  given  number  in  the  common  way, 
without  having  rccourfe  to  any  of  the  methods  of  ap- 
proximation ;  and  more  efpecially,  when  it  is  propofed 
to  extra£k  it  to  only  fix,  or  feven,  or  even  eight,  figures : 
and  further,  that,  if  ever  it  (hould  be  judged  expedient, 
when  the  fquare-root  has  already  been  found,  either  in 
the  common  way,  or  by  means  of  a  table  of  logarithms, 
exa£t  to  feven,  or  eight,  places  of  figures,  to  carry  the 
extraction  of  it  to  feven  or  eight  figures  more,  or  to 
fifteen  or  fixteen  figures  in  all,  it  will  be  much  better  to 

make  ufe  of  the  expreffion  a  +  — ,  which  is  afforded 


(    "3) 

iis  for  tills  purpofc  by  Mr.  Raphfon's  method  of  approxi^ 
mation,  and  is  derived  from  the  refolution  of  a  fimple 
equation,    than    to    have    recourfe    to    the    exprei&on 

a  +   7- ,    which  IS  given   us    above  by  Dr. 

2  aa  -{■   — 
2 

Halley  in  the  foregoing  trad,  page  9,  and  \t  derived 
from  the  contemplation  and  imperfe£l  refolution  of  si 
quadratick  equation.     Thefe  things  will  become  evident 

from  the  invcftigation  of  the  two  expreflions  a  +  — 

knd  a  + rr- ,  and  the  application  of  them  to 

zaa  +  — 

2 

the  extraftion  of  the  fqilare-rooi  of  a  particular  ntlm- 
ber  \  in  order  to  which  it  will  be  neceflary  to  give  a 
folution  of  the  following  Probleni. 


A    PROBLEM. 


jlrt.  56.  To  extrad  the  fquare-root  of  a  given  number 
by  approximation. 


SOLUTION. 


Let  the  given  number,  of  which  the  fquare-toot  is  to 

be  extradted,  and  which  we  will  fuppofe  to  be  greater 

.   than  1,  be  called  N;  and  let  it's  unknown  fquare-root 

be  called  Xi 

I  -  Then 
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Then  will  Jirx  be  =  N. 

Let  a  a  he  any  fquare  number  lefs  than  N^  of  which 
the  fquare-root  a  is  kno>vn ;  and  let  the  excefs  of  N 
above  a  a  he  called  bm 

Then  will  Nbc=aa-fi;  and  confequently  xxp 
which  is  =  N|  will  alfo  be  =  a  a  -f  ^  ;  and,  thereforet 
jc  will  be  =   v^/itf  +  *. 

Now^  Cnce  0  /z  +  ^  is  greater  than  a  a^  it  follows 
that  the  fquare-root  oi  aa  '\'  b  will  be  greater  than  the 

fquare-root  of  ^  ^ ;  that  is,  *^aa  -{-  b  will  be  greater 
than  a.    Therefore  x  will  be  greater  than  a. 

Further,  fince  x  is  greater  than  a^  let  it's  excefe  abore 
a  be  called  z. 

Then  will  .r  be  =  a  +  2,  and  confequently  x  x  will 
be  (=fl  +  2)*  =  flfl-|-2flz  +  2». 

But  ilf  AT    =    J  fl    -f-    ^. 

Therefore  a  a  '\-  2a%  -^  x%  will  alfo  be  =  a*  +  3; 
and  confequently  (fubtra£iing  a  a  from  both  fides,} 
2/7  2  +  2  2  will  be   =   b. 

But  2  is  much  lefs  than  a^  and,  ^  fortiori^  than  2  a« 
Therefore  2  2  will  be  much  lefs  than  2/72,  and  confe- 
quently 2  tf  2  alone  will  be  nearly  equal  to  2  j  z  +  <  2^ 

b 
or  to  b.     And  confequently  2  will  be  nearly  =  —  1 

and 


\ 
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b                      b 
tod  a  +  2  will  be  nearly  =  ^  +  ;    or  a  4-   

will  be  a  near  value  of  a  +  z,   or  a',  or  vfla  +  ^> 
or  //fM.  ct:  E.  I. 

This  cxprcflion  a  +  —  is  Mf.  Raphfon^s  approxi- 
mation to  the  value  of  '^au  -f  *,  or  VfN",  or  the 
fquarc-root  of  the  given  number  N.  It  is  evidently 
fomewhat  greater  than  the  truth \  becaufe  2az  +  zz 
is  =  b,  and  confequently  2az  is  accurately  =  b  "^^zz, 

b  zz 

and  z  is  accurately  =   —   — -  — ^  ,   which   is    lefs 

'  2a  za 

than  .     But  it  will  ufually  give  us  as  many  new  fi- 

gures  of  tf  +  2,  ot  the  value  oi  Vaa  +  bj  or  -v^'n,  or, 

-at  leaft,  as  many  new  figures  of  the  faid  root,  wanting 

'  one,  exaflly,  as  there  are  figures  in  a^  the  part  of  the 

root  that  is  alieady  known. 

The  Inveftigation  of  Dr.  Hafl^s-Expre/Jton  for  the  fame  ' 

Purpojh     . 

jtrt.  57.  The  approximation  to  the  value  of  Vaa  +  b, 

or  v^fN,  given  us  by  Monfieur  de  Lagnj  and  Dr.  HalJej> 

.-  *     -v  ^  ah 

18  fl  +  . — -— ,  or  tf  H ^ —  y   ox  a  + 

0  b 

2a   +  2aa  +    — ■ 

2a  2 

'7 ,  and  may  be  found  as  follows : 

I  a  Since 


(     116    ) 
Since  2az  +  zxis  =^  by  and  2az  +  %z  is  =  %  X 


2a  +  z,  we  (hall  have  zX2<z  +  z  =  ^>  and  confe- 


quently  z  = 


24    +    2 


But  z  is  nearly  equal  to  —  ,  as  we  have  feen  in  the 
laft  article. 


Therefore  : —  will  be  nearly  equal  to  r  • 

2a  +  X  '    ^  ^    b 

2a 

or  to  ,  %  or  to .      Therefore    z 

b  Aaa  4-  b 

2aa  +  —  ^ 

2 

(which  is  equal  to  ,)  will  be  nearly  equal  to 

b                                    ab                           2ab  . 
— ,   or  to   — ,  or  to  •.  ;    and 

t  b  Aaa  +  0 

2a  +  —  2aa  +  — 

2a  2 


confequently  a  +  z,   or  '^^aa  +  ^,  or   \/fNi   will  be 

,            ,                          b  ab 

nearly  equal  to  «  +  r-  >  or  to  a  + 


b  ' •  ^     b 

2a  +  2aa  +  — 

2a  2 

(which  is  Dr.  Halley's  expreflion,)  or  to  j  +    — p 

<^  X.  I. 


An.  58.  This  near  value  of  's/aa  -^  b  \s  always  lefs 

L 

than  t|ie  truth ;  becaufe  —  ( which  forms  the  fecond 

2a 

term 


(    "7    ) 

term    of  the   binomial    denominator   of  the   frafiion 

r 

7-  >)  ^  greater  than  z,  (or  the  fecond  term  of 

the  binomial  denominator  of  the  fra£iion  : —  y ) 

a^  +  s 

and  confequently  the  fraftion  7-    muft   be    left 

aa  +  — 

than  the  fraflion  •  and  a  +  ,      muft 

ta 
be  lefs  than  a  +  •    or    than    tf  +  s»    or 

3tf  4-  « 


^aa  +  by  or  ^IN.  <^  B«  p. 


j/r/.  59.  This  exprefllon  a  +  r-  ,  or  a  -h 

2if  +  — • 

r ,  or  «  +  r  I   will  approach  much 

2aa  +  — 

2 

nearer  than  the  former  expreffion  a  +  —  to  the  true 

la 

Yalue  of  */aa  -^  b.     But  it  will  be  much  more  difficult 

to  compute  than  the  expreffion  a  +  —  ,  .on  account  of 

the  much  greater  number  of  figures  in  the  denominator^ 

or  divifor,  2  ^  +  ,  or  2  a  a  +  ,  or  4  a  <j  -f  ^, 

than  in  the  denominator,  or  divifor)  2  a.     And  this  diffi- 
culty is  fo  great  when  ai%?L  number  confiding  of  feven,  or 

I  3  eight, 


(    ii8    ) 

eighty   figureSi    that    I    confider    ihis   expreffion  a  4* 

i  a  b  2  a  b 

i   I   or  tf  +   2:- ,  or  fl  +  pY  I 

as  of  very  little  ufc  in  thefe  cafes. 

A  Third  Exprejftcn  fcr  the  fame  Purpofi. 

Art.  60.  But  the  folution  of  the  foregoing  problen^ 
Vill  furnifh  us  with  another  cxprcfliou  for  the  value  of 

X)  or  ^am  +  b^  that  will  approach  almoft  as  nearly  to 
it's  true  value  as  the  foregoing  expreflion  a  4-  -: -.  ^ 

ab  ,  2ab  .  . 

or   tf   +   J- ,  or  tf  +  — T- ,  given  us  by 

aiifl  +  —  4^^T- 

MonfieuT  lie  Laeny  aud  Dr»  Hallcy,  and  will  be  fome- 
vhat  Icfs  ditficult  to  compute  than  that  expreflion  of 
Dr.  Hullcy,  thoug!i  n^uoh  mere  fo  than  Mr.  Raphfon's 

exprcfuon  *j  +  —  ^  a:;d  indeed  ioo  much  fo  to  make  it 

wonh  our  while  on  moit  occallcns  to  have  recourfe  to  it. 

Ihis  cxprciaon  1$  a   -4-  —   ,    ox  a  ^ 


2«i  ^a  a  2 « 


2  a 


«  « 


—        ,  or  .'   +   -'-   —   -—— y    and  may  be 

fv^H!\d  as  toilows: 


Si^.o  2  ^'  i   +   c  -  U  —   t^,  we  fliall  have    iiix    = 

b  2  C  a^m" 

b  —  %Zs  and  cottfcqucntlr  s  3k  —  _  H-  •    Therc- 

fore^ 


/ 

I 
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fore,  if  wc  fubftitutc  —  (which  is  nearly  equal  to,  but 

2a. 

fomewhat  greater  than   z)    inftead  of  z  in  the  term 

,  we  (hall  have  z  nearly  equal  to>  but  fomewhit 

^         b              bb              b                  bb 
greater  than,  —  —  ,  or  —  — •  '   m  ^ 

la 

b  ^  hb 

or  —  —  -^r —  •     Therefore   a  -{-  z   will  be  nearly 

equal  to»  but  fomewhat  greater  than,  a  4-  -< ^^ 

2  a 

bb                   ,      b                   bb  b 

,  or  fl  +  —  -^  ,   or  /J  + 


^aa         .  2a  2a  X  ^aa  2a 

2a 

^-^   -5—7  J  that  18,  *,  or  s/ a  a  -{r  b,  will  be  very  nearlf 

o  a*  ■ 

equal  to,  but  fomewhat  greater  than,  the  trinomial  quan« 

.  .       ^  bb  ,      b  bb 

tity  a  +   —  —  ,  or  a  +  —  -—  ^ 

*  2a  \aa  2a  2a  Y.  i^aa 

2a 
.        b  bb 

or  a  +   —  —  -5— Tf  <li  E.  I. 

2a  8fl' 


Note.  The  three  terms  of  this  laft  expreffion  a  + 
Q—T  are  the  fame  with  the  three  firft  terms 

2a  o  a* 

of  the  infinite  feries  for  exprefling  the  value  of  V^Ja+T^ 

or  aa  +  b]  h  derived  from  Sir  Ifaac  Newton's  binomial 
theorem. 

I  4  Jrt.  6x, 
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Art.  6i«  We  win  now  apply  thefe  diffetont  e^-* 
prefiions  to  the  invcftigation  of  the  fquare-root  of  the 
number  32,  or  25  +  7,  (in  which  25  anfwers  to  a^ 
and  7  to  b^  in  the  foregoing  general  expreffion  aa  +  b,) 
in  order  to  try  how  far  they  will  contribute  to  facilitate  * 
the  extraction  of  that  fquare-root.  And  that  the  ad- 
vantage arifing  from  the  ufe  of  them  above  the  common 
method  of  extrading  the  fquare-root  (if  ^ere  is  any 
iuch  advantage,)  may  appear  the  more  clearly,  I  irtH 
firft  exhibit  the  operation  of  extra£ling  this  fquare-root 
to  thirteen  places  of  figures  by  the  common  viethod. 
Now  this  extradlion  will  be  as  foliqws : 


Tii 
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yXf  Extraffipn  g/*  tte  Square-Root  ^  fhe  Numter  3  a  ijr 

the  Common  Method* 

25 


106)  7.00 
636 

J 125)  •6400 


J 1306)  77500 
67836 


113128)  •966400 
90^024 


1131365)  '6137600 
5656825 


ii3i3704)-48o-7?oo 
4S254816 

Il3i37o82)"2822684oo 
2a6274i64 

II3I370844) -5599423600 
45*548337^ 

11313708489)107394022400 

101  82337640  I 

ii3i37o84984)-557o64599900 

.  452^833993^ 

113 1 370849889)  1045162^996400 

1 01 82 33 7649001 

1 13 » 3708498982) -26928834739900 

*  22627416997964 

•4301417741936 


9& 
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* 

yZ^  Extraclton  of  the  Sfuare^Root  of  the  Number  32  bj 

Jpproximation   by   means   of  the  Exprejfion   a  +    

f^ven  us  for  that  purpofe  by  Mr.  Raphfon. 


Art.  62.  Let  it  now  be  required  to  find  a  near  value 
of  the  fquare-root  of  the  number  32^  or  25  -f  7,  by 

means  of  the  expreflion  a  +  —  found  above^  in  art. 569 

by  Mr.  Raphfon's  method  of  apprownation. 

Here  in  the  ift  place  we  (hall  have  0  a  =  25,  and 
4=71  and  therefore  a  will  be  =  <•  and  —  will  be 

<=  771  =  lt>  =  °'-   '^*"^"''  "  +  ^  '^ 

be  (=  5  +  0.7)  =  5.7  ;  or  the  fquare-root  of  aa  -|-  i, 
or  25  +  7,  or  32,  will  be  nearly  equal  to,  but  fomewhat 
}efs  than,  5.7.  q.  £•  i. 

Secondly,  fince  v^32  is  Icfs  than  5.7,  let  us  fuppofc  it 
to  be  nearly  equal  to  5.6,  and  let  us  raife  5.6  to  it's 
fquare,  in  order  to  difcovcr  whether  the  faid  fquare  will 
be  greater,  or  Icfs,  than  32,  and  confequently  whether 

5.6  is  greater,  or  lefs,  than  a/(32. 

Now  the  fquare  of  5.6  is  31.36;  which  is  lefs  than 
32.  Therefore  5.6  mufl  be  lefs  than  the  fquare-root 
of  32. 


(    ^^3    ) 

We  will  therefore  now  take  a  =  5,6.    And  wc  (hall 

then  have  ^a  =  31*36,  and  confe^ucutly  3  (=x  32.OQ 

,.      ,  ,     I     .  0.64  0.64 

^^  3I-36)  0.64,  and  (=    -r   =   ^    =s 

^    ^   '        ^  za    ^        a  X  5.6  II. a 

0.057,   and  J   +  —  (  -   5.6   +   0.057)    =  5.657, 

Therefore  5.657  will  be  a  third  near  value  of  the  fquare* 
root  of  (tf /ar  -h  *,  or  31. 36  +  0.64,  or)  the  propofed 
pumber  32.  q.  e.  i. 

Now  let  5*657  be  raifed  to  it's  fquare  in  order  to  dif- 
cover  whether  the  faid  fquare  will  be  greater,  or  lels, 
than  32,  and  confequently  whether  5657  itfelf  will  be 

greater,  or  lefs,  than  the  true  value  of  v^i32. 

Now  5.65'^*  is  =  32.001,649;  which  IS  a  little 
greater  than  32.     Therefore  5  657  is  a  little  greater 

than  the  true  value  of  v^r32.     We  will  therefore  fup- 

pofe  iv^lT^  to  be  between  5*657  and  5.656,  and  will 
raife  5.656  to  it's  fquare,  in  order  to  difcover  whether 
the  faid  fquare  will  be  greater,  or  lefs,  than  32,  and 
confequently  whether  5.656  will  be  greater^  or  lef$« 

than  ^^^32. 

Now  the  fquare  of  5.656  is  =  31.990,336  ;  which  is 
lefs  than  32  j   and  confequently  5.656  muft  be  leC| 

than  -/(Ja. 

We  will  therefore  now,  in  the  3d  place,  make  a  = 
5.656;  and  we  fiis|ll  then  have  aa  xs.  31.990,336,  an4 
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i(=  32.000,000  —  fl«  r=   32.000,000   —  31*990,336) 

=  o*ooo,664.    Therefore  —  will  be  ( =  —        '^  ^' 
^     ^  2a  ^        2  X  5.656 

s=    «J — 2! — i. )   =:  0.000,854,    and  confequentlj  a  + 

—  will  be  (=  5.656  +  0.000,854)  =  5-656,€54. 

Therefore  5*656,854  will  be  a  fourth  near  value  of  the 
fqoare-root  of  32.  (^  e.  i. 

This  fourth  near  value  of  the  fquare-root  of  32  is 
very  nearly  equal  to,  but  fomewhat  lefs  than,  it's  true 
value.  For  the  fquare  of  5«656,854  is  =  31*999^9971 
177,316,  which  is  lefs  than  32  by  the  very  fmaU  number 
0.000,002,8  2  2,684. 

Note.  If  we  had  cariied  the  divifion  of  6  hj  2  a^  tst 
of  0.009,664  by  1 1. 3 1 2,  to  two  figures  more  in  the 
quotient,  the  faid  quotient  would  have  been  0.000,854,31, 

and  confequently  a  +   wpuld  have  been*  (=  5.656, 

+  0.000,854,31)  =  5-5^>854,3i,  which  would  have 
been  greater  than  the  true  value  of  the  fquare-root  of  32^ 
or  fl  tf  +  ^,  agreeably  to  what  is  fliewn  above  in  art.  56. 
But  by  carrying  the  divifion  to  only  the  three  fignificant 

figures  0.000,854,  of  the  quotient,  the  value  of  tf  + 

is  kept  under  the  true  value  of  v^/j2. 

Since  5.656,854  is  lefs  than  the  true  value  of  v^fp* 
V-:e  will,  in  order  to  obtaii;i  a  nearer  value  of  the  faid 

fquare^ 


(      t2i      ) 

&)aare*root|  take  a  =  5.656,854.  And  wc  (hall  then 
have  aa  =  3i»999>997>i77>3i6,  and  b  (=  32  —  aa 
=  32.000,000,000,000  — '"  3I«999>997iI77j3i6)    = 

o.ooo,co2,822,684.     Therefore  —  will   be    (  = 

0.000,002,822,684  0.000,002,822,684.  ^ 

7-^Q  =    ^ — 3 )  =  0.000,000, 

2  X  5.656,854  ii.3<3»/o8 

249,492,  and  fl  4-   will    be    (  =     5.656,854    4- 

t 

0.000,000,249,492)  —  5.656,854,249,492;  that  is,  the 
fifth  near  value  of  the  fquare-root  of  the  number  32, 
obtained  by  this  fourth  procefs  of  Mr.  Raphfon's  method 
of  approximation,  will  be  5-656,854,249,492*      q.  £•  i« 

All  the  figures  of  this  number  5.656,854,249,492  are 
exa£t,  and  agree  with  the  figures  of  the  fquare-root  of  32 
as  obtained  above  in  art.  6 1 .  by  the  common  method  of 
cxtradling  it.  But  it  appears  to  me  that,  from  the  ne- 
ceflity  of  fquaring  the  feveral  fuccefEve  values  of  a,  in 
order  to  obtain  the  value  of  i,  or  32  —  ^  tf,  and  more 
cfpecially  that  of  fquaring  the  fourth  value  5.656,854, 
(which  confifls  of  feven  figures,)  and  from  the  number 
of  divifions  to  be  gone  through  in  order  to  obtain  the 

fucceffive  values  of  —  ,  and  likewife  from  the  variety  of 

la  '  ' 

new  fuppofitions  made  in  this  method,  and  the  reafotiings 

confequeht  upon  them,  there  is  more  time  and  trouble 

employed  in  obtaining  thefe  thirteen  figures  5*656,854, 

249,492  of  the  fquare-root  of  the  propofed  number  32 

by  this  method  of  approximation  than  there  is  in  ob- 

taining  them  by  the  common  method  of  extrading  the 

fquare-root  in  the  manner  exhibited  above  in  art.  6i. 

I  will 


/ 


i  ( =  31.000,000  - 

=  0'009,664.     Thcr 

0.000,6114.  . 
=   zi—l.)  =  0.0 

—  will  be  {=  5.656  ^ 

TTicrefote  5.656,854  will  .  • 

fquarc-root  of  32.  t 

This  fourth  near  value  oi 
very  ncaily  equal  to,  but  fom 
value.     For  the  ftjuare  of  5.6; 
177,316,  which  is  lefs  than  32  t 
0.000,002,822,684. 

Note.  If  we  had  canied  the  di 
<>t  0.009,664  by  11.312,  to  two 
quotient,  the  faid  quotient  would  ha 

and  confequently  a  +   —  wpuld  h: 

+  0.000,854,31)  =  5.C5.';,Rs^,3i,  ■ 
been  greater  than  the  true  value  of  the 
or  aa  +  i,  agreeably  to  wli;it  is  fliewn 
But  by  carrying  the  divifion  to  only  the 

figures  0.000,854,  °f  ^'"^  quotient,  the  71 

is  kept  under  the  true  value  of  ^/fji. 


Since  5.656,854  13  Icfs  thai^  t 
vc  wUi,  ill  order  to  obu 


I 


r  »»6  ) 

I  win  now  proceed  to  extra£l  the  fquare-root  of  ttiit 
£ime    number   32    by  means  of  the   expreflion    a  4» 

h  ah  \mh 

,  or  tf  +   r-,  or  fl  + 


la  +   —  2aa+ —  ^ 

%a  2 

given  us  by  Monfieur  dc  Lagny  and  Dr.  Halley  for  the 

near  value  of  the  fquare-root  of  aa  +  b. 


Thi  Extranion  of  the  Squarc-Rnot  cf  the  Numbtr  32  by 
jfpprcximation^  by  tneans  of  the  Exprejfion  given  us  for 
that  purpofe  by  Monfteur  de  Lagny  and  Dr.  Halley^  and 
i/ivrfligated  above  in  Art.  57. 


Jrt.  63.    Of   the   three   equivalent  expreflions   a  + 

b  .  ah  2ijb 

,  a  +  ,    and  a  + 


h  ,A  ±aa  +  b    ^ 

2a  +  2aa  +  —  ^ 

7a  2 


found  above  in  art.  57,  for  a  near  value  of  i^{aa  +  by  I 
take  the  firft  exprcffion,  a  +   —  ,  to  be  the  fit- 

2  d    -{■    

2il 

teft  for  calculation ;  becaufe  it  does  not  require  our 
multiplying  /'  into  Oy  in  order  to  obtain  the  quantity  a  b^ 
which    occurs    in    the    numerators    of    the    fractions 

ab               .       2a  b        ,       ^  .  -. 
T  and --7  m  tne  two  other  expreflions* 

/»  sLa  a  -jr  tf  * 

2aa  + -f        ^ 

2 

I  (hall  therefore  here  compute  the  near  value  of  the 

fquare- 
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fquare^root  of  32,  or  25  +  7,  or  a  a  -4-  by  by  meatu  of 
the  faid  firft  expreffion  a  +  


2a 


Now,  fincc  fl  fl  is  =  25,  and  i  is  =  7,  wc  (hall  have 
a  =  5,   and  —  (3=  — ^  =  -^ )  =  0.7,  and  la  + 

—  (^  2  X  5  +  0.7  =  10  +  0.7)  =   10.71  and  cott^ 


fcqucntly  7-  (=  — ^  )  =  0.6  <.     ThcnfoFe 

2^ 

«   +    T-  will  be  (=  5  +  0-65)  =  5.65 ;  that 

2a  +  

2a 

is,  the  fecond  near  value  of  the  fquare-root  of  32,  (ob- 
tained by  means  of  the  exprellion  a  +  -^ r-  ,  after 

2a  +  — 

2M 

fuppofing  it*3  firft  near  value  to  be  a,  or  5,)  will  be  5.65; 
of  which  all  the  figures  are  exa£l.  Q^  £.  i. 

This  value  we  know  to  be  Icfs  than  the  truth.    There- 
fore, to  obtain  a  third  near  value  of  //(32,  we  will  n\ake  ule 

of  the  fame  expreffion  as  before,  to  wit,  a  H r-  • 

2*11    +    

za 
only  making  a  (which  before  flood  for  5,  or  the  firft 

near  value  of  v^G^O  ^^^  fland  for  5.65,  or  the  fecond 
near  value  ^"132,  that  has  been  juft  now  obtained. 

.    Now, 


f  128  ) 

Now,  if  fl  b  =  5.65,  we  (hall  have  ad  =  (5.65!*) 
*=  31.9225,  and  i  (=  32  —  fl«  =  32.0000  —  31.9225) 

=   0.077c.     Therefore  —  will  be  (=   ' '  ^      = 

''^  .  za  ^        2  X  5.65 

"^fHA)  =  0.006,858,  and  2a  +  —  will  be  (=  11.3d 

+  0.006,858)   =   11.306,858,  and  — T-   will  b«l 

2-1  +  •— 

Y=r     ^'^^/o  »  )    =    6.006,854,24.     Therefore   a    -H 
^      11.306,858  ' 

will  be    (=    5.65    +   0.006,854,24)    = 


5.656,854,24 ;  that  is,  th^e  third  Hear  Value  of  thfc  fqUkrcfA 
root  of  the  number   32,  which  has  been  obtained  by 

means  of  the  expreffion   a  +  r-  ,    will    be 

za  -h 


20 


5.656,854,24 )  which  is  exa£l  in  all  it's  nine  figures. 

We  might  now  proceed  to  compute  a  fourth  near 
value  of  this  fquare-root  by  means  of  a  third  application 

of  the  expreffion  a  +  —-  ,    by  putting    a    =: 

2  J  +  — 
za 

5.656,854,24,  and  fquaring  the  faid  nuniber  in  order  to 

obtain  the  value  of  a  a^  and  then  fubtra£ling  the  faid 

fquare  from  32,  in  order  to  obtain  the  value  of  N  —  tf  tf, 

or  32  —  a0y  or  h\  and  by,  then,  dividing  ^  by  2  ^,  or 

2   X   5-656,854,24,  or  by  11.313,708,48^  and  adding 

tho^ 
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« 

'the  quotient,  (continued  to  eight,  or  nine,  figures,)  to 
2fl,  or  11.313,708,48,  and  dividing  b  by  the  fum  thence 
arifing,  and  adding  the  quotient  of  this  lad  divifion  to  a, 
or  5.656,854,24.     And,  if  we  were  to  do  fo,  the  near 

value  of  ^(32  thereby  obtained  would  be  exa£t  to  ay, 
or  26,  figures.  But  the  labour  of  the  calculation  would 
be  very  great ;  partly  on  account  of  the  fquaring  of  the 
long  number  5*656,854,24,   and  partly  on  account  of 

the  divifion  of   b  by  2  a  4*  —  >  which,  it  is  obvious* 

would  be  a  moil  tedious  operation,  becaufe  that  divifor 
would  be  a  very  long  number,  confiding  of  17  or  18  fi*^ 
gures.  And  therefore  I  confider  the  further  approxi* 
mation  to  the  value  of  the  fquare-root  of  32  by  means 

of  this  expreflion  a  +   ^ ,   as  being  perfeftly 

2a  +  — 
2a 

inexpedient,  and,  in  a  manner,  impraflicable. 

jtrt.  64.    It  remains  that  we  (hould  inveftigatc  the 
fquare-root  of  the  fame  number  32  by  means  of  the 

third  expreflion  a  +  —  —   rr— -  ,   which  co-incides 
*^  2a  8a^   ' 

with  the  three  firft  terms  of  the  infinite  feries  for  ex- 

prefling  the  value  of  "^aa  +  b^  or  a  a  -^  b]^^  derived 
from  Sir  Ifaac  Newton's  binomial  theorem.  Now  this 
may  be  done  as  follows  : 


K  ^ie 


\ 
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The  Extra^ion  of  the  Square^Root  of  the  Numier  J2  ly 

approximation    by   means    of  the   Trinomial   Exprejj^on 

h  bh 

a  +  — ^  —    ■fl-T' 


If  a  18  at  iirft  taken  equal  to  5,  (as  before,)  and  con« 
licquently  aa  ^  25,  and  i  (=  32  —  aj  =  32  — *  25  ^ 

=  7,  wc  Ibalthatc  a  +  -^  —  -^  (=  S  +       ' 


-  ,-«L^  =  5  +  X  _  49-  =  5  +  0.7  - 

8  X  125         ^  10         1000         ^  ^ 

0*049  =  5-7^^  —  0.049)  =  S^^S^'^  ^'^^  *s>  S'^S^t 
or  (dropping  the  laft  figure  I,)  5.65,  will  be  the  fecond 

near  ralue  of  ^ a  a  +  by  or  ^[25  +  7,  or  ^/fi^i  that  if 
obtained  by  this  firft  application  of  the  trinomial  ex« 

b  bb 

preffion  f  +  "^  —  "s^  •  <li  e.  i. 

Now  let  a  be  put  33  5.65.     And  we  {hall  then  have 
aa    {—    5.65!*)    a=    31.9225,    and    i  (=    32.OOOO 

-—  3i*92;25)    =  0.0775.    Therefore  —  will  be  (= 
oxTTJ^   =     ±£77L  )    =    0.006,858,40,  and   a  + 

2   X  5.65  11.30  »     J     *T    *  ^ 

. —  will  be  (=  5.65  +  0.006,858,40)  =  5.6565858,40$^ 

2a 

and  —  will  be  (=  A  x  -—  =  0.006,858,40)*)? 


(    t3i    ) 

6i:   0.000,047,037,650,560,0,  and   -r-r-    Will    bc    ( =: 

.     ^^'              o.ooo,047>037>6so,j6o,o ^        ^^^^^    ,^ 
*■  =    '  I  =  0.000,004,10 

&c ;  and  confequently  a  +   —  -^7-^  will  be  ( = 

^         '  2a  Sa^  ^ 

5-656,858,40  —  0.000,004,16  &c)   =   5*656,854,24; 

that  is,  the  third  near  value  of  the  {quare*rpot  of  32, 

which  is  obtained  by  this  fecond  application  of  the  tri* 

homial  expreflion  a+   — •   —   "q~T*   ^^^  ^    5 '65  6, 

854,24 ;   of   which  number   all  the  nine  figures  are 
exa£l.  q.  £.  i. 


t£  we  were  to  carry  this  approximation  one  ftep  fur« 
ther^  by  taking  a  =  5*656,854,24,  and  computing  a  a 
and    32    —   aa^   or   b,    and   the   trinomial  expreiBon 

b  -  hh  h  bb 

a  +    —    —    --— -  ,    or    a    +    —  -^    ,    we 

za  8  tf^  la  ^aa 

%a 

ihould  obtain  the  value  of  the  fquate-root  of  32  exa£l 

to  2^g|r  27,  figures.     But  the  labour  of  computing 

^^vv                                          b               b  b 
the  mmA  and   third   terms     -* —  and    ,   of  this 

%  2a  ^aa 

cxprefTion  to  that  number  of  figures  would  be  very  great, 
though,  I  believe;   not  quite  fo  great  as  that  of  com- 

podiig  ■    ■      ,    (or  the  fecond  term  of  the  ex- 

2  a  +  — 

2a 

preflion  a  +    r"  given  by MonGcurdeLagnyand 

2a  +  — 
2a 

K2  Dr. 
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Dr.  Hallej  for  the  fame  purpofe.)  to  the  fame  number 
of  figures.  I  fliould  therefore  confider  both  thefe  ex- 
prefHoDs  in  this  cafe  as  unfit  for  practice,  and  fliould 
think  it  would  be  much  more  advifeable,  if  the  fquare- 
root  of  32  was  required  to  be  found  exacUy  to  more 
than  the  nire  fgures  5-6569854,24  already  difcoTcred, 
to  find  the  next  nice  figures  of  it's  value  either  bj  com* 
puting  Mr.  Raphfon's  much  fimpler  and  eafier  expreflHon 

h 
a   +    —  9  or  b J  continuing  the  extni£lion  of  it  hj  the 

common  method  to  that  extent. 


yfrt.  65.  And,  indeed,  from  all  thefe  trials  of  thefe 
different  expreflF.ons  for  approximating  to  the  ralue  of 
the  fquare-root  of  a  given  number  N,  or  i?  tf  -h  ^9  I  sutt 
inclined  to  conclude  that,  in  performing  the  e'xtra&ionsof 
the  fquare-roots  of  given  numbers  which  are  neceffary  in 
Dr.  Halley's  methcd  of  refolving  high  affecled  equations, 
it  will  almofl  always  be  found  eafier  and  more  conve- 
nient to  proceed  by  the  common  methcd  of  extrafiing 
them  than  to  have  recourfe  to  either  of  the  lllfet  ex- 
prellions    above  mentioned,    not    excepting    evei^Mr. 

Raphfon's  fimple  expreflion  a  +  . 

End  of  the  Obfervations  en  the  ExtraBion  of  the  Sfumt' 

Root  of  a  gizen  Number  by  the  Methods 

of  jlpprcximaiicn. 


A  ME- 
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A  METHOD  OF  DISCOVERING  WHETHER  THE 
THREE  EQUATIONS  THAT  HAVE  BEEN  RE- 
SOLVED IN  THE  FOREGOING  ARTICLES  HAVE 
ANY  OTHER  ROOTS  BESIDES  THOSE  ABOVE 
INVESTIGATED. 


^\ 


Of  the  Number  of  Roots  in  the  Culich  Equation  ;if^  —  17  ** 

+  54*  =  350- 
jirt,  66.  The  firft  of  the  three  equations  that  have 
been  refolved  in  the  foregoing  articles  is  the  cubick 
equation  x^  —  17^*  +  54^:=  350,  of  which  wc 
have  found  one  root  to  be  =  14.954,068,61.  Now, 
as  there  arc  two  changes  di  the  figns  +  and  —  prefixed 
to  the  terms  that  form  the  left-hand  fide  of  this  equation, 
it  may  be  fufpedied  that  there  may  be  either  one  or  two 
more  roots  to  it,  or.  values  of  x  that,  being  fubflituted 
inftead  of  x  in  the  trinomial  quantity  x^  —  17-*"  +  SA^y 
will  make  the  faid  quantity  be  equal  to  350,  or  the  ab- 
folate  term  of  the  faid  equation.  This  therefore  is  a 
matter  which  ought  to  be  inquired-into  and  determined, 
before  the  refolution  of  the  equation  can  be  confidered 
as  quite  compleat. 

Art.  67.  Now,  if  this  equation  has  another  root,  that 

root  muft  be  either  greater  or  lefs  than  14.954,068,61, 

or  (omitting  all  the  figures  of  this  root  except  the  three 

firft,  14.9,  in  order  to  leflen  the  labour  of  the  following 

calculations,)  lefs  than  14.9.  ,  Let  it  firft  be  fuppofed  to 

be  greater  than  14.9,  and  to  be  called  c\  and  let  b  be 

put  =:   14.9, 

K2  Then 


(    U4    ) 

Thcn'wc  (hall  have  ^*  —  17**  +  54*  =  35a, 
and  alfo  r *  —  17^*  +  54^  =  350 ;  and  coniequently 
c*  —  17^*  +  54^  will  be  =r  ^*  —  17  i*  -I-  54^. 
Therefore  (adding  17^^  to  both,  fides)  we  fliall  hare 
r*  +  54^  =  A*  +  17  r*  —  17**  +  54  *>  and  (fub- 
tra^ing  ^'  +  54^  from  both  fides)  r*  —  i*  +  54 * 
—   54*  =   17  r*  —   17*%   or  ^'    —    *»   +   54    X 


J   -^3 


c-^h  =   17   X  /»  —  **.    Therefore    — —r-    +    54 


X  ' — 7-  will  b«  =   17  X  ^ 7-  ,  or  r*  +  r*  +  A* 


+    54   will  be    =17    X   r  +  A   =    17  tf    +    17*. 
Therefore  (fubftituting  14.9  inltead  of  t,)  c*  +   14.9 

X  r  +  14^*  -f  54  will  be  =  17  f  4-  17  X  I4.9> 
that  is,  r*  -H  14.9  X  r  +  222.01  +  54  will  be  =  17^ 
+  253.3.  Therefore  (fubtra£Ving  222.01  from  both 
fides,)  we  (hall  have  r*  +  14.9  X  r  +  54  =  17  c  + 
31.29,  and  (fubtrafling  31.29  from  both  fides)  r*  + 
14.9  X  f  -4-  22.71  =  17  f,  and  (fubtrafting  14.9  c 
from  both  fides,)  r*  +  22.71  =2.1  X  r;  that  is,  the 
fum  of  r'  and  22.71  is  equal  to  2.1  X  c.  Therefore  c* 
alone  muft  be  lefs  than  2.1  X  r,  and  confequently  (di- 
viding both  fides  by  r,)  c  muft  be  lefs  than  2.1.  But  c 
was  fuppofed  to  be  greater  than  b,  or  14.9,  which  is 
much  greater  than  2.1.  Therefore  c  or  the  fuppofed 
fccond  value  of  x  in  the  equation  ;tf'  —  1 7  ;r*  —  54  * 
=  350  will  be  both  greater  and  lefs  than  2.1  5  which  is 
impoflible.  And  this  impofTible  conclufion  followed 
from  the  fuppofition  that  the  equation  x^  —  17  x"  + 
£4  ;r  =  350  had  another  root  r^that  was  greater  than  b. 
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or  I4*9*  Therefore  that  fuppofition  was  a  falfe  fuppofi- 
tiotii  and  the  faid  equation  cannot  have  any  other  root 
that  is  greater  than  14.9. 

jtrt»  68.  It  remains  that  we  inquire  whether  the  faid 
equation  cannot  have  another  root  befides  ^,  or  I4>9> 
diat  (hall  be  lefs  than  14.9. 

Now,  if  this  be  poflible^  let  the  faid  r(}ot,  that  is  lefs 
than  by  or  14*91  ^^  called  a* 

Then  we  (hall  have  b^  —  17  i*  +  54*  =  350,  and 
fl*  —  17^?^  +  54^j  =  350,  and  confequently  b^  —  17^* 
+  54*  =  fl^  —  17  fl*  +  54  tf.  Therefore,  (adding 
17  **  to  both  fides,)  we  (hall  have  ^^  +  54  4  =  <j*  + 
17  i*  —  ija*  -f  54  tf,  and  (fubtr^fting  ^^  +  540 
from  both  fides,)  A'  —  a'   +   54 4  —   54/?  =    17^2 

^  17  a\  or  i'  —  fl*  +  54  X  4-^tf  =  17  X  4*  -  'fl% 

Therefore  -r-^^^ —  +  ^4  X    ,""      will  be   =    17   x 
b  ^  a  ''  ^—  <i  - 

-T ;  that  is,  i*  +  *^i  4-  fl^j  +  54  will  be  =  17 

X  *  +  fl=i7i  +  i7^i;or  (fubftituting  14.9  inftead  of  i 

in  this  equation)  14.CI  *  +  14.9  X  fl  +  fl  ^  +  54  will  be 
*=  17  X  14.9  +  17  <i,  or  222.01  +  14,9  X  A  +  aa 
+  54  will  be  =  253.30  +  17  ^i.  Therefore  (fubtrading 
222.0I  from  both  fides,)  we  (hall  have  14.9  X  a  -^  aa 
+  54  =  31-^9  +  17^,  and  (fubtrafting  31.29  from 
both  fides,)  14.9  X  tf  -4-  fl/j  +  22.71  =  17  j,  and 
(fubtraAing  14.9  x  a  from  both  fides,)  aa  ^'  22.71 
=  2.1    X  a;    and,  laftly,  (fubtrafting  a  a  from  botl^ 

fides,)  2.1   X  tf  -^  flfl  =  22.71,  or  aT^  X  a  =3 

K;  ^  22.71 1 
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22.71  \  that  IS,  the  produ£l  of  the  multiplication  o( 
2.1  —  a  into  a  will  be  equal  to  22.71.  But  the  greateft 
poflible  produ£t  of  the  multiplication  of  2.1  —  a  into  4 
is  the  fquare  of  half  2.1,  or  the  fquare  of  1.05,  wjiich 
is  I.1025,  Therefore  it  is  impoflible  that  the  binomial 
quantity  2.1  a  — ^  a  (hould  be  equal  to  22.71,  And 
this  impofTible  conclufion  has  been  regularly  deduced 
from  the  fuppofition  that  the  equation  x^  —  1 7  j:*  + 
54.;if  =  350  had  another  root  befides  14.9,  that  was  lefs 
than  14.9.  Therefore  that  fuppofition  was  a  falfc  fup- 
poGtion,  and  the  faid  equation  x^  —  ly  x^  +  54  .r 
=  350  cannot  have  any  root  befides  I4.9>  that  is  lefs 
than  14.9. 

But  it  was  (hewn  before,  that  the  fald  equation  cannot 
have  any  root  befides  14.9  that  is  greater  than  I4.9. 

Therefore  the  faid  equation  cannot  have  any  other 
root  whatfocver  befides  14.9,  or  14.954,068,61  ;  and 
therefore  this  number  will  be  it's  only  root.  Qi  k.  i. 

Another  Method  of  proving  that  the  Equation  x'*  —  1 7  x* 
4-  54»r  =  350  has  no  other  Root  but  the  Root 
14.954,068,61,  thiit  has  been  already  found. 

Art,  69.   In  the  two  foregoing  articles   it  has  beep 

(hewn  that  the  equation  x^  —  i?**"'  +  54*?  =  35^ 
cannot  have  any  othef  root  befides  14.954,068,61,  or 
14.9,  by  proving  that,  if  it  were  fuppofed  to  have  any 
other  root,  either  greater  or  lefs  than  14.9,  an  imr 
poifible  conclufion  would  follow  from  fuch  fuppofition. 
This  indiredl  way  of  proving  a  propofition  is  not  quite 
fo  fatisfa£tory,  or,  at  leafl:,  fo  pleafing  to  the  mind,  as  a 

dire£t 
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diteO:  proof.  I  will  therefore  now  endeavour  to  provi} 
the  fame  thing  in  a  direft  manner,  by  (hewing,  ift,  that, 
if  we  fuppofe  x  to  increafe  from  14.9,  or  b,  to  any 
greater  quantity  ^,  which  exceeds  14.9,  or  b,  by  the  dif- 
ference dy  the  fum  of'  the  increments  received  by  the 
trinomial  quantity  x^  —  17**  +  54  ;c,  or  ^*  -^  1 7  ^* 
+  54  ^>  during  the  increafe  of  a?  from  h  to  c,  or  ^  +  J, 
will  be  greater  than  the  fum  of  the  decrements  which  it 
will  fufFcr,  or  tlie  fum  of  the  quantities  that  will  be  fub- 
trafted  from  it,  and  confequently  that  the  faid  trinomial 
quantity  x^  —  ij  x'  +  54  .r  (which  will  then  be  equal 

to  c^ —  17 f^  +  540  or"*  +^3  —  17   X  B  +  //V   + 


54  X  b  +  d)  will,  upon  the  whole,  be  greater  than  it 
was  before,  or  than  the  abColute  term  350,  and  confe- 
quently that  r,  or  ^  +  d,  will  not  be  a  root  of  the  equa- 
tion  x^  ' —  i7;r^  +  54Ar  =  350;  and  by  (hewing, 
2ndly,  that,  if  we  fuppofe  x  to  decreafe  from  14.9, 
or  by  to  any  le(rer  quantity  ^,  which  falls  (hort  of  b  by 
the  difFerende  dy  the  fum  of  the  increments  received  by 
thiC  trinomial  quantity  x^  —  i*j  x^  +  54  a*,  or  b^  — 
17^*  +  54- ^>  during  the  decreafe  of  x  from  b  to  a^ 
or  b  ^  dy  will  be  lefs  than  the  fum  of  the  decrements 
it  will  fufFer,  or  the  fum  of  the  quantities  that  will  be 
fubtra£ted  from  it,  and  confequently  that  the  faid  tri- 
nomial quantity  x^  —  17^*  +  54  jr  (which  will  then 

be  equal  to  a^  r-    17/3*  +   54 /?,  or  ^  —  ^/^  ^  —  17   X 


b  —  d]*  +    17    X  b — '  dy)    will,    upon   the  whole,   be 

lefs  than  it  was  before,  or  than  the  abfolute  term  350, 
and  confequently  that  tf,  or  i  —  d^  will  not  be  a  root 

of 
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of  the  equation   x^  —  17  a*  +  54  at  =  350.    Thefe 
things  may  be  proved  in  the  manner  following  : 

Art.  70.  If  jr  is  fuppofed  to  increafe  from  B,  or  14.9, 

to  r,  or   i  +  d,   the    trinomial   quantity    x\ —  17** 

■  +  54  •*">  will  be  changed  from  P  —  1 7  i^  +  54  ^  to 

^1  —  17c*  +  54^,  or  A +71'  —  17  X   A"+^*  + 

54   X  b  +  dj  or  **  +  3*'rf  +  3^^'  H-  rf>—  17  X 

i*  +  ibd-k-  rf*  +  54  X   i  +  rf,  or  i*   +    3*'</  + 
3i^»   +  rfi  _   lyi*   -^  '2^hd  —   17^*   +   54 J 

-I-   CA  //.  or 


+  54  ^,  or 


{h'  + 
-I7A*- 


h^  +  3^*^  +  3*rf*  +  </» 

24.bd  -^  ij  d^  y  i    which 

54  J 


contains  the  trinomial  quantity  i^  —  17^*  +54^ 
(which  is  equal  to  350)  together  with  the  four  quantities 
3  />*rf,  3  /;i%  d^y  and  54^/,  which  tltv  marked  with  th^ 
fign  4-,  or  are  added  to  b^  —  17  b^  +  54^,  and  confe- 
quently  tend  to  increafe  it,  and  the  two  quantities  34  i  rf 
and  17  </*,  which  are  marked  with  the  fign  — ,  or  are 
fubtrafted  from  b^  —  ij  b^  4-  54^,  and  confequently 
tend  to  diminiOi  it.  We  muft  therefore  demonflrate  that 
the  fum  of  the  four  quantities  3  i^^,  3  bd*,  d*^  and 
54  d  will  be  greater  than  the  fum  of  the  two  quantities 
34  A  i  and  17  </^ 

yfr/.  71.    Now  the  quadrinomial  quantity   ^b^d  + 
3ii/*   +  J»  +  54^  Is  (=r  3  X  ii'.'gV  X  rf  +  3   X 

14.9 
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But  720.03  X  ^  is  greater  than  506.6  X  d,  and 
44.^7  X  d^  is  greater  than  17  rf*.  Therefore  the  bi- 
Romial  quantity  720.03  X  i  +  44.7  X  i/*  will  be 
greater  than  the  binomial  quantity  506.6  X  rf  +  17  £/*• 
Therefore,  h  fortiori^  the  trinomial  quantity  720.03  X 
d  +  44.7  X  d^  -ir  d^  will  be  greater  than  the  binomial 
quantity  506.6  X  rf  +  17  d.  Therefore  the  quadrl- 
nomial  quantity  3^^^  +  3*rf*  +  d*  +  54  rf  (which 
is  equa\  to  the  trinomiafl  quantity  726.03  X  d  +  44.7 
X  ^^  +  dij)  will  be  greater  than  the  binomial  quan- 
tity 506.6  X  d  +  IT  dy  and  confeqnently  than  it's 
equali  the  binomial  quantity  34  ^^  +  JJ  d\  There- 
fore the  trinomial  quantity  F+5]*  —  17  X  ^ +^  * 
+  54  X  A  +  rf  will  be  greater  than  the  trinomial 
quantity  b^  —  17  ^*  +  54  ^j  oi"  ^^  abfolute  term  3505 
and  confequently  r,  or  i  +  d,  cannot  be  a  root  of  the 
propofed  equation  .r'  —  j  7  jr*  +   54  *•  =  350. 

Art.  72.  Secondly,  if  x  is  fuppofed  to  decreafe  from  i, 
or  14.9,  to  J,  or  b'-^dy  the  trinomial  quantity  x^  *.— 
IT  x^  +   54^^  will  be  changed  from  b^  «—  17  A*  -f-  5^^ 

to  flV —  17  fl*  +  54  tf,  or  A --^*  —   17  X  A-^*  + 


J4  X  A  r-  J,  or  i'  —  3*V  -^  3  *  J*  —  i/»  ^  17  X 
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**  — 2/^^-H  i/*  +  54  X  *  — ^,  or  A^  —  3*^  4- 
jirf*  _  Ji   _    i7^»  +  34AJ  _    17J*    +    545 

—  54  rf,  or 


P  ^  ^bd  +  3* J*  —  ^' 

lyrf^  I  ;    which 


{^1  _  ^b  d  + 
+  54*    -  54^ 


contains  the  trinomial  quantity  b^  —  17  A*  +  54  A 
(which  is  equal  to  350,)  together  with  the  four  quan- 
tities 3  i*  </,  J%  1 7  rf%  and  54  </,  which  are  nurkcd 
with  the  (ign  — ,  or  fubtra£led  from  the  quantity 
A*  —  1 7  A*  +  54  ^,  and  confequently  tend  to  diminifli 
it>  and  the  two  quantities  '^bd'  and  34  b  d^  which  are 
marked  with  the  fign  + )  or  are  added  to  the  quantity 
i\—  1 7  i'  +  54  by  and  confequently  tend  to  increafe 
It.  We  muft  therefore  demonftrate  that  the  fum  of  the 
four  quantities  3/'*^/,  d\  ly  d\  and  54  J,  which  are 
marked  with  the  fign  — ,,  is  greater  than  the  fum  of  the 
two  quantities  ^b  d^  and  34  b  d,  which  arc  marked  with 
the  fign   +• 

j^rt,  73.  Now  the  quadrinomial  quantity  3  i'^//  +  J* 

+  17^'  +  54//  is  (  =  3  X  ivi?'^  X  d  +  d'  -i- 
I7</*  +  54  J  =:  3  X  222.01  X  //  +  ^^  4-  17^  + 
54  J  =  666.03  X  d  -i-  d^  •+■  17  J*  +  54^y  =  720.03 
X  //  +  17^/*  +  d'' 'i  and  the  binomial  quantity  3*^/* 
+  34/^//  is  =  3  X  149  X  //^  4-  34  X  14.9  X  rf)  = 
44.7  X  fi^^  +  506.6  X  d.  'rhercfore,  if  we  can  Ihcw 
that  the  trinomial  quantity  720.03  X  d  -{-  i-jd+d^ 
is  greater  than  the  binomial  quantity   44.7    X   ^*   + 

506.6 
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J06.6  X  J,  or  506.6  X  rf  +  44.7  X  d\  it  will  follow 
that  the  quadrinomial  quantity  3^*J  +  d^  -f-  17^* 
+  54  will  be  greater  than  the  binomial  quantity  ^id* 
+  34  3</i  and  confequently  that  the  trinomial  quantity 

flj  —  17^*  -H  S4J,  of  r^d]i  —  17   X  b  -^dY  + 

54  X  ^  —  J,  will  be  Icfs  than  the  trinomial  quantity 
4i  —  lyj*  -J.  54^^  or  than  the  abfolute  term  350  of 
the  propofed  equation  jt*  —  17;^^  +  54-^  =  3SOj  and 
confequently  that  a,  or  ^  -—  J,  cannot  be  a  root  of  die 
faid  equation. 

jirt.  74.  Now  that  the  trinomial  quantity  720.03  X  d 
+  ij  d^  +  d^  muft  always  be  greater  than  the  binomial 
quantity  506.6  X  d  +  44.7  X  d^  may  be  demonftrated 
as  follows : 

The  trinomial  quantity  720.03  X  rf  +  17^*  +  ^' 
will  be  greater  than  the  binomial  quantity  506.6  X  J  + 
44.7  X  ^*  if  the  quotient  of  the  diviGon  of  the  former 
quantity  by  d  is  greater  than  the  quotient  of  the  dividon 
oiF  the  latter  quantity  by  </,  that  is,  if  the  trinomial 
quantity  72003  +  17^/  +  rf*  is  greater  than  the  bino- 
mial  quantity  506.6  +  44.7  X  d.  We  muft  therefore 
demonftrate  that  the  trinomial  quantity  720.03  +  ij  d 
+  dd  is  greater  than  the  binomial  quantity  506.6   + 

44-7  ^  ^- 

Now  the  trinomial  quantity  J20.03  +  I'j  d  +  dd 
will  be  greater  than  the  binomial  quantity  506.6  + 
44.7  X  dy  if  720.03  —  506.60  +  iTd  +  dd  is  gr.eater 

than 


\.  . 
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than  44.7  X  rf,  or  if  720.03  —  506.60  +  rf  J  is  grcatef 
than  44.7  X  J  — »  17^/,  or  if  213.43  +  dd  is  greatct 
than  27.7  X  Jj  or  if  213.43  is  greater  than  27.7  X  J 
—  rfrf,  or  than  .27.7  —  J  X  ^/.     But  the  greateft  poffibfe 

magnitude  of  27.7  — 3)  X  d  is"  the  fquare  of  half  27.7^ 
or  the  fquarc  of  13. 85^  which  is  lefs  than  the  fqusffe  of 
14,  or  than  196.     Therefore  213.43   (which  is  greatct 

than  196,)  muft  be  greater  than  27.7  -*-  ^^  X  rf,  or  than 
27.7  X  d'-^dd'f  and  confequencly  the  trinomial  quan- 
tity 720.03  +  17  //  +  dd  will  be  greater  than  the  bin«* 
mial  quantity  506.6  +  44.7  X  dy  and  the  trinomial 
quantity  720.03  X  d  +  ij  d*  +  d^  will  be  greater  than 
^  the  binomial  quantity  506.6  X  d  -^  44.7  -^  dd. 

J^  <^  £•   D. 

It  appears  therefore  that  neither  h  •{-  d^  nor  b  —  d^ 
that  !S,  that  no  quantity  either  greater  or  lefs  than  b^  or 
14^,  or  14.954,068^61,  can  be  a  root  of  the  propofei 
equation  at*  —  17  a:*  +  54  at  =  350. 

Of  the  Numler  of  Roots  in  the  Biquadratick  Equation 
.r*  -^  3j:.r    -f    75*1:   =    10,000. 

Art.  75*  We  wiH  next  examine  the  fecond  equation 
above-refolved,  to  wit>  the  biquadratick  equation  *♦  — 
3  AT*  +  75  X  =  10,000^  of  which  we  have  found  one  root 
to  be  =  9.886,002,70,  and  will  proceed  to  inquire 
whether  the  faid  equation  has,  or  has  not,  any  other 
root,^  or  whether  there  is  any  other  qunntity  beCdef 
9.886,002,70,  which,  being  fubftituted  inflcad  of  x  in 
the  trinomial  quantity  a'^  —  3^?*  +  75  x,  will  make  that 
quantity  be  equal  to  the  abfolute  term  io,coo. 

How 
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Kow  this  inquiry  may  be  made  with  refptft  to  (kii 
equation  with  great  eafe  and  brevity  in  the  following 
manner : 

If  X  is  fuppofed  to  increafe  from  O  ad  infinitum^  it  is 
evideiit  that,  while  x  is  lefs  thah  i/3,  and  x  x  is  confe- 
quently  lefs  than  3,  x^  will  be  lefs  thafi  3  ^  ;r,  and  confe* 
qiiently  the  whole  trinomial  quantity  ;ir*  -—  3  i  *•  +  75  x 
toiift  be  lefs  thsln  75  x.  But,  Ivhile  x  is  lefs  than  v^3, 
TSx  will  be  lefs  thah  75  k  V3,  or  75  X  1.732,  &c, 
or  12^.9.  Thfctefore,  while  x  is  lefs  than  a/3,  the  whole 
fHnotnial  quantity,  (which  is  lefs  than  75  ;r,)  will,  i  for-' 
t'lort^  be  lefs  than  129.9,  ^nd  therefore  will  be  much  lefs 
than  10,000,  or  the  abfolute  term  of  the  equation 
**• —  3^^  +  75*  =  10,000.  Therefore  it  is 
plain  that  no  quantity  lefs  than  i'731f  or  V3,  can 
be  a  root  of  this  equation.  And,  when  x  is  greater 
tiban  n/31  and  x  x  \^  greater  than  3,  it  is  evident  that 
x^  muft  be  greater  than  3Ar;r,  and  that,  while  xx 
increafes  from  3  ad  infinitum^  the  compound  quantity 

3^  —  2XX  (which  is  =  xAf  X  xx  —  3  )  will  increafe 
continually  at  the  fame  time  from  o  ad  infinitum^  and  the 
third  term  75  x  will  like  wife  increafe  continually  from 
75  ^  '^S  ^  infinitum.  Therefore  the  fum  of  thefc 
two  quantities  ;r*  — .  3  4r;r  and  75  ;r,  that  i^f,  the  trinomial 
quantity  ^  —  3J«fA;  +  75*',  will  likewife  increafe  from 
(o  +  75  X  ^3,  or  from)  75  X  V3  ad  infinitum  without 
'  ever  decreafing,  and  therefore  will  once,  and  but  once, 
become  equal  to  any  propofed  quantity  whatfoever  that 
b  greater  than  75  X  ^^3,  and  confequently  will  once, 
and  but  once,  become  equal  to  iO|0OO^  or^'e  abfolute 

term 


(    H4    ) 

Mtn  of  the  equation  *♦—  34:^  +  75  j?=  lo^dcb; 
or^  in  other  words^  that  equation  will  have  one^  and  bat 
one,  root.  (^  ^*  ^• 

This  eafy  method  of  proving  that  this  equation  can 
have  only  one  root  was  fuggefted  to  m^  by  the  ingenious 
Mr.  JFilliam  Frendy  Fellow  of  Jefus  College,  Cambridge, 
and  author  of  a  valuable  Treatife  on  Algebra  in  one 
volume,  o£tavo^  intitled  Principles  of  Algebra^  in  which 
he  has  explained  the  fubjedt  in  a  very  clear  and  fcientifick 
manner,  and  without  any  mention  of  the  obfcure  and 
ufeleGs  doi^rine  of  negative  quantities,  or  quantities  left 
than  nothing,  or  quantities  obtained  by  fubtra£ling  a 
greater  quantity  from  a  lefler. 

Of  the  Number  of  Roots  in  the  Equation    14,937*  — * 
1998  x;r  +   iox^  ^^  x^   =   5000. 

Art.  76.  We  will  laftly  examine  the  third  equatioitf 
above -refolved,  to  wit,  the  equation  14,937  x  —  1998  iTjt 
+  80  AT*  —  jf*  =  5000,  and  inquire,  whether,  or  not, 
it  has  any  other  roots  befides  the  root  above  found,  to 
wit,  12.756,441,794,480,744,022. 

Now  let  b  be  put  for  the  root  12,756,  &c  that  is 
already  found,  or,  rather,  for  the  whole  number  13, 
(which  is  nearly  equal  to  it,)  in  order  to  facilitate  the 
calculations  which  we  fhall  have  occafion  to  make  in.  the 
courfe  of  our  inquiry.  And  let  us  then  fuppofe  x  to 
increafc  from  13,  or  ^,  to  fome  greater  quantity  which 
we  will  call  r,  and  which  (hall  exceed  the  known  root 
13»  ^^  ^>  by  the  difference  d. 

Then 

5 


(    HS    ) 

Then  it  b  evident  that,  when  x  is  increafed  from  13^ 
f)r  bf  to  c,OTb  +  df  the  quadrinomial  quantity  I4>937  b 
— r  1998  **  +  80  A'  —  *♦  (which  is  equal  to  the  abfolute 
term  5000)  will  be  changed  into  14,937  c  —  1998  r*  + 

80^  —  r*,  or  into  14,937  ^  ^  +  ^—  1998  X  b  +^* 
+  80  X  *  -H  ^V  —  *  -i^^j  that  is,  into  14*937  ^ 
b  -^  d  —    1998    X    b'   H-    %bd   -h   rf*    +    80     X 

f^*  +  4/^^  J  4-  6Zl*flf*  +  4^^*  +  A  or  into  the  com- 
pound quantity 

»4>937*  +  «4»937^ 
—  1998^  —  39963^—  1999^ 

+     8o3«    +  z^oh^d  +  240*//*  +  8orf» 

which  contains  the  quadrinomial  quantity  14,937  ^  *"* 
1998  b^  4-  80  3'  -«-  3%  (which  is  equal  to  5000,)  to- 
gether with  the  four  quantities  14,9371/,  240  3*  V^ 
240  b  d\  and  80^',  which  are  marked  with  the  fign  *h, 
or  art  added  to  the  quadrinomial  quantity  14,937  b  — • 
1998^^  4*  8o3^  — •  M,  and  confequently  tend  to  in*' 
creafe  it,  and  the  fix  quantities  3996  3  ^Z,  1998  J  % 
43'J^  6b*d\  4bd^j  and  d*,  which  are  marked  with 
the  fign  -r^,  or  are  fubtra£led.from  the  faid  quadriqo- 
inial  quantity,  and  therefore  tend  to  diminiih  it*  We 
muft  therefore  compare  the  fum  of  the  four  quantities 
14,937//,  2403*^,  240  bd\  and  80  J^  with  the  fum  of 
the  fix  quantities   3996  3  i,   1998  </*,  43*</,  6b^d% 

L  4id\ 
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J^h  d\  and  d^,  and  inquire  whether  the  former  fum  can 
ever  be  exadly  equal  to  the  latter  fum  (in  which  cafe 
b  -{-  d  would  be  another  root  of  the  equation  I4»937x 
—  1 998  XX  +  80  .r'  —  x^  =  5000,)  or  whether  it 
n^ud  not  be  always  either  greater  or  lefs  than  the  faid 
latter  fum,  in  which  cafe  it  will  be  impoIEble  for  e^  or 
^  +  ^,  or.  any  quantity  greater  than  b^  or  13,  to  be  a 
root  of  the  faid  equation. 

Art.  77.  Now,  fince  ^  is  =   13,   we   (hall  have   b^ 

(=13^=)  =  169,  and  h^  (=  13!^)  =  2197,  and  con- 
fequently  240  £* ^/  (=  240  X  169  X  J)  =  40^560^ 
and  240^^1*  (=  240  X  13  X  d^)  =  ^i2od\  and 
3:996*^  (=  3996  X  13  X  rf)  =  Sh94^dj  and  ^b^d 
(  =  4  X  2197  X  //)  =  8788^,  and  6lrd^  (=  6  X 
i(S9  X  d')  =  1014  J%  and  4*^'  (=  4  X  13  X  d^) 
=  52^'.  Therefore  the  four  quantities  14^937^  + 
2^0  Pd  +  24c  ^rf*  +  Serf*  will  be  (=  I4>937^  + 
40,560^/  +  2iiod'  +  8o</*)  =  55j497^+  3^^o^* 
-f  '80^*;  and  the  (ix  quantities  3996  A  </  -H  1998 i* 
4-  4b' d  +  bb'd''  +  4*^/*  +  d^  wlU  be  (  = 
51,948^+  i998<f*  +  8788^  +  1014^-  +  52i» 
H-  ^4)  ==  60,736^  +  3012 </*  +  5i<i'  +  ^♦.  We 
muft  therefore  compare  the  trinomial  quantity  55,497^ 
-I-  3120//*  +  80^^  with  the  quadrinomial  quantity 
66,736  </  +  3011  ^-  H-  52^^  +  ^/%  in  order  to  dif- 
covcT  whether  it  is  poflible  that  they  (hould  be  equal  to 
each  other.  * 

Now    the   trinomial   quantity    55,497^   +  3120^* 
+  Sod ^  f,\]l  be   equal  to  the  quadrinomial   quantity 

60,736  </ 
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6ojT36d  +  3012  rf*  +  52^'  +  d*  if  the  binomial 
quantity  3120  </*  +  80  i^  is  =  to  60,736  i  —  SSi+97^ 
4-  3012 </'  +  52rf^  +  d\  or  to  52391/  +  3oi2i/* 
4-  Sarf'  +  ^*,  or  if  the  quantity  31204/*  — 
30124/*  +  80  ^/',  or  the  binomial  quantity  10%  d* 
+  804/*  is  =  to  the  trinomial  quantity  52394/  + 
52  d^  +  rf*^  or  if  the  quantity  108  d*  +  804/'  —  524/% 
or  the  binomial  quantity  1084/*  +  28  4/^  is  =  the  bi- 
nomial quantity  5239^  +  4/^,  or  (dividing  all  the 
terms  by  4/)  if  the  binomial  quantity  1084/  +  284/4/13 
equal  to  the  binomial  quantity  5239  +  4/%  or  if  the 
trinomial  quantity- 108 d  +  aidd  '^  4/'  is  equal  to  the 
(ingle  quantity  5239. 

But  the  trinomial  quantity  108 4/  +  z^dd-^d^ 
will,  in  the  courfe  of  the  increafe  of  x  from  by  or  13, 
ad  infinitum^  or  of  the  increafe  of  d  (or  the  excefs  of  c^ 
or  ^  +  4^  above  ^,)  from  o  ad  infinitum  becbme  equal 
to  5239;  as  will' appear  from  the  following  conGde- 
rations: 

Art.  78.  While  rf  IS  ihcreafing  from  o  to  i,  d^  will  be 
Icfs  than  </;  but  when  d  is  greater  than  i,  4/'  will  be 
greater  than  d\  and,  while  d  increafes  from  i  ad  infi^ 
nitum,  d^  will  become  equal,  firft,  to  icSdy  and  then  to 
1084/  +  iSddf  and  afterwards  will  be  greater  than 
1084/  +  284/4/,  and  will  fo  continue,  to  whatever 
greater  magnitude  it  may  be  fuppofed  to  increafe.  Now, 
when  4/'  is  become  equal  to  io8  4/  +  28  4/^,  the  trino- 
mial quantity  1084/  +  284/4/ —  d^  will  be  =  o.  There- 
fore, while  4/  increafes  from  o  to  the  value  which  it  has 
when  d^  jis  equal  to  1084/  +  28  ddy  the  trinomial  quan** 
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tity  108  rf  +  iSJd  —  rf*  will,  firfl,  incTcafc  from  o  to 
2  certain  magnitude,  and  then  decreafe  from  that  magni* 
rude  to  o.  And  confequently,  if  that  greateft  magnitude 
of  the  trinomial  quantity  108  i/  -f-  iS  dJ  —  d^f  during 
tlie  faid  increafe  of  d  from  o  to  the  value  which  it  has 
when  d^  is  equal  to  108^  +  iddd,  is  greater  than 
5239,  tlie  faid  trinomial  quantity  io%d  +  i8dd  r^  d* 
wiU>  at  two  different  inftants  of  time»  the  one  before  it 
attains  it's  greatcft  magnitude,  and  the  other  after  it  hat 
attained  it^.  and  is  decreafiog  to  o,  be  equal  to  5^39  ^ 
and  confequently  there  will  be  two  Talues  of  d  which, 
being  added  to  ^,  will  make  the  compound  quantity 

M>937  xT+T—  1998  X  *  +^*  +  80  X  3  +  ^,* 


—  f*  +  rfV  he  equal  to  X4)9373  —  1998  3*  +  80  A^ 
•—  b^f  or  to  the  abfoluce  term  5000  of  die  ptopofcd 
equation  14,937  <v  —  1998  .r*  +  804:*  —  k*  =  500C, 
or  there  will  be  two  values  ol  b  -^  d,  or  two  quantities* 
greater  than  b,  or  13,  that  will  be  roots  of  that  equation. 
Now  it  will  be  found  .upon  examination  that  the  greatcft 
magnitude  which  the  faid  trinomial  quantity  108J  + 
28  JJ  —  t/^  will  attain  during  the  faid  increafe  of  J 
from  o  to  the  value  which  it  has  when  d^  is  equal  to. 
108  J  4-  28  dd,  will  be  greater  than  5239,  and  therefore 
there  will  be  two  values  of  i  -f  J,  or  two  quantities 
greater  than  b,  or  13,  that  will  be  roots  of  the  propofcd 
equation  14,937  v  — -  1998  x^  +  80  a-^  —  at*  =  5000. 
riicfc  things  may  be  fliewn  in  the  manner  following : 

j4rt.  79.   In  the  firft  place  we  will  inquire  into  the 
magnitude  of  d  when  d^  is  equal  to  108  J  +  2ddd. 

Now 
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-  Now  thi$  valu^  ^f  d  may  be  determined  by  r^folYJrff  a 

,  qua4r^tkk  equation.    For  when  ^^  U  =  loid  +  a^i/J, 

wc  iball  (^y  .dividing  all  tjrf  :CCf«n$  by  </)  hav€  dd  = 

io8  -4-  284/,   and  cortfcquwtly  rfrf  —   2«//^  ==  .108. 

Therefore  dJ  — •  281/  +  ij|lnw?H1)e<^o8  +  141*  ^ 
108  +  196)  «  304,  and  </•*-  i4wiUbc  <c=s  ^^304)  a= 
17.4,  and  J, will  be  <=  17.4  +  14)  =  3i«4>  or  31.4 
will  be  the  magnitude  of  d  when  ^^  is  eqAinl  to  108  ^ 
+  28  Ji  <t  £•  !• 

Therefore,  while  d  mcreafcs  from  o  to  31.4,  the  tri- 
nomial quantity  108 rf  +  28  ^^ —  d^  will,  iirfl:,  increafe 
from  o  to  a  certain  magnitude,  and  then  will  decreafc 
from  that  magnitude  and  become  equal  to  o  again. 

We  will  next  Inquire  what  that  magnitude  is,  to  which 
the  faid  trinomial  quantity  108 J  +  28//^  —  4^  will 
have  increafed,  and  from  which  it  will  afterwards  have 
decreafed  to  o,  during  the  faid  increafe  of  d  from  o  to 
31.4,  in  order  to  difcover  whether  that  magnitude  is 
greater,  or  lefs,  than  5239.  For,  if  it  is  greater  than 
5239,  it  is  evident  that  the  trinomial  quantity  108//  -f- 
28  J  J  —  d^  will,  at  two  diflFerent  inftants  of  time  during 
the  increafe  of  rf  from  0  to  31.4,  namely,  once  before  the 
faid  trinomial  quantity  has  attained  it's  greateft  magni- 
tude, and  a  fecond  time  after  it  has  attained  it's  greateft 
magnitude,  and  while  it  is  decreafing  from  that  magnitude 
to  o,  become  equal  to  5239. 

Now  let  us  fuppofe  d^  or  the  letter  d  with  a  point 
placed  over  it,  to  denote  fome  extremely  f.nall  part  of 

1^3  3i.4> 
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3t*.4i  (or  of  the  value  of  d  when  the  trinomial  quantity 
io8^  +  28  J^  —  d^  is  become  a  fecond  time  equal  too,) 
as,  for  example,  the  io,oco,ooO|Oooth,  or  ten-thoufand 
millionth,  part  of  it.  Then  it  is  evident  that  while  d^  in 
it's  increafe  from  o  to  .3i<4>  receives  one  of  thefe  Onall 

increments  denoted  by  dy  ths  fquare  of  d  will  receive  the 
fmall  increment  idd^  and  J',  or  the  cube  of  d^  will  re- 
ceive the  fmall  increment  3^~^,  and  the  quantities 
idid  and    lidd   will    receive   the   fmall  increments 

108  X  d  and  28  X  idd^  oT^SdJ.  Therefore  the 
increment  of  the  binomial  quantity  icSd  +  2%dd  will 

be  loSd  +  ^6ddn 

Now  this  increment  loSd  +  56 //J  will  at  firft  be 

greater  than  3  rf^</,  the  contemporary  increment  of  J'; 
becaufe  108  +  56  rf  will  at  firft  be  much  greater  than 
2dd,  But,  as  d  increafes,  the  ratio  of  108  +  ^6d  to 
3  dd  (which  at  firft  is  a  very  great  ratio  of  majority,) 
will  for  fome  time  continually  grow  lefs  arid  lefs  and 
approach  to  a  ratio  of  equality,  and  will  then  become  a 
ratio  of  equality,  and  afterwards  will  become  a  ratio  of 
minority.     And  when  this  ratio  is  a  ratio  of  equality,  or 

108  +  56^  is  =  3  J//,  we  fliall  have    —    -h   -^ — - 

3  3 

=  i/rf,  or  36  +  18.66    X  d  =  ddj  and  confequently 

dd  —  18.66   X  i/  =   36,   and  dd  —  18.66   X  d  + 

9^*  (=  36  +  9^*  =  36  +  87.0489)  =  123.0489, 
and  d  —  9.33  (=  ^"^23.0489)    =    1 1. 09,  and  d  {  = 
11.09  +  9.33)   =  ao.42.    Now,  fo  long  as  the  incre- 
ment. 
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xnent|  looJ  +  ^6ddy  of  the  binomial  quantity   loS  d 

+  2Sdd  is  greater  than  ^d^d,  tlie  contemporary  in- 
crement of  d^^  it  is  evident  that  the  trinomial  quantity 
loSd  +  iSdd  '^  d^f  or  the  excefs  of  the  binomial 
quantity  loSd  +  2Bdd  above  d^j  will  incrcafe;  but, 
when  the  increment  of  J'  becomes  greater  than  the  in- 
crement of  loid  +  lidd,  the  faid  trinomial  quantity 
will  decreafe.  And  confcquently  the  greateft  magnitude 
of  the  faid  trinomial  quantity  io8f/+28</</  —  ^*  will 
be  that  which  it  has  when  the  faid  increments  are  equal 
to  each  other^  or  when  ^  is  =  2042. 

But,  when  d  is  =  20.42,  we  (hall  have  ic8rf  (=  ic8 

X  20.42)  =  2205.36,  and  2Sdd  (=  28  X  20^42^*  = 
28  X  4*^.9764)  =  11,675.3392,  and  d^  (=3  dd  X  d  =r 
416.9764  X  20.42)  =  8514.658)088,  and  confcquently 
the  trinomial  quantity  icSd  +  2S  d d  ^  d^  will  be  (  = 
2205.36 '4-  11,675.3392  —  8514.658,088  =  13,880. 
.6992  —  8514.658,088)  =  5366.041,112.  And  confc- 
quently this  quantity  5366.041,112  will  be  the  grcatcit 
magnitude  of  the  faid  trinomial  quantity. 

Now  this  quantity  5366.041,117,  or  (dropping  the 
fractional  part  of  it,  as  inconfiderable)  5366,  is  a  little 
greater  than  5239.  Therefore,  while  d  increafes  from  o 
'o  3^4>  the  trinomial  quantity  io8rf+  28  J^/  — rf*  will, 
at  two  different  times,  become  equal  to  the  quantity  5239, 
namely,  once  a  little  before  it  attains  it's  greateft  magni- 
tude 5366, -and  a  fecond  time  a  little  after  it  has  attained 
it*s  faid  greateft  magnitude,  and  is  decreafing.  And 
(}ierefore  there  will  be  two  values  of  J,  the  one  a  little 
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lefs  than  2O.42,  and  the  other  a  little  greater  than  20.421 
that  will  make  the  quantities  b  +  d  he  roots  of  the  pro- 
pofed  equation  14,937  J?  —  1998;?*  +  Sox*  — .  x* 
=  5000.  So  that  this  equation  will  have  two  roots  that 
will  be  greater  than  13,  of  which  the  one  will  be  fome- 
what  lefs'than  b  +  20.42,  or  13  +  20.42,  or  33.42, 
and  the  other  will  be  fomewhat  greater  than  33.42. 

<^  E.  I. 

An  Inquiry f  nuhether  ike  Equation  14^^21  ^  ""  '99^  *'  + 
8ox'  —  **  =  5000  mtjy  not  have  a  fourth  Root  left  than 
the  Root  12.756,441,  £5*^.  alnady  fcfund. 

Art.  80.  We  will  now  inquire  whether  the  faid  equa- 
tion 14,937  »v —  1998  .r*  +  8ojr'  —  A*  =  5000  majr 
not  have  a  fourth  root  that  (hall  be  lefs  than  the  root 
12.756,441,794,480,744,022,  which  has  been  already 
inveftigated,  as  well  as  the  two  roots  that  are  greater 
than  that  root,  and  not  very  different  from  the  number 

We  will  therefore  fuppofe  x  to  decrc^afe  from  12.756, 
&t,  or  13,  or  h^  to  feme  lefler  quantity  which  we  will 
call  tf,  and  which  fhall  fall  fliort  of  /,  or  13,  by  a  differ- 
ence called  d. 

Then  it  is  evident  that,  when  ;c  has  decreafed  from  /', 
or  13,  to  a^ox  b  —  rf,  the  quadrinomial  quantity  i4,937-f 
—  1998  .r*  +  80  Jf'  —  x^^  will  be  changed  into  the  qua- 
drinomial quantity  141937  «  —  1998  ^z'  +  80^^  —  fl^, 

or  into  the  quadrinomial  quantity   14,937    X    b  —  rf  — 

1998  X  /•  -^/J-  +  80  X  /'  —  /|  3  —  r^_^/>,  or  into 

the  quadrinomial  quantity  14,937  X  k  — J  —  1998  X 

6' 
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fb^  —  z^b^d  +  6b^d*-^^l^d^  —  rf*  or  into  the  mul- 
tinomial quantity 


«4»937  *  -  »4>937  ^ 

—  1998^*  +  3996  ^i/—  1998  i* 

+     80  33  .  240  ^*  i/  +  »4o  3  ^  —  801/^ 

—  ^  +     /[b^d  -^eb^d*  +  ^d^ 


Which  contains  the  qnadrinomial  quantity  I4>937  ^  — • 
1998  i*  +  80  i3  —  i*,  (which  is  equal  to  5000,)  together 

with  the  fix  quantities  14,937  ^,  1998  rf%  240  b^d^  80  ^% 
6Pd,  and  rf*,  which  arc  marked  with  the  fign  — ,  or 
arc  fubtni£^cd  from  the  quantity  1 4,93  7  *  -  1 998  **  + 
80  b*  -*  b^y  and  confequently  tend  to  diminifh  it,  and 
the  four  quantities  3996  b df  240  bd\  4b^d,  and  ^bd', 
which  are  marked  with  the  fign  +,  or  are  added  to  the 
quantity  14,937  ^  "^  ^99^  ^*  +  80  i*  •—  A*,  and  confe- 
quently tend  to  increafe  it.  We  muft  therefore  compare 
•  thefumof  the  fix  quantities  14,937^,  1998^%  240  b^d^ 
Sod^^  6b^d\  and  d^  with  the  fum  of  the  four  quantities 
3996  ^^,  2^0  bd\  4-b^d^  and  ^bd^j  and  inquire,  whe- 
ther the  former  fum  can  ever  be  exa£lly  equal  to  the 
latter  fum,  (in  which  cafe  b  ^^d  would  be  another  root 
of  the  equation  14,937  at  —  199^  a'*  +  80  .r'  —  x^ 
=  5000,)  or  whether  it  muft  not  be  always  either  greater 
or  lefs  than  the  faid  latter  fiim,  in  which  cafe  it  will  be 
impoflible  for  a^  or  b  —  d^  or  any  quantity  lefs  than  \ 
or  13,  to  be  a  root  of  the  faid  equation. 

Art.  81. 
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lefs  than  20.42,  and  the  other  a  little  greater  than  20.421 
that  will  make  the  quantities  b  •¥  d  he  roots  of  the  pro- 
pofed  equation  14,937^  —  1998;?*  +  8o;r*  — •  *♦ 
=  5000.  So  that  this  equation  will  have  two  roots  that 
will  be  greater  than  13,  of  which  the  one  will  be  fome- 
what  lefs*than  b  +  20.42,  or  13  +  20.42,  or  33.42, 
and  the  other  will  be  fomewhat  greater  than  33.42. 

<^  E.  I. 

An  Inquiry f  nuhether  ike  Equation- 1 /^^^^l  •*' ""  1998 x**  + 
8ox'  —  *♦  =  5000  muy  not  have  a  fourth  Root  left  than 
the  Root  12.756,441,  i^c.  already  found. 

Art.  80.  We  will  now  inquire  whether  the  faid  equa- 
tion 14,937 'J'? —  1998  .r*  +  80*'  —  x^  =  5000  majr 
not  have  a  fourth  root  that  (hall  be  lefs  than  the  root 
12.756,441,794,480,744,022,  which  has  been  already 
inveftigated,  as  well  as  the  two  roots  that  are  greater 
than  that  root,  and  not  very  different  from  the  number 

33-4^- 

We  will  therefore  fuppofe  x  to  decreafe  from  12.756, 
&t,  or  13,  or  ^,  to  feme  lefler  quantity  which  we  wiU 
call  Oy  and  which  fliall  fall  fliort  of  /•,  or  13,  by  a  differ- 
ence called  d. 

Then  it  is  evident  that,  when  x  has  decreafed  from  l\ 
or  13,  to  a^ox  b  —  rf,  the  quadrinomial  quantity  1 4,93 7  J^ 
—  1998  Jr*  +  80  Jf'  —  .r%  will  be  changed  into  the  qUa- 
drinomial  quantity  14,937  «  •"—  1998^*  +  80  a*  —  a\ 

or  into  the  quadrinomial  quantity   14,937    X    b  —  J  — 

1998  X  b—l)"-  +  80  X  o  —  d]^  —(o  —  dY,  or  into 

the  quadrinomial  quantity  14,937  ^  ^  — ^  "^  '998  X 
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fb^  —  j^b^d  -{•  6b'^d^^^bd^  —  d\  or  Into  the  muK 
tinomial  quantity 


«4»937  *  -  »4>937  ^ 
—  1998^*  +  3996  ^V—  19984* 

+     80  3»  —  a4o  *•  1/  +  ft4o  3  </»  -  801/* 


wliich  contains  the  qnadrinomial  quantity  I4>937  h  — « 
1998  i*  +  80  i»  —  i*,  (which  is  equal  to  5000,)  together 
^vith  the  fix  quantities  I4>937  ^>  1998  ^%  240  b^d^  80  ^^, 
6  b*  d^  and  £/^j  which  are  marked  with  the  fign  — ,  or 
are  fubtr^Aed  from  the  quantity  14,937  ^  —  1998**  + 
80  i'  —  i^,  and  confequently  tend  to  diminifh  it,  and 
the  four  quantities  3996  b d^  240  bd'^^  4b^d,  and  4 3  4/', 
which  are  marked  with  the  fign  +,  or  are  added  to  the 
quantity  14,937  ^  —  ^99^  ^*  +  80  i*  •—  A*,  and  confe-* 
quently  tend  to  increafe  it.  We  muft  therefore  compare 
t  die  fum  of  the  fix  quantities  14,937  ^>  1998^%  24,0  b^d^ 

• 

Sod^y  Sb^d^j  and  d^  with  the  fum  of  the  four  quantities 
3996  ^^,  240  ii%  4-b^d^  and  /^bd^^  and  inquire,  whe- 
ther the  former  fujtn  can  ever  be  exaftly  equal  to  the 
latter  fum,  (in  which  cafe  i  —  rf  would  be  another  root 
of  the  equation  14,937  at  —  199^  a'*  +  8o.r'  —  .v* 
=  5000,)  or  whether  it  muft  not  be  always  either  greater 
or  lefs  than  the  faid  latter  fiim,  in  which  cafe  it  will  be 
impoflible  for  a,  or  b  —  dy  or  any  quantity  Icfs  than  )f^ 
or  13,  to  be  a  root  of  the  faid  equation. 
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jfrt.  8 1.  Now,  Cnce  i  is  =  13,  wc  (hall  have  i*  =^ 
i69,  and  b^  =  *I97»  and  240 b^d  =  40,560^,  and 
240 bd^  =  3120^%  and  3996  A ^  =  S-,948</,  and  4^*1/ 
=  8788i,and6i*i' =  1014A  and  4*^*  =  52  rf^ 
Therefore  the  fix  quantities  14,937  rf  +  195^^*  + 
240**^+  80^*  +.6i*i*4-  J*  will  be  (='14,937^-1- 
1998 rf*  +  40,560 rf  +  80 J'  +  1014^'  +  d*)  at 
55,4971/+  3012  </*  +.8oi^  +  //♦;  and  the  four  quan- 
tities 3996  i  ^  +  240  Ai*  +  4  *'  ^  +  4  *^'  will  be  (  = 
51,948  i/+  3120^-  +  8788  i  +  52^0  =  60,736^/+. 
3120  J*-  +  52<f'.  Wc  muft  therefore  compare  the 
quadrinomial  quantity  S5>497^+  3012^^*  +  Sod^  +  d^ 
with  the  trinomial  quantity  60,736  rf  +  3120^*  +  52 ^'» 
and  inquire,  whether  it  is  poflible  for  the  former  quantity 
to  be  equal  to  the  latter. 

Now  the  quadrinomial  quantity  55,497^  +  30124/' 
+  80//'  +  d^  will  be  equal  to  the  trinomial  quantity 
60,736^+  3120  £^*  +  ^id^  if  the  trinomial  quantity 
3012^^  +  8o/f^  +  d*  is  equal  (to  the  quantity  60,736^ 

"-  5S>497'^  +  3i2od*  4-  52^',  or)  to  the  trinomial 
qiwntity  5239  </  +  3120^'  +  52  ^^^  or  if  the  binomial 
quantity  80^'  +  d*  is  equal  (to  the  quantity  5239^  + 
3120^^ —  3012^^  +  52^^,  or)  to  the  trinomial  quan- 
tity 5239 </  H-  io8^'  +  52//',  or  if  (the  quantity  80^' 
—  52  ^^'  -h  d\  or)  the  binomial  quantity  28  d^  +  d^  is 
equal  to  the  binomial  quantity  5239^  +  108  ^/',  or  if 
the  binomial  quantity  28  /-/^  +  ^*^  is  equal  to  the  bino- 
mial quantity  5239  +  icS  d,  Wc  muft  therefore  in- 
quire whether  it   is  pofTible  for  tlie  binomial  quantity 

2SdJ 
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ad  dd  +  d^  to  be  equal  to  the  binomial  quantity  5239  4* 
108//. 

Art.  82.  Now  d  mud  in  this  cafe  be  lefs  than  b^  ()8- 
caufe  it  is  to  be  fubtraded  from  it.  We  may  therefore 
fuppofe  ^to  increafe  from  o  to  by  or  12.7561  or  13^  but 
no  further. 

Now,  when  rf  Is  =  i,  or  13,  we  (hall  have  108  ^  (= 
108  X  13)  x=  1404,  and  dd  (=  bb  =  13I*)   =    169, 

and  d^  (=  i»'  =  T^^)  =  2197,  and  7.%dd  (=  28  X 
169  )  =  4732*  Therefore  in  this  cafe  the  binomial 
quantity  28  dd  -f-  d^  will  be  (=  4738  +  2197)  =  6929^ 
and  'tits  binomial  quantity  5239  +  108^  will  be  (  =5 
5239  +  1404 )  ==  6643  S  which  is  lefs  than  6929. 
Therefore,  while  d  increafcs  from  o  to  1 3,  or  i  —  rf 
decreafes  from  i  —  o,  or  ^,  to  ^  —  i,  or  o,  the  binomial 

quantity  2S  dd  +  d^  will  increafe  (from  28  X  oj*  +  oIj, 
or)  from  o  to  6929,  and  the  binomial  quantity  5239  + 
108  ^^ill  increafe  from  (5239  +  108  X  o,  or  5239  +  o, 
^)  523^  IP  (5239  +  X404>  or)  6643^  which  is  lefs  than 
6929,  or  the  greateft  value  of  2Sdd  +  d^.  And  confe- 
quently  there  will  be  an  inilant  of  time  during  the  in- 
creafe of  the  binomial  quantity  28  dd  +  d^  from  o  to 
6929  at  which,  after  having  been  much  lefs  than  the  other 
binomial  quantity  $239  +  io8^/.  It  will  become  equal  to 
it :  and  therefore  there  will  be  fome  value  of  d  during  it's 
increafe  from  o  to  4  or  13,  which  will  make  the  quantity 
^  —  ^  or  £r,  be  a  root  of  the  propofed  equation  14,937  x 
—  1998  ;»:*  +  80  A>  —  ;r*  =  5000,  or,  in  other  words, 
the  faid  equation  will  have  a  fourth  root  that  will  be  Icfs 
than  ^^  or  13,  or  I2.7s6,44i,794,480|744>022.      <^  k.  i. 

An 
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An  Invrftigatkn  of  a  firft  near  Value  of  a,  or  the  fourth^  (ht 
leofl^  Root  of  the  Equation  l4,937J>f  ""  1998;?*  -h  ^ZX^ 
—  .r*  =  5000. , 

Jlrt.  83.  And,  becaufe  ($643,  or  the  value  of  the  bin^ 
mial  quantity  5239  +  108^  when  1/ is  =  1 3}  is  but  little 
lefs  than  6929^  or  the  vakie  of  the  binomial  quantity 
aSdd  +  d^  at  the  fame  time^  it  is  evident  that  d 
will  be  but  little  lefs  than  h^  or  1 3,  when  the  binomial 
quantity  2%dd  •{-  d^  is  exaflly  equal  to  the  bino- 
mial quantity  5239  H-  io8i;  and  confequently  we  may 
conclude  that  h  -^  dj  or  a^  will  be  but  little  greater  than 
•i  -—  ^,  or  o ;  that  is,  the  fourth  root  of  the  propoled 
equation  I4>937^—  1998^* •+  80 ^r*  —  jr*  ='5000 
will  be  but  little  greater  than  o,  or  will  be  only  a  very 
fmall  quantity. 

Jrt.  84.  And  as  a  further  proof  that  this  fourth,  or 
Icaft,  value  of  x  will  be  only  a  fmall  quantity  and  lefs 
than  I,  we  need  only  fuppofe  .v  to  be  =  I,  and  fubftitute 
1  in  (lead  of  it  in  the  terms  of  the  compound  quantity 
I4>937*^  —  1998  .v'  -f  SoAri  —  x^.  For,  if  this  be 
done,  we  (hall  find  the  faid  compound  quantity  to  be  (  = 
I4>937  ^  1  —  '998  X1X1+80X1X1    X    1  — 

1  X  I  X  I   X  I   =  14,937  —  1998  +  80  —  I  = 

15,017—  1999)  =  13,018,  which  is  almoft  triple  of 
5C0C,  or  the  abfolute  term  of  the  equation  14,937  a-  — * 
1998  X*  +  £oa5  —  x^  =  5000,.  or  of  the  true  value  of 
the  compound  quantity  14>937  v  —  19:^8  a"  +  iox^ 
—  x^  in  that  equation  •,  and  confequently  I  mud  be 
much  greater  than  the  faid  tiuc  value  of  x^  or  the  Icaft 
root  of  this  equation.  (^  i- .  d. 

7  4ri.  85. 
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\  Jtrt.  85«  Since  .v  is  confiderably  lefs  than  i,  and  pro* 
bably  not  much  greater  than  f,  or  0.33,  the  feveral 
powers  of  Xf  to  wit,  x\  x^f  and  a*,  will  be  .  much  Icfs 
thsin'jr  itfelf;  and  therefore  the  three  terms  1998  ;r% 
8o\«'S  and  *♦  will  be  much  lefs'than  14,937  jr,  or  the 
firft  term  of  this  equation ;  whence  we  may  infer  that, 
ki  order  to  obtain  a  tolerably  near  ralue  of  x,  we  may 
fafely  fuppofe  the  firfl:  term  alone  of  the  compound 
quantity  14*937^  —  1998.V*  4-  80^'  —  a4  to  be  equal 
to  the  whole  four  terms,  and  confequently  to  the  abfolute 
term  5000,  and  may  deduce  the  value  of  x  from  that 

fuppofition.     And  then  we  Ihali  have  x  =    ^  .  = 

H>937 
C.33,    Therefore  0.33  will  be  a.  firft  near  value  of  the 

Icaft  root  of  the  equation  14,937  x —  1998;^*  -f-  Bo  x^ 

— ^   AT*    =     5OCO. 

liIow>  in  order  to  difcover  whether  0.33,  or  this  firft 
near  value  of  x  is  greater  or  lefs  than  it's  true  value>  let 
it  be  fubdituted  inilead  of  x  in  the  compound  quantity 
.^4*937  ^  "^  ^998  ^*  +  80  at'  —  Af*.  And  welhall  then 
have  ;v*  (=  C.33I*)  =  o.io89f  and  x^  (=:  0.33!')  = 
0*o3S,9375  and  .r*  (  =  0.331*)  =  0.011,859,21,  and 
'4*937 *  (  -  M>937  X  0.33)  =  4929.21  and  1998 V 
(=  1998  X:  0.1089)  =  217.5822,  and  8o4r*  (=  80  X 
0.035,937)  zs  2.874,960.  Therefore  the  whole  com- 
pound quantity  14,937^  —  1998  x*  +  8o.r^— *;r*  will 
be  (s=  4929.21  —  217.5822  +  2.874,960  —  o.oti, 
859,21  =  4932.084,960  —  217.594,059,21)  =  4714. 
•490,900,79,  which  is  confidcrably  lefs  than  5000,  or  the 
abfolute  term  of  the  propofed  equation  14,937  x  "~* 
1998  x^  +  80  .\^  —  A*  =  5000.    Therefore  0.33  will  be 

lefs 


(    »58    ) 

le&  than  the  true  value  of  x,  or  the  leaft  root  of  that 
equation.  And  therefore  it  feeras  reafonable  to  conjee-* 
ture  that  the  faid  true  value  will  be  more  nearly  equal  to 
0*35  ;  and  this  fecond  near  value  will  be  very  near  the 
truth,  and  will  be  an  excellent  bafis  for  a  further  ap« 
proach  to  the  true  value  of  x  by  Mr.  Raphfon's  method 
of  approximation,  which  may  be  made  in  the  manner 
following : 


A  further  InveJIigption  of  the  Value  of  the  leafl  Root  of  the  Bi* 
quadratick  Equation  14,93 7 at  ""  ^99^  a;*  +  80a*  —  :f* 
=  5000  by  Mr.  Raphfor^s  Method  of  Approximation. 


Art.  86.  Since  0.35  has  been  found  to  be  a  near  value 
of  the  lead  root  of  this  equation,  let  it  be  fubllituted 
inftead  of  x  in  the  terms  of  the  compound  quantity 
14,937  X  —  1998  a;*  +  80  jf'  —  x^y  in  order  to  difcover 
whether  the  value  of  the  faid  compound  quantity  refult- 
ing  from  fuch  fubftitution  will  be  greater,  or  lefs,  than 
5000,  or  the  abfolute  term  of  the  faid  equation,  and  con- 
fequently  whether  0.35  will  be  greater,  or  lefs,  than  the 
true  value  of  the  leaft  root  of  that  equation. 


Now,  if  JT  is  =  0.35,  we  (hall  have  x x  (=  0.35!')  = 
0.1225,  and  x^  (=  O.^sl^)   =   0.042,875,  and  a*   (=s 

C.351*)  =  0.015,006,25,  and  confequently  14,937  •*'  (  — 
M>937  X  0.35)  =  5227.95,  and  1998  :v*  (=   1998   X 

0.1225) 


'(  r»59     ) 

.  0.1225)  =  244.7550,  and"8o;^:^(=I  3o  X  0.042,875)  zz 

•       .  .  ■*   ■ 

3-430,000,  and ,  confequeiuly  14,937  x  —  1998  ;c*  + 
80*5 .—  f* .(  =-5^^7-95  -^244-7550  +  3-43o>ooo  — 

0.015,006,25    =    5231.380,000—   244.770,006,25)    =: 

4986.609,993,75  'f  which  is  fomewhat  lefs  than  5000,  or 
the  abfo]ute  term  of  the  equation  14,937  J?  "^  1998  ;v* 
+  80*3*— 4:*  =  5000.  Therefore  0.35  is  fomewhat 
lefe  than  the  true  value  of  ;r,,  or  the  lead  root  of  the 
faid  equation.  <^  e.  i. 

jtri.  87.  Now  let  z  be  put  for  the  unknown  difference 
by  which  the  true  value  of  x  exceeds  it's  near  value  0.35. 
And  we  fliall  then  have  *  =  0.35  +  «,  and  xx  {=z 

0-3S  +  ^y  =  ^'iSi"^  +   2   ^  0.35    X  s   +  &c)    = 

■ 

0.1275  +  0^70  X  z  -H  &c. 


and  x^  (=r  0.35  4-  %|3  =  0.35V  +  3  X  0.35 1*  X  z  +  &c 

=r "0.5  5)3  4-   3    X   0.1225    X   «   +   &C 

,      •=  0.3,1 3  4-  0.367s  X  z  +  &c) 
=  0.042,875  4-  0-367 S  X  z  4-  &c, 

and  ;ir*  (=  0.35  4-  »>  =  0.3^1*  4-  4  X  0.35I3  X  z  4-  &c 
^  0.3)1*  +  4  X  0.042,875  X  »  +  &c 

=■  0.35]^  4-  0.171,500  xz  4- &c) 

=  0.015,0.06,25  4-  0.171,500  X  z  4-  &c. 


Therefore  14,937 /v  will  be  (=  14.937  ^  ^'35  +  25  = 

14,937  X  0.35  4-  i4»93r  X  ?)  =  5227,95  4-  i4>937  X  »; 

and  i998.vAwillbe(=  1998  X  0.1225  4-  0.70  X  z  4-  &c 

=  1998  X  0.1225 +  1998  X  0.70  X  z  +  &c)  =  244.7550 

+  i>398.6o  X  2  4-  &c, 

and 
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and  8ox^  will  be  (=s  So  X  0.0429875  +  0.3675  X  s  +  &c 
s:  80  X  0.042,875  +  80  X  CV3675  X  2  +  &c) 
^  3*4309000  +  29.4000  X  z  +  &c;  and  confequently 
the  compound  quantity  14)937^  —  1998  ;r*  +   80^ 

—  x^  will  be  equal  to  the  following  compound  quantity, 
to  wit, 

52*7  9S  +  i4»937  y^  » 

—  344.7550  —     1,398.60  X  »  —  &c 

+      3-430|000     .  +         29.4000  X  »  +  kc         f 

—  0.015,006,25—  0.171,500  X  «  —  &c,    J 

^    r     5231.380,000,00  +  14,966.400,000  X  »  +  &c  1 
"■    (^  -  244.770,006,25  '-     1,398.771,500  X  «  -  to  J 

=     4986.609,993,75  +  13,567.628,500  X  as  &C. 

But  the  compound  quantity  14,937  x  —  1998  x^  + 
80  ;c'  —  ;r*  is  =  5000. 

Therefore  the  binomial  quantity  4986.609,993,75  + 
13,567.628,500  X  z  will  alfo  be  =  5000.  And  confe- 
quently  13,567.628,500  X  z  will  be  (=  5000.000,000,00 

—  4986.609,993,75)  =  13*390,006,25,  and  z  will  be 

13.390,006,25    ^  ^  0.000,986,9.    Therefore 
^       13,567.628,500  '  '^    *^ 

0.35  +  s,  will  be  (=  0.35  +  0.000,986,9)  =  0.350, 
986,9,  or,  very  nearly,  0.350,987;  that  is,  0.350,987 
will  be  a  third  near  value  of  x^  or  the  leaft  root  of  the 
propofed  equation  14,937'^  —  19980;'-  -f  %ox^  —  x^ 
=   5000.  <^  E.   I. 

Note. 


jr,  or 
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Note.  All  the  fix  figures  of  this  value  of  x  are  exafl; 
For,  if  we  were  to  go  through  a  fecond  procefs  of  Mr. 
Raphfon's  method  of  approximation,  by  fuppofing  x  to 
be  equal  to  0.350,987  +  z»  and  proceeding  as  abovey 
we  fhould  find  z  to  be  =  0.000,000,045,866,14,  and 
consequently  the  more  accurate  value  of  x  to  be  (0.350, 
987  +  ,0.000,000,045,866,14,  or)  0.350,987,045,866,14; 
of  which  all  the  figures  are  probably  exa£t.  But  I  fliall 
content  myfelf  on  the  prefent  occafion  with  having  in- 
veftigated  this  Icaft  root  of  the  equation  I4j937^  — 
1998  A'*  +  8ojf»  —  x^  =  5000  to  the  foregoing  fix 
figures,  0.350,987. 


Of  the  Two  Greateft  Roots  of  the  Equation  14,937  *  "*■ 
1998  X*  +  80  ;c^  -^  a:*  =  5000,  of  which  the  Lejfer 
is  fomewhat  lefs^  and  the  greater  is  fomewhat  Greater^ 
than  32.42. 


Art>  88.  We  will  now  proceed  to  inveftigate  to  a 
moderate  degree  of  exadnefs  the  two  greateft  roots  of 
the  equation  14,937  x  —  1998  at*  +  80**  —  x^ 
5=  5000,  which  have  been  fliewn  above,  in  art.  79,  to 
be  nearly  equal  to  33*42,  the  one  being  a  little  lefs,  and 
the  other  a  little  greater,  than  that  number.  And,  firft, 
we  will  endeavour  to  find  the  lefler  of  the  faid  roots. 

Now,  fince  the  lefier  of  thcfe  roots  is  lefs  than  33.42, 
I  will,  firft,  fuppofe  it  to  be  nearly  equal  to  32,  and  will 

M  fubftitute 
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fubilitutc  32  inftead  of  x  in  the  componnd  quantity 
14,937  ;r  —  1998  J?*  +  iox^  —  x\  in  order  to  dif- 
cover  whether  the  value  of  tlie  faid  compound  quantity 
refulting  from  this  fuppofition  will  be  greater  br  left 
than  50001  or  the  abfolute  term  of  the  equation  141937^ 
—  J998.V*  +   Sox'  —  ;r*  =  5000. 

Now,  if  Af  is  =  32,  we  (hall  have  xx  (=  32I')  =r 
1024,  and  x^  (=^*}  =  32,768,  and  x*  (=  32)*)  == 

1,048,576,  and  14,937^  (=  ^M27  X  3^)  =  477*984* 
and  1998  .V a:  (=  1998  X  1024)  =  2,045,952,  and  80*' 
(  =  80   X   32,768)   =   2,621,440,   and  confequently 

M>937'^  —  1998.^*  +  80 j:'  —  X*  (  =  477*984  — 
2|045,952  +  2,621,440  —  1,048,576  =  3,099,424  — 
3,094,528)  =  4,896 ;  which  is  a  very  little  lefs  than 
5000,  or  the  abfolute  term  of  the  propofed  equation. 
Therefore  32  will  be  a  very  little  lefs  than  .v. 

We  will  next  fuppofe  .r  to  be  =  32.1,  and  fubftitute 
32.1  inftead  of  x  in  the  compound  quantity  14,937  ;c 
— !•  1998  A-*  +  80  a'  —  AT*,  in  order  to  try  whether 
that  value  of  x  will  make  the  value  of  the  faid  compound 
quantity  approach  nearer  than  the  lafl:  value  4896  to  the 
abfolute  term  50CO. 

Now,  if  AT  is  =  32.1,  we  fliall  have  xx  (=  32. il*) 
=  1030.41,  and  A^^  (=  3277j^)  =  33^076.161,  and  x* 
(=  3277V)  =  1,061,744.7681,    and    14,937^    (  = 

^4>937  X  32-0  =  4795477-7*  »"^  ig()Sx^{=:  1998 
X  1030.41)  ==  2,058,759.18,  and  80:^^  (=  80  X 
33*^7^'^^'  )    =    2,646,092.880,    and    confequently 

14*937*' 
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Uf937-^  ~  1998  AT^  +  Sox^  —  X*  ==  (479,477.7  - 
1,058,759.18  +  2,646,092.880  —  1,061,744.7681  = 
3,125,570.580  —  3>»^0i503-948O  =  So<^-63i9i 
which  is  a  littte  greater  than  the  abfolute  term  5000  of 
the  propofed  equation  14,9371^1?  —  19984?*  +  8o»'  •*• 
k*  s=  5000,  but  differs  lefs  from  it  than  the  former 
number  4896,  arifing  from  the  fubftitution  of  32,  did. 
Therefore  the  true  value  of  x  will  be  greater  than  32, 
but  lefs  than  32.1,  and  will  probably  be  nearer  to  32*1 
than  to  32. 

Art.  89.  We  are  now  in  pofleffion  of  three  difierent 
values  of  the  compound  quantity  14,937  x  —  1998  x^ 
H-  8ox*  —  jr*,  to  wit,  4896,  5000,  and  5066.6319, 
which  refult  from  the  fubilitucion  of  the  number  32, 
and  of  the  true  value  of  .r,  and  of  the  number  32*1  in 
the  faid  compound  quantity.'  We  will  now  therefore,  in 
order  to  obtain  a  more  accurate  value  of  x  than  either 
32  or  32.  f,  have  recourfe  to  the  do£irine  of  the  Scholium 
contained  above  in  art.  44,  45,  46,  &c  -  -  •  54,  and 
foppofe  that  the  excefs  of  the  greateft  value  of  x^  to  wit^ 
32.1,  above  the  leaft  value  of  x,  to  wit,  32,  will  be  to 
the  excefs  of  the  true  valu?  of  x  above  32,  in  nearly 
the  fame  proportion  as  the  excefs  of  the  greateft  value  of 
the  compound  quantity  14,937 -r  —  X998X*  +  8o*» 
—  x\  (correfponding  to  32.1,)  to  wit,  the  number 
5066.631 9»  above  the  leaft  value  of  the  faid  compound 
quantity,  to  wit,  the  number.  4896,  (correfponding  to 
32,)  is  to  the  excefs  of  the  middle  value  of  the  faid 
compound  quantity,   (correfponding  to  the  true  value 

M  2  of 
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of  Xf)  to  wit,  the  abfolute  term  5000  of  the  equation 
'4>937*  ""  1998  j:*  +  8o;p»  —  x\  above  the  lead 
value  of  the  faid  compound  quantity,  to  wit,  the  num« 
ber  4896,  which  correfponds  to  32 ;  that  is,  we  will 
(uppofe  32.1  —  32  to  be  to  A?  —  32  in  nearly  the  faoie 
proportion  as  5066.6319  —  4896  is  to  5000  —  48969 
or  0.1  to  be  to  ;v  —  32  in  nearly  the  fame  proportion 
as  170.6319  is  to  104.     And  then  we  (hall  have  m  — 

32  :=:,  nearly,    ^\  ,  or  (negleaing  the  decimal 

fraflion   0.6319   of  the   denominator   170.6319,)    = 

=    •  =   0.00  ;  and  confcquently  *  wiU 

170  .  i;o  ^         ^ 

be  (=  o.c6  +  32,  or)  32. 06.  Now  this  will  be  very 
nearly  equal  to  the  true  value  of  a*,  and  will  therefore 
be  an  excellent  bafis  to  a  further  approach  to  the  iaid 
true  value  by  means  of  a  procefs  of  Mr.  Raphfon's 
method  of  approximation,  which  may  be  performed  as 
follows  : 


jifj  Invejiigation  of  a  nearer  Value  of  the  Third  Root  of  the 
Equation  14,9374;  —  1998.1'^  +  80  .r^  —  A'*  =  500O 
(ivhif-'h  is  a  Utile  greater  than  32,)  by  Mr.  Raphfiris 
Method  of  Approximation, 


Art,  90.  Let  the  laft  near  value  of  .v,  to  wit,  32.06, 
be  fubftituted  iiiftcad  of  x  in  the  compouud  quantity 

U>937^ 
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?4j937^  —  1998  X*  +  8ojf5  — *  »v*,  in  order  to  dit 
cover  whether  the  value  of  the  faid  quantity  refuhing 
from  fuch  fuBftitution  will  be  greater,  or  lefs  than  5 coo, 
or  the  abfolate  term  of  the  propofcd  equation  14,937  x 
—  1998  ;f*  +  8ox^  —  4r*  =  50CO,  and  confcquently 
to  determine  whether  32.06  is  greater,  or  lefs,  than  the 
true  value  of  x. 

Now,  if  we  fuppofc  X  to  be  =  32.06,  wc  (hall  have 

$fx  (zr  32.00!^)  =  1027.8436,  and  x^  (=  32^06!^)  = 

32,952.665,816,  and  .r*  (=  32.06)*)  =  1,056,462.466, 
060,96,  and  14,937  ;r  (=  '4>937  X  32.06)  = 
478,880.22,  and  1998  a'  (  =  1998  X  1027.8436)  = 
2>053,63i.5i28,  and  8o.r*  ( =  80  X  32,952.665,816) 
=  2,636,213.265,280,  and  confequently  14,937  ;»^  — 
1998**.+  80X*  —  A*  =  478,880.22  —  2,053,631.5128 
+  2,636,213^265,280—  1,056,462.466,060,96  = 
3inS.»093-485>^8o  —  3,110,093.978,860,96  =  4999. 
.506,419,04  •,  which  is  a  very  little  lefs  than  5000,  or  the 
abfolute  term  of  the  equation  14,937*  —  1998  >f"  + 
80  X*  ^^  x^  =  50CO.  Therefore  32.06  muft  be  a  very 
Jittle  lefs  than  the  true  value  of  x  in  ih^t  equation. 

c^  E.  I. 

^rt.  91.  Now  let  z  be  put  for  the  unknown  difierence 
by  which  the  true  value  of  x,  or  the  third  root  of  the 
equation  14,937  .J«?  —  1998  a**  +  80:1:'  —  at*  =  5000, 
exceeds  it*s  near  value  32.06.     And  we  fliall  then  have 

X  =  32.06  +  2,  and  confequently  xx  {  =:  32*06  +  z)  * 

=r   32.06  *    +    2    X    32.06    Xw2    +    &(J  =  3:^.06)*    + 
64.12   X  2  +  &c)   =   1027.8436,'   +   64.12  X  2  +  &C, 

M  3  and 
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Mid  *»  (=  32.06 +  «>  X  32.o6l»  +  3  X  32.o6)»  X  s  4*  te 
=  32.06V  +  3  X  1027.8436  X  «  +^c 

=  32.06V  +  3083.5308  X  «  +  &c) 

=  32,992.665,816,  +  3083.5308  X  »  +  &c; 

and  A^  (=  32.06  +  zl*  =■  32.06)*  +  4  X  33.06!'  X  «  + 

=  32.06^:*  +  4  X   32,952.665,816  X  z  +  &C 

=  32.06V  4-         i3i,8io,663,264  x  »  +  &c) 

=  1,056^62.466,060,96+  i3ij8io.663y264+K+&c, 

Therefore  14,937^  will  be  (=  14,937  X  32.06  +  z 
=  14,937X32.06 +14,937X2)  =478,880.22 +14,937X25 

and  I998;r*  will  be  (=  1998  X  ^1027.^436 +  64.1 2  X«+  &c 
=  1998  X  1027.8436  +  1998  X  64.12  X  z  +  &c} 
=  2>o53>63i.5i28  +  128,111.76  X  S4-&C; 

and  80  x^  will  be  ( =  80  X 

/32,952.665,8i6  +  3083.5308  X  z  +-  &c  =  80 
X  32,952.665,816  +  80  X  3083.5308  X  z  +  &c) 
=  2,636,213.265,280  +  246,682.4640  X  z  +  &c; 

and  confequently  the  compound  quantity  14,937  *  "^ 
1998  X*  +  8o4r^  —  A*  will  be  =  the  compound 
quantity 


{478,880.22 
-  2,053,631.51 


2         +     U»937  X  s 
28     —  128,1 1/.76  X  z  —  &c 


} 


f  +  2,636,213.265,280      +  246,682.4640  X  z  +  &c  1 
\  —  x>056,462.466,o6o,96  ^  X3i»8io.663,264Xz-&c  J 
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^  r    3»i I $,093,485,180    +  261,619.4.640  X « 4-  &c  "1 

""\  —  3,110,093.978,860,96  -^  259,922.423,264  X  «  — &c  J   ' 

=  the  binomul  quantity  4999*5061419904  +  -14697.0401 
736  X  z  &c. 


But  the  compound  quantity  145937  a:  —  1998**  + 
8p  *l  —  ;r4  is  =  5000. 

Therefore  the  binomial  quantity  4999*506)419,04  + 
1,697.040,736  X  z  will  alfo  be  =  5000.  And  confe- 
quently  1697.040,736  X  z  will  be(=  5006.000,000,00 
*-  4999*506,419,04}  =  0.493,580,969  and  z  will  be  = 

0.493,580,96  00        rri.       c 

■  .        T-    =    0.000,200,045.      Therefore  jr,   or 

1697.040,736  I  y  »  *t  »     ? 

32.06  +  z,  will  be  (  =   32.06   +  0.000,290,848  )  = 
32.0609290,848,  Qt  E*  I* 

Of  this  value,  32.060,29099499  of  the  thir^  root  of 
the  propofcd  equation  14,937  ii«?  —7  1998  f?  +  ?P*J 
•?—  >f*  =  5000  I  am  confident  that  the  firft  eight  figures 
32*o6o,290,  are  exaA  ;  and  the  ninth  ^guric  ^^  is  ei^er 
eza&9  or  too  little  only  by  an  ^nit,  the  faid  root  having 
*  been  found  by  another  inveftijgation  pi  it  to  be  32.0609 
290,901,  &c. 


M4  0/ 
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Of  ihi  Fourth y  or  Greaiejl^  Root  of  the  Equation  14,937  ;r 
—  1998  ;r-  +  Boat*  —  *♦  =  50O0, 


jlrt.^1.  The  fourtb,  or  grcatcft,  root  of  the  equation 
14,937  ;r  —  1998  jr  4-  Sr,  ats  —  jr*  =  5000  has  been 
fliewn  above,  in  art.  79,  to  be  fomewhat  greater  than  . 
33.42*  Now,  if  we  fuppofe  it  to  be  as  much  greater 
than  33.4a  as  the  third  root  32.06  is  lefs  than  33-4a>  i* 
will  be  =  34.78,  or  nearly,  ~  34.8.  We  will  therefor^ 
fappofe  it  to  be  equal  to  34,8,  and  will  fubftitute  34.8 
inftead  of  d?  in  the  compound  quantity  14,937  ;r  — 
19980:*  +  80  AT*  —  jr4,  in  order  to  difcover  whether 
the  value  of  that  quantity  refulting  from  this  fubfti- 
tution  will  be  greater,  or  lefs,  than  5  coo,  or  the  abfo« 
lute  term  of  the  equation  14,937  x  —  1998  x*  +  80** 
—  jt*  =:  5000,  and  thence  to  determine  whether  32.8 
vtrill  be  greater,  or  lefs,  than  the  true  value  of  the  greateft 
root  of  this  equation. 

,  Now,  if  we  fuppofe  ;r  to  be  equal  to  34.8,  we  (hall 

have  XX  (  34.8/-)  =  i2ii.04,  and  ►r'  (=  34^*)  = 

42,144.192,  and  ^  (=  34.8]*)  =  1,466,617.8816, 
Therefore  14,937^  ^^^^  be  (  =  14,937  X  34.8)  = 
519,807.6,  and  i998A*wiIlbe  (=  1998  X  1211.04)  = 
2,419,657.92,  and  Sox^  will  be  (=  80  X  42,T44.i9?) 
=  3>37'>53S'36o  5  and  confequently  the  compound 
Quantity  14,9374:  —   1998  ;r*  +  80 ^v^  —  x^  will  be 


(  Ifip  ) 

(=   519,807.6  —  2,419,657.92  +  3»37^S3S-3^o --I 
1,466,617.8816  =  3,891,342.960  —  3,886,275.8016) 
=  5067.1 584 ;  which  is  fomewhat  greater  than  50009 
or  the  abfolute  term  of  the  equation  14,937  *  —  19984?* 
4-  8ox»  —  ;r*  =  5000.     And  hence  we  may  conclude 
that  34.8  is  lefs  (inftead  of  being  greater,)  than  the  true 
value  of  this  greatefl:  root  of  this  equation;   becaufe, 
after  x^  in  it's  increafe  from  o  ad  infinitum^  is  become 
greater  than  33.42,  the  compound  quantity  14,937  x  "" 
1998  x^  4-  80  *»  —  AT*  decreafes  to  o,  while  x  increafes 
from   33*42  to  the  magnitude  which  it  has  when  the* 
compound  quantity  14,937^  —  1998**  +   80  a:^  —  at* 
is  =  o,  or  when   i998;f*  +  .r*,  after  having  been  Icfs 
than  14,937  •r  +  80  x%  becomes  equal  to  it,  or  1998^ 
+  x^  becomes  equal  to  14,937  +  8oflr%  or  x"^  —  Sox* 
H-  1998  jr  becomes  equal  to  the  known  quantity  I4,937f 
or  while  x  increafes  from  33*42  to  the  quantity  that  is 
the  root  of  the  cubick  equation  x^  —  80  *•   +    1998  r 
=  Mi937'     And,  when  x  is  greater  than  the  root  of  this 
cubick  equation,  and  increafes  from  thence  ad  Infinitum^ 
the  binomial   quantity   a*  +    1998^*   will  always  be 
greater  than  the  binomial  quantity  Zox^  +   I4>937^, 
^nd  the  quadrinomial  quantity  x^  +  1998  >f*—  80  jt' 
—  14,937  Xy  or  x^  —  8o.r^  +  1998  JT*  —  14,937^,  o^ 
the  cxcefs  of  x^  +   1998  x*  above  80  jt'  +   I4j937*'» 
will  increafe  continually  ad  infinitum.    But,  not  to  dwell 
longer  on  this  nice  fubje6l  of  the  alternate  increafe  and 
decreafe  of  the  compound  quantity  14,937*  —  1998** 
+  8ox'  —  x^  during  the  increafe  of  x  from  o  to  a 
certain  magnitude|  the  decreafe  of  this  compound  quan« 
^ty  while  x  increafes  from  34.8  tp  fome  quantity  a  little 

greater 
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Jn  Invrjllgatton  of  a  Nearer  Value  of  the  Fourth^  or  Greatejl 
Root  of  the  Equation  1 41937  x  —   1998  jr^  +.  8ox>'«- 

x^  =    5000,    ffvhich  is  greater  than    34*85)    iy  Mr» 

Raphfons  Method  cf  Approximation. 


Art.  95-  Let  the  laft  near  value  of  x^  to  wit,  34.832> 
be  fubftituted  inftead  of  x  in  the  compoand  quantity 
14,937  A-  —  1998X*  +  80  Ap'  —  x^j'm  order  to  dif- 
cover  whether  the  value  of  the  faid  quantity  refulting 
from  fuch  fubftitution  will  b|  greater,  or  lefs,  than  50001  * 
or  the  abfolute  term  of  the  propofcd  equation  14,937* 
— F.  1998  .V*  +  80  A-*  —  A*  =  5000,  and  confequcntly 
to  determine  whether  34.832  will  be  greater,  or  Icfs, 
than  the  true  value  of  x,  or  the  greateft  root  of  that 
equation,  which  we  are  now  invedigating. 

Now,  if  we  fuppofe  j:  to  be   =   34.832,   we  (hall 
have  XX  (=  34.832I')  =   1213.268,224, 
and  AT^  (=  34832]^)   =  42,260.558,778,368, 
and  a4  (=  3^.837  4)  =  i,472>oi9.783,3b8,i  14,176, 

and  I4>937*^'  (=  H>937  X  34-832)  =  520,285.584,' 
and  1998a'^  (=    1998   X    1213,268,224)  =   2,424, 

109.911,552, 

and  80  a'  (=.  80  X  42,260.558,778,368)  =  3,380, 
844.702,269,440.  Therefore  the  compound  quantity 
14,937'^  -  1998  .r^  +  80**  —  A-4  will  be  (  = 
520,285.584  —  2,424,109.911,552   +  3,380,844.7021 

069,440 


t  173  ) 

269,440  —  i,472>oi9-783>368,ii4,i76  =  3>9<^»>i3^- 
.^86,269,440  —  31896, 129. 694, 920, 114, 176)  = 
5000.591,349,325,824;  which  is  a  little  greater  than 
5000,  or  the  abfolute  term  of  the  equation  I4>937^  "^^ 
1998  J?^  +  8o.r*  —  X*  =  5000. 

It  appears  therefore  that,  while  x  increafes  from  34.8 
to  34.832,  the  compound  quantity  14,937  .J«?  —  1998** 
+  80 X*  —  x^  will  decreafe  from  5067.1584  to  5000.591, 
349,325,824,  and  that,  while  x  increafes  further  from 
34.832  to  34*9>  the  faid  compound  quantity  will  de- 
creafe further  from  5000.591,349,325,824  to  4892.8799. 
And  therefore  when  the  faid  compound  quantity  is  ex- 
a£Uy  equal  to  5000,  the  value  of  x  will  be  greater  than 
34.8321  butlefs  than  34.9;  that  is,  the  true  value  of  the 
fourth,  or  greateft,  root  of  the  equation  14,937  a:  "^ 
1998  X*  +  8o.r*  —  A"*  =  5000  will  be  fomewhat 
greater  than  34.832. 

jfrt.  96.  Now  let  z  be  put  for  the  unknown  difference 
by  which  the  true  value  of  Xy  or  the  fourth,  or  greateft, 
TOOt  of  the  equation  14,937  ^r  —  19980,*  -f  Soar'  — 
A4  =  5000,  exceeds  it's  near  yaJuc  34.832.  And  we  (hall 
then  have  x  =  34.832  +  z,  and  confequently 


^x  (=  34.832  +  a>  =  34.832V  +  2  X  34.832  X  a  +  &:c 

=  34-^32)*  +  69.664  X  2  +  8cc) 

=  1213.268,224  +  69.664  X  z  +  &c. 


and  4P*  (=  34-832  +  zV  =  ^^J^i  +  3   X  34-832^*  X  z 
+*&c  =.  34^837)3  +  3  X  1213.268,224  X  «  +  &c 


(  m  ) 

=1  34.8J  2)  5  +  3639.804,67a  X  z  +  fc) 
=  43,260.553,778,368  +  3639.804,67a  X  X  +  See, 

atul  ir*  (=  34.832  4-  »)♦  =  34.832^1*  +  4  X  34-83 iV  X  as  + 
&c  =  34.832>  +  4  X  42,260.558,778,368  X  «  +  kc 

=  34-832]^  +  169,042.235,113,472  X  «  +  &c) 
=:  t,47»/>i9.78j,368,i  14,176  +  169,042.335,1134479 

X  z  +  &c. 


Therefore  14,937  at  will  be  (=  14,937  X  34-832  +  % 
=  14,937  X  34832  +  14,937  X  z)  =  520,285.584 
+  M»937  X  2;  and  1998**  will  be  (  =  1998  X 
1213.26^^,224  +  69.t64  X  z  +  &c  =  1998  X  1213* 
.268,224  +  1998  X  69.664  X  2  +  &c)  =  2,4244 109« 
.911,552  4-  139,188.672  X  2  +  Aic;  and  8o«^  willbd 

(=  80  X  42,260.558,778,308  -4-  3639.«04,672  X  «  = 
80  X  42,260.558,778,368  +  80   X  3639.804,672  X  % 

m 

+  &c)  r=  3,380,844.702,269,440  +  291,184.373,760 
X  z  +  &c  •,  and  confequcntly  the  whole  compound 
quantity  14,937  ;r  —  1998  ;c*  +  80  ;c^  —  x^  will  be 
equal  to  the  compound  quantity 


520,285. 5?4 
-2,424,109.911,553 


+   H»937  X  z 

—  139,188.672  X  z  —  &:c 


1 

^  r     3'90i,i30'286,269,44o      +306,121.373,760  x  z  +  &c  ^ 
""\— 3>896,i29.694,92o,ii4,i76--3o8,23o.907,ii3,473x»— &cj 

=  5<>oo-59i.349>325>824  -  2>i09.533,353,4;2  x  z  &c. 


+3,38^>84+-702,269,440       +291,184.373,760  x  z  +  &c 
—  1,472,019.783,368,114,176- 169,042.235,1 15,472  X 


But 


But  the  compound  quantity  14,9374?  — *  19984:^  + 
Co  x3  .^  ^  J,  ^  5000. 

Therefore  the  binomial  quantity  $000.591,3491325,824 

—  2>i09.533,353,472  X  z  will  alfo  be  =  5000  j  and 
confequently  5000.591,349,325,824  will  be  =  5006  + 
^>*^-533>3S3>47^  X  z,  and  (fubtrafling  5000  from 
both  fides)   2,109.533,353,472  X  z  will  be   =   0.591, 

349,325.824,    and  z  will  be   =    £:59M49i3ii^   ^ 

0.000,280,32.  Therefore  r,  or  34  832  +  z  will  be  (= 
34.832  +  0.000,280,32)  =  34.832,280,32,  or  the 
fourth,  or  greateft,  root  of  the  propofed  equation  14,93 7^ 

—  1998  *•*  +  80  ;r'  —  x^  =  5000  will  be  very  nearly 
equal  to  34.832,280,32.  <^  E.  I. 

Of  this  number,  34.832,280,32,  I  am  confident  that 
the  firft  eight  figures,  34*832,280,  are  exaA,  having 
found  this  root,  by  another  inveftigation  of  it,  to  be  =s 
341832,280,264,  &c. 

jfrf,  97.  It  appears  therefore  that  the  four  roots  of 
the  propofed  equation  14,937  a;  "^  iQQ?****  +  80  ^r^  — 
x^  =  5000  are  0.350,987,  &c,  and  12.756,441,794,480, 
744,022,  &c,  and  32.060,290,8  &C,  and  34-832,2^0,  &c. 

Q^  E.   I- 


OF 
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OF  THE  DIFFERENCE  BETWEEN  THE^  ACCURATE 
METHODS  OF  RFSOLVING  ALGEBRAICK  EQUA- 
TIONS  AND  THE  METHODS  OF  RESOLVING 
THEM  BY  APPROXIMATION. 


Art^  98.  An  accurate  method  of  refolving  an  algebraick 
equation  is  a  method  of  refolving  it,  or  invcftigating  the 
value  of  the  unknown  quantity  contained  in  it,  to  any 
pTopofcd  degree  of  cxa£lnefs  by  a  fmgle  procefs,  or  fet 
of  arithmetical  operations  of  addition,  fubtra£iion|  mul- 
tiplication, divifion,   or  extraflion  of   the   fquarc-root, 
carried  to  a  fuiHcicnt  number  of  figures  to  attain  the 
propofed  degree  of  exaftnefs.     And  a  tnethcd  of  refohing 
an  algebi'Uick   equation    by  approx'ur.nthn   is   a   method  of 
finding  a  ttear  value  of  the  unknown  quantity  contained 
in   it   by   a   certain    proctfs   of  arithmetical   operations 
which,  if  continued  to  ever  fo  great  a  number  of  iigures» 
will  not  approach  nearer  to  the  faid  value  than  to  a  cer- 
tain limited  dillance  from  it,  fo  that  the  further  conti* 
nuatlon  of  the  faid  operations  after. a  certain  number  of 
the  figures  of  the  faid  near  value  have  been  obtainedf 
would  be  intirely  ufclefs  :  and  in  this  circumftance  con- 
Cfts  the  inferiority  of  the  methods  of  refolving  equations 
by  approximation  to  the  accurate  methods  of  refolving 
them.     Neverthelcfs,    by   repeating   the    procefles   prc- 
fcribcd  by  the  methods  of  approximation  we  may  obtain 
a  fecond  and  a  third  and  other  following  near  values  of 
tlie  unknown  quantity  in  an  equation,  that  fhall  approach 

continually 
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continually  nearer  and  nearer  to  it's  true  value,  till  they 
agree  with  the  faid  true  value  to  as  great  a  degree,  or  to 
as  many  decimal  places  of  figures,  as  we  pleafe  j  fo  that 
the  repetition  of  the  procefles  in  the  methods  of  appro- 
ximation anfwers  precifely  th6  fame  purpofe  as  the  con- 
tinuation of  the  arithmetical  operations  of  the  fingle 
procefs  in  the  accurate  methods  of  refolution,  by  enabling 
us  equally  to  attain  the  true  value  of  the  unknown  quan- 
tity to  the  fame  degree  of  exaftnefs.  Of  this  the  refo- 
lutions  of  the  foregoing  three  equations  by  Dr.  Halley's 
and  Mr.  Raphfon's  methods  of  approximation  have  af- 
forded fufEcient  proofs.  And  therefore  the  methods  of 
refolving  equations  by  approximation  are,  in  point  of 
pra£Hcal  utility,  as  valuable  as  the  accurate  methods  of 
refolving  them  ;  and  fometimes  they  are  even  to  be  pre- 
ferred to  them,  as,  for  example,  in  the  cafe  of  fuch  cubicle 
equations  as  come  within  Cardan's  two  rules,  and  in 
that  of  fuct  biquadratick  equations  as  admit  of  being 
rcfolved  by  the  intervention  of  cubick  equations  that 
come  within  tliofe  rules.  For  fuch  cubick  equations  and 
biquadratick  equations  may,  for  the  moft  part,  be  more 
cafily  refolved  to  any  propofed  degree  of  exadnefs  by 
two,  or  three,  procefles  of  Mr.  Raphfon's  method  of 
approximation  than  by  the  application  of  thofc  rules  of 
Cardan  ;  as  has  been  (hewn  in  fome  examples  of  the 
refolutions  of  biquadratick  and  cubick  equations  in  my 
Appendix  to  Mr.  Trend's  Principles  of  Algebra. 

•  But  in  the  refolution  of  affefted  equations,  (o^  equa- 
tions confiding  of  more  than  one  term  involving  the 
unknown  quantity,)  that  are  of  a  higher  order  than  bi- 

N  quadratick 
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quadr^tick  equations,  or  that  involve  the  5th,  or  6tB> 
or  7th,  or  arty  higher  power  of  jr,  or  the  unknown 
quantity,  the  methods  of  approximation  are  the  only 
methods  to  which  we  can  refort,  there  having  been  no 
general  methods  hitherto  difcovered  of  refolving  fuch 
equations  accurately,  or  of  obtaining  their  roots  to  any 
propofcd  degree  of  exaflnefs  by  a  Cngle  procefs,  or 
courfe  of  arithmetical  operations.  And.  therefore  thefc 
metliods  of  refolving  equations  by  approximation  xnuft  be 
allowed  to  be  of  the  greatefl  and  mod  extenfive  ule  in 
the  bufinefs  of  refolving  algebraick  equations,  and  the 
ingenious  perfons  who  invented  them  ought  to  be 
reckoned  amongft  the  greatcft  improvers  of  this  branch 
of  mathematical  knowledge.  Now  the  hiftory  of  the 
moil  celebrated  of  thcfe  methods  is  briefly  as  follows : 


A  SHORT  ACCOUNT  OF  THE  PRINCIPAL  ME- 
THODS OF  RESOLVING  ALGEBRAICK  EQUA- 
TIONS BY  APPROXIMATION  THAT  HAVE 
HITHERTO  BEEN  PUBLISHED,  AND  OF  THE 
TIMliS  OF  THEIR  PUBLIC ATJON. 


99.  The  oldeft  of  thcfe  methods,  as  I  believe,  is  that 
of  the  great  French  Algcbriiift  Vicia^  or  Monfieur  Viete^ 
who  flourilhed  about  the  year  150O,  and  died  in  the  year 
1603  at  the  age  of  63  years,  aud  who  is  dcfcrvcdly  called 


i^bi  Father  of  Algehra^^  on  account  of  the  grcslt  V:ltiet]f 
and  importance  of  his  difcoveries  and  improvements  in 
that  fcience.  It  is  contained  in  a  pretty  long  difl*ertation^ 
or  chapter  in  his  Algebra,  intitled,  De  numerofd  potejlatum 
Purarum  atque  adfeSlarum  ad  Exegejin  refolutionc  TraEiatuSj 
which  may  be  feen  in  Schootcn's  edition  of  his  works^ 
pnbliflied  at  Leyden  in  Holland^  in  the  year  1646^  o^ 
which  it  takes  up  66  pages,  from  page  163  to  pag^  228, 
inclufively.  This  method  of  refolvitlg  equations  is  a 
irery  juft  and  compleat  one,  and  will  enable  us  to  find 
the  root  of  any  equation  whatfoever  to  as  great  a  degree 
of  exaclnefs  as  we  pleafe,  by  repeating  the  procefTes  fuf* 
£ciently  often  for  the  purpofe,  and  is  founded  on  thd 
fame  principle^as  the  common  method  of  extra^ing  thd 
fquare-root  of  a  given  number.  But  it  is  extreaml^ 
laborious  in  the  application  of  it,  on  account  of  \X\t 
number  of  fubftitutions  that  arc  to  be  tnade  in  every 

uew  procefs  5  and  it  therefore  requires  a  great  deal  of 
calculation  to  determine  the  root  of  the  propofed  equa- 
tion to  any  confiderable  degree  of  exa^lnefs.  And  for 
this  reafon  it  has  feldom  been  made  ufe  of  by  mathema- 
ticians in  the  refolution  of  equations  for  more  than  2k 
century  paft,  during  which  time  the  Publick  have  been 
in  poHeQion  of  other  methods  of  doing  the  fame  thing 
with  equal  certainty  and  exadnefs,  and  with  much 
greater  cafe  and  expedition. 

Mr.  Thomds  Harriot,  the  great  Englifli  Algebijiifl:^ 
who  died  in  the  year  1621,  and  whofe  works  were  pub- 
lifted  after  his  death,  in  the  year  1631,  and  Oughtred, 
Vho  died  at  more  than  80  years  of  age  in  the  year  1660, 

N  2  feem 
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fccm  to  have  rcfolved  high  equations  by  VIcta's  method* 
And  fo  did  Dr.  Pell  and  Dr.  Wallis  in  his  Algebra, 
(which  was  publiflied  in  the  year  1685,)  and  in  all  his 
former  works  publiQied  in  the  preceeding  30  years. 

100.  The  next  method  of  refolving  high  afTefled 
e^juations  by  approximation  after  that  of  Vieta^  was^  I 
believe,  that  of  Sir  Ifaac  Newton, .  which  is  briefly  dc- 
fcribed  in  his  molt  learned  little  tradl,  intitled  Analsfis 
per  aquationes  numero  ierminorum  mfinitas^  which  he  wrote 
about  the  year  1666,  when  he  was  only  24  years  old, 
and  which  he  communicated  to  Dr.  Ifaac  Barrow,  (at 
that  time  a  Fellow  of  Trinity-College,  Cambridge,  and 
the  firft  Lucafian  Profeflbr  of  Mathenxaticks  in  that 
Univerfity,)  in  the  year  1669.  This  traft  of  Sir  Ifaac 
Newton  was,  in  the  fame  year  1669,  ccn;municatcd  by 
Dr.  Borrow,  with  the  author's  permifiion,  to  Mr.  John 
Collins ;  and  Mr.  Collins,  probably,  fhewcd  it  to  many 
of  the  moil  learned  mathematicians  cf  the  Royal  Society. 
i]i:t  it  was  not  publiflied  for  r.bovc  forty  years  afcer, 
when  it  mauc  part  of  a  very  valuable  collection  of  ma- 
thematical pieces  written  by  Sir  Ifanc  Newton,  which 
was  publilhcd  in  a  thin  quarto  volume  in  the  year  171 1 
by  I-lr.  William  Jones,  an  eminent  mathematician  in  the 
beginning  of  the  prefcnt  century,  ard  author  of  the  ma- 
ti'icniatical  work  intitled,  Syj::pf:s  piilmnnorum  Mathefecs* 
Aiul  it  was  printed  a  fccond  time  in  the  following  year 
171 2  in  the  little  cclavo  volume  intitled,  Ccvimerclmn 
lijlllolicuni  (Ic  Ani\l\fi  promot$^  which  was  printed  by  the 
order  of  the  Rcyal  Society  in  confequcncc  of  \\\z  difputc 
bctvr'ccn  wir  liaac  Newton  and  Mr.  Leibnitz  concerning 

the 
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the  firft  invention  of  the  Method  of  Fluxions,  or  infinitely 
fmall  Differences.  And  it  is  therefore  probable  that 
many  of  the  excellent  inventions  of  Sir  Ifaac  Newton 
contained  in  that  little  traft  intitled,  Anal^ts  per  aqua^ 
tiones  numero  terminorum  infinitas^  remained  unknown  to 
the  generality  of  mathematicians  until  the  year  1711. 
Some  of  them,  however,  had  been  communicated  to  Dr. 
John  Wallis,  Savilian  ProfefTor  of  Geometry  in  the 
Univerfity  of  Oxford,  feveral  years  before,  and  were 
mentioned  and  defcribcd  by  him,  in  a  very  concife  and 
fummary  manner,  in  his  Algebra,  which  was  publiflied 
in  one  volume  folio  at  London  in  the  year  1685.  And 
amongft  thefe  we  find  the  above-mentioned  method  of 
refolving  affefted  equations  of  all  degrees  by  approxi* 
mation.     See  Wallis's  Algebra,  pages  338,  339. 

101.  The  next  method  of  approximating  to  the  roots 
of  affefled  equations  that  was  made  publick  to  the  world 
was  that  of  Mr.  Jofeph  Raphfon.  This  method  was 
publiflied  in  the  year  1690,  under  the  title  of  Analxfts 
JEquationum  JJ mverf alts <,  feu  ad  JEquatiofia  Algehrliicas  rr- 
folvemias  Methodus  generalis  et  expeditay  m  a  thin  quarto 
volume  containing  about  50  pages.  It  is  a  very  excellent 
method  of  refolving  all  forts  of  equations  by  approxima- 
tion in  a  much  more  eafy  and  expeditious  manner  than 
that  of  Vieta^  and  is  illufl:rated  by  a  great  number  of 
curious  and  judicious  examples.  But  it  diilcrs  fo  little 
from  that  of  Sir  Ifaac  Newton,  of  which  Dr.  Wallis  had 
publiflied  a  fpeci'men  in  his  Algebra  in  the  year  16S5, 
that  one  can  hardly  avoid  conje£luring  that  it  was 
fuggcftcd  to  it's  ingenious  inventor  by  the  perufal  of 

N  3  that 
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that  fpecimen.  But|  from  whatever  foaroe  it  might  take  It*t 
rife,  it  was  a  very  valuable  treatifci  and  was  fo  fully  iUufi 
tratcd  by  examples  that  it  appears  to  have  been  very  gene- 
rally read  and  adopted«by  mathematicianS|  and  defervedly 
confidcred  by  them  as  a  great  improvement  in  Algebra. 
And  accordingly  it  foon  after  became  the  bafis,  or 
ground-worki  of  two  further  improvements,  or  fuppofed 
improvements,  in  this  branch  of  Algebra,  the  one  in 
France,  and  the  other  in  England,  to  wit,  the  metliod  of 
refolving  equations  by  approximation  publifhed  in  the 
Memoirs  of  the  French  Academy  of  Sciences  in  a  year 
or  two  after,  by  Monfieur  di  Lagnjy  a  Profeflbr  of  Mache-r 
maticks  in  the  Univerfity  of  Paris,  and  that  of  the  cele- 
brated Mr.  Edmund  Halley,  (afterwards  Dr.  Halley,) 
publifhed  at  London  in  the  Philofophical ,  TranfaAions 
for  the  year  1694,  and  afterwards  in  the  yeay  1708  in 
the  fecond  volume  of  the  Mifcellanta  Cmiofa^  and  which 
is  now  publiflied  again  at  the  beginning  of  this  difcourfe. 
For  both  thcfe  methods  of  approximating  to  the  roots  of 
equations  feem  manifeftly  to  have  been  derived  from  Mr. 
Raphfon's  method  ;  and  Dr.  Halley  confefTcs  his  to  have 
been  fo.  And,  indeed,  they  are  little  more  than  varia- 
tions of  Mr.  Raphfon's  method,  and  arife  fo  obvioufly 
from  it,  that  one  would  naturally  fuppofc  that  they  muft 
have  occurred  to  Mr.  Raphfon  himfclf  after  he  had  dif- 
covered  and  perfcftly  underflood  his  own  method.  And 
therefore  it  fecms  probable  that,  after  he  had  carefully 
examined  thefe  methods,  he  did  not  think  them,  upon 
the  whole,  fo  convenient  and  fit  to  be  adopted  in  pradlicc 
as  his  own  method.  And  this,  (as  he  informs  us  in  2^ 
fubfequcnt  edition  of  his  book  publjlhed  in  the  year  1697, 

aftei[ 
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after  the  publication  of  this  traft  of  Dr.  Halley,)  was 
really  the  cafe;  he  being  of  opinion,  "  that  the  greater 
*'  fimplicity  of  his  own  method,  which  proceeds  by  the 
"  refolution  of  only  (implc  equations,  made  it  preferable 
"  to  the  methods  of  Monfieur  de  Lagny  and  Dr.  Halley, 
"  which  proceed  either  by  the  admiflion  of  the  fquare  of 
**  the  unknown  quantity  of  the  fecond,  or  transformed, 
"  equation  into  the  expreflion  that  denotes  the  near  value 
**  of  it,  after  having  firft'found  the  faid  expreflion  for  the 
**  near  value  by  the  refolution  of  a  fi mple  equation,  or  by 
"  rcfolving  a  quadratick  equation  at  fird  inflead  of  a 
**  fimple  equation."  And  in  this  opinion,  after  a  good 
deal  of  attention  to  the  fubje£l,  and  many  trials  of  thcfe 
different  methods  of  approximating  .to  the  roots  of  equa- 
tions, I  am  much  inclined  to  agree  with  him  j  and  I  pre- 
fume  that,  after  the  perufal  of  the  refolutions  of  the  three 
equations  above-mentioned  both  by  Dr.  Halley's  and  by 
JMr.  Raphfon's  methods  of  approximation,  which  have  been 
given  at  great  length  in  this  Appendix,  a  majoricy  of  the 
readers  of  this  tra6l  will  alfo  be  of  the  fame  opiiuoa. 


THE    END. 
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BR.  WALLIS's  SOLUTION 


OF 


COLONEL  TITUS'S  ARITHMETICAL  PROBLEM, 


,t^ffff^r"^'^*'^^^y**^^^**^^^'^'^^^^"^'^^y^ff?'^T*'TT^ir' 


An  Akithmetical  Problem^  propofid  to 
Dr,  Wali,is  by  Colonel  Silas  Titus* 


^ritclt  I.  TN  the  foregoing  tra£l  of  Dr.  Halley  on  the 

refolution  of  high  atfe<^ed  equations  by 
approximation,  the  third  example  adduced  by  him  to  iU 
ludrate  his  metliod  of  approximation,  is  the  biquadratick 
equation  14,9372  —  1998?*  4-  8oz^  -»^  z*  =  5000, 
pr  14,937*  ?— '  1998^^  +  8o.v^  -.rr^  x^  -=,  5000  5  which, 
he  informs  us,  was  obtained  by  Dr.  Wallis  in  the  62nd 
chapter  of  his  Algebra  as  the  refult  of  his  folution  of  a 
very  difficult  arithmetical  pr6blem,  and  which  Dr.  Waliig 
has  there  rcfolved,  to  a  great  degree  of  exadnefs,  by  the 
method  of  refolving  numeral  equations,  taught  by  Vieta 
in  pages  163,  164,  &c  to  page  228,  of  Schootcn's  edition 
of  his  mathematical  works,  publifhed  in  the  year  1646, 
See  above,  page  17,  Now,  ;^s  this  equation  has  been  fo 
much  the  objeft  of  our  attention  both  in  Dr.  Halley's  own 
tra£l  above-mentioned  on  the  refolution  of  equations  by 
approximation,  and  in  my  appendix  to  it,  (in  which  Tatter 
traft  I  have  invcftigated  all  it's  four  roots,  0.350,987,046, 
&ci  1 2.756,44 i>794^48o,744,02  &c,  32.060,290,8  &c, 
and  34  832,280^2  &c,)  (  prefume  that  my  readers  will 
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Dr,  Wali,is  by  Colonel  Silas  Titus* 


Ari'tclt  I.  TN  the  foregoing  tra£l  of  Dr.  Halley  on  the 

refolution  of  high  affe<fled  equations  by 
approximation,  the  third  example  adduced  by  him  to  iU 
ludrate  his  metliod  of  approximation,  is  the  biquadratick 
equation  14,9372  —  19982*  4-  802^  -»^  z*  =  5000, 
pr  14,937*  r—  1998^^  +  8o.v^  -T^  ;f ♦  =  50005  which, 
he  informs  us,  was  obtained  by  Dr.  Wallis  in  the  62nd 
chapter  of  his  Algebra  as  the  refult  of  his  folution  of  a 
very  difficult  arithmetical  pr6blem,  and  which  Dr.  Wallis 
has  there  refolved,  to  a  great  degree  of  exadnefs,  by  the 
method  of  refolving  numeral  equations,  taught  by  Vieta 
in  pages  163,  164,  &c  to  page  228,  of  Schootcn*s  edition 
of  his  mathematical  works,  publifhed  in  the  year  1646. 
See  above,  page  17.  Now,  ;^s  this  equation  has  been  fo 
much  the  objeft  of  our  attention  both  in  Dr.  Halley's  own 
tra£l  above-mentioned  on  the  refolution  of  equations  bj 
approximation,  and  in  my  appendix  to  it,  (in  which  Tatter 
traft  I  have  inveftigated  all  it's  four  roots,  0-350,987,046, 
&c,  1 2.756,44 i>794^48o,744,02  &c,  32.060,290,8  &c, 
and  34  832,280^2  &c,)  I  prefqme  that  my  readers  will 

7  wot 
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not  be  ferry  to  fee  Dr.  Wallis's  Solution  of  the  Problem 
that  gave  rife  to  it ;  more  efpecially  as  I  fliall  endeavour 
to  fet  forth  every  ftep  in  the  folution  (which  is  very  long 
and  intricate,)  in  the  falteft  and  cleared  manner  poflible, 
fo  that  the  folution  will  be  much  more  intelligible,  as  it 
will  be  here  exhibited,  than  as  it  is  exhibited  in  Dr. 
Wallis's  own  book,  and  my  readers  will  therefore  be 
fpared  a  great  deal  of  time  and  pains  that  I  have  found  it 
neceflary  to  beftow  on  it  before  I  could  thoroughly  un- 
derftand  it. 

Art.  2.  This  problem  was  propofed  to  Dr.  Wallis  in 
thfc  year  1662,  by  Colonel  Silas  Titus,  a  gentleman  of  the 
bed-chamber  to  King  Charles  the  Second,  who  was  dif- 
tinguifhed  for  his  knowledge  of  the  Mathematicks,  as  well 
as  of  other  branches  of  ufeful  learning  ;  and  it  had  been 
originally  propofed  to  Colonel  Titus  (as  the  Colonel  in** 
formed  Dr.  Wallis,)  by  Dr.  John  Pell,  the  famous  Al- 
gebrailt  of  that  time.     It  was  as  follows  : 


AN    ARITHMETICAL    PROBLEM. 


There  are  three  numbers  of  fuch  magnitudes  that  the 
fquare  of  the  firfl:  number  together  with  the  produft  of 
the  multiplication  of  the  fecond  and  third  numbers  into 
each  other  is  equal  to  tl^  number  16 ;  and  that  the  fquare 
of  the  fecond  number  together  with  the  producl  of  the 
multiplication  of  the  firft  and  third  numbers  into  each 

other 
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other  is  equal  to  the  number  17;  and  that  the  fquare  of 
the  third  number  together  with  the  produft  of  the  mul- 
tiplication of  the  firft  and  fecond  numbers  into  each 
other  is  equal  to  the  number  i8.  It  is  required  to  find 
the  fald  three  numbers. 


THE    SOLUTION. 

BY  DR,  JOHN  JVALLIS, 

S^VILIAN    FROFESSOH    OF    GEOMETRY    AT    OXFORD,    IN 

JUNE,    1662. 


Art.  3.  Let  a  be  put  for  the  firft  of  thefe  numbers, 
i  for  the  fecond,  and  c  for  the  third.  Then  will  the 
equation  aa  +  he  =  16  exprefs  the  firft  condition  of  the 
problem;  and  the  equation  bb  -i-  ac  =  ij  will  exprefs 
the  fecond  condition  of  it ;  and  the  equation  cc  4-  ai 
t=:  18  will  exprefs  it's  third  condition  :  fo  that  each  of 
the  three  equations  that  exprefs  the  three  conditions  of 
the  problem  will  involve  in  it  all  the  tliree  unknown 
quantities  a,  by  and  c.  And  hence  arifes  the  great  diffi- 
culty of  folving  the  problem ;  it  being  neceflary  to  per- 
form a  great  number  of  laborious  Algebraical  operations, 
before  we  can  difentangle  thefe  three  unknown  quantities 
from  each  other,  and  derive  from  the  three  aforefaid  ori- 
ginal equations  aa  +  he  ==  i6j  bb  +  ae  =  17,  and 
cc  +  ab  =z  18  (each  of  which  involves  all  the  three  un- 
known quantities,)  an  equation  that  fhall  involve  only 

one  of  them. 

Arf,  4. 
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Art.  4.  The  firft  thing  to  be  ihcwn  concerning  thefe 
three  unknown  number^  is,  ^^  that  each  of  them  is  differ- 
ent frbxn  the  other  two,"  or  "  that  no  two  of  them  are 
equal  to  each  other."  This  Dr.  Wallis  proves  in  the 
following  manner. 

In  the  firft  place,  the  firft  nuinb(*r  A  cannot  be  equal 
to  the  fecond  number  h.  For,  if  it  were  fo,  aa  would  be 
equal  to  hb^  and  he  would  be  =  ac^  and  confequently 
aa  4-  be  would  be  :=  i^  •+-  ac.  But,  by  the  I  ft  condition 
of  the  problem,  aa  +  be  \^  =  16;  and,  by  the  2nd 
condition  of  the  problem,  hh  +  /ir  is  =  17.  Therefore 
16  would  be  =  17;  v/hich  is  impofliblc.  Therefore  th^ 
fuppoGtion  "  that  a  is  equal  to  h^*  from  which  this  im- 
pofiible  conclufion  is  deduced,  cannot  be  true.       (^  E.  D. 

Secondly,  the  firft  number  a  cantiot  be  equal  to  the 
third  number  e.  For,  if  it  were  fo,  aa  would  be  =  ce^ 
and  he  would  be  =  ha^  and  confequently  =  ahy  and 
confcquenlly  aa  +  Ic  would  be  =  cc  •\-  ah.  £ut,  by 
the  ift  condition  of  the  problem,  aa  -^  he  is  =  16^ 
and,  by  the  3d  condition  of  the  problem,  ec  -{•  ah  is 
=  18.  Therefore  16  would  be  =  iSj  which  is  impof- 
Cble.  Therefore  the  fappofitiou  "  that  a  is  equal  to  r," 
from  which  this  impofliblc  conclufion  is  deduced,  cannot 
be  true.  q^  e.  d. 

Thirdly,  the  fecond  number  h  cannot  be  equal  to  the 
third  number  r.     For,  if  it  were  fo,  //'  would  be  equal 
to  ecy  and  ac  would  be  equal  to  ab^   and   confequently 
hb  +  ac  would  be  =  rr  +  ah.     But,  by  the  fecond  con- 
dition 
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dition  of  the  problem,  ii  +  /ic  is  =  17 ;  and,  by  the 
third  condition  of  it,  cc  +  ai  is  =  18.  Therefore  17 
would  |>e  =  18;  which  is  impofllble.  Therefore  the 
fuppoCtion  *'  that  b  is  equal  to  r,*'  from  which  this  im<i> 
poiCble  conclufion  is  deduced,  cannot  be  true.      <^  £.  o. 

jfrt.  5.  Having  thus  (hewn  that  the  three  unknown 
numbers  a,  b^  and  c  mud  be  all  different  one  from  the 
other,  it  will  be  expedient,  in  the  next  place,  to  (hew 
that  r,  or  the  third  number,  of  which  the  fquare  cc  occurs 
in  the  third  equation  cc  +  ab  ^  liy  will  be  greater  than 
either  of  the  other  two  numbers  a  and  b.  This  may  be 
proved  in  the  manner  following  2 

Since  the  three  unknown  numbers  a,  ^,  and  c  are  all 
different  from  each  other,  let  the  leaft  of  them  be  denoted 
by  the  fmall  Greek  letter  a  \  and  let  the  excefs  of  the 
middle  number  above  the  leaft  be  denoted  by  the  fmall 
Greek  letter  C,  and  the  excefs  of  the  greateft  number 
above  the  middle  one  be  denoted  by  the  fmall  Greek 
letter  y.  Then  will  the  fecond,  or  middle,  number  be 
=  a  +  C,  and  the  third,  or  greateft,  number  will  be  = 
«  +  /5  +  y. 

Therefore  the  produft  of  the  .  multiplication  of  the 
middle  number  into  the  greateft  number  will  be      = 

i  +  Cl  X  a  4-  C  +  y  =  a*  4-  aC  +  ay  +  Ca  +  C=  + 
Cy)  =  a^  +  7aQ  +  ay  +  ffy  +  ^^  and  the  fum  of  the 
fquare  of  the  leaft  number  and  the  faid  produft  of  the 
other  two  numbers  will  be  (a*  +  a*  +  2aS  +  ay  +  Cy 
+  C*,  or)  2a'  +  2af  +  ay  +  ffy  +  ff\ 

The 


tg2  DR.    WALLlb*S  SOLUTION   CP 

The  fquarc  of  the  middle  number  a  +  6  will  be  a^  + 
2aC  +  €' ;  and  the  produft  of  the  multiplication  of  the 
other  two  numbers  a  and  «  +  C  +  7  into  each  other 
will  be  a*  +  aC  4-  ay.  Therefore  the  fum  of  the  faid 
fquare  and  produ£l  will  be  2a^  +  3aC  +  C'  4-  ay. 

The  fquare  of  the  greateft  number  a  +  C  +  y  will  be 
(a*  +  aC  +  ay  -i-  Ca  +  C-  +  Cy  +  ya  +  yC  +  y%  or) 
a*  +  2aQ  +  2ay  +  ^*  +  2Cy  +  y"" ;  and  the  produft 
of  the  multiplication  of  the  other  two  numbers  *  and 
a  +  C  into  each  other  will  be  a*  +  aC.  Therefore  the 
fum  of  the  faid  fquare  and  produft  will  be  =  2a*  + 
3aC  +  2ay  +  C'  +  2ffy  +  y\ 

* 

And  this  lad  fum  is  greater  than  either  of  the  two  for- 
mer fums,  2a*  -f-  2a?  +  a/  +  ^y  -f  f*  and  2^*  +  3^^ 
+  b*  +  a/  5  it's  excefs  above  the  firft  of  thcfe  fums,  to 
wit,  2a*  +  2a?,  +  ay  -j-  ?/  +  ?-,  being  a?  +  ay  + 
?7  +  7%  ^^^  ^^'s  excefs  above  the  fecond  fum,  to  wit, 
2a-  +  3a?  4-  ?^  4-  a/,  being  ay  +  2*7  4-  7^. 

Now  the  lead  of  thefe  three  fums  muft,  by  the  con- 
ditions of  the  problem,  be  equal  to  16,  and  the  lead  but 
one  mud  be  equal  to  1 7,  and  the  grcated  mud  be  equal 
to  18. 

Therefore,  fince  the  lad  fum  2a-  4-  3ao  +  2^7  +  ^ 

4-  2^7  4-  y\  (which  is  =  a  4-  ?  4-  7)'  4-  *  X  a  4.  ?,) 
is  greater  than  either  of  the  other  two,  it  mud  be  =  18; 

that  IS,  a  +~r4rT;,z  ^  «  X  a  +  ?  mud  be  =  18. 

But 
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But  cc  -}-  iij  is  =   l8. 


Therefore  a  -f  C  +  /*  +  a  X  a  +  ?  mud  be  =  re 
+  tf i ;  and  confequeqtly  c  muft  be  =3:  a  +  C  +  y,  or 
muft  be  the  greateft  of  the  three  unknown  numbers  a,  b^ 
and  c,  <^  £•  D«      . 

* 

Art.  6.  But,  whcthfer  the  firft  unknown  number  a  (of 
which  the  fquare  occurs  in  th6  firft  equation  aa  -k-  he 
=  16,)  or  the  fecond  urfknown  number  i,  (of  which  the 
fquare  occurs  in  the  fc^otid  eqaationf  hb  +  ac  =  17,)  is 
the  greater,  ot  is  equal  to  the  binomial  quantity  a  +  ?,* 
dt>es  not  yet  appear.  ^  But  Dr.  Wallis  proves  that  h  is  the 
greater,  or  is  equal  to  oc  +  ?>  and  confequently  that  a  is 
equal  to  a,  or  the  leaft  of  the  three  unknown  quantities 
4j  b^  and  r>  by  the  following  train  of  reafoning. 

Siiice  the  fcxtinomial  quantity  2a*  +  3a?  +  2ay  + 
e*  4-  2ty  +  7*  (which  is  =  a  +  C  +  yV  +  a  X 
<K  +  C)  is  =  18,  and  either  the  quinquinomial  quantity 
2a*  +  lat  -I-  a/  .+  .Cy  +  f*  (Which  is  =  a^  4-  ^T^?] 
X  a  +  f  +  7))  or  the  quadrinomial  quantity  2a*  4- 

2<it  +  C*  +  ay,  (which  is  =  a  4-  f] "  +  a  X  «  +  ^  +  7,) 
is  =  I  J,  and  the  other  of  the  faid  two  quantities  is  = 
i6\  and  the  numbers  18,  17,  and  16  form  an  arithmetical 
progrcflion,  (the  excefs  of  18  above  17,  being  equal  to  the 
excefs  of  17  above  16,  to  wit,  1)  ;» — ^it  follows  that  the 

three  quantities  aa*  4-  3a?  4-  2a7  +  ?'  +  2*7  +  7% 

O  and 
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and  2a*  +  2«f  +  ay  +  (?y  +  C*  and  2a*  +  3af  +  f* 
+  a/}  (of  which  the  firft  is  equal  to  1 8,  and  either  the 
fecond  or  the  third  is  equal  to  ij^  and  either  the  third  or 
the  Tecond  is  equal  to  1 6,}  muft  alfo,  if  the  fecond  and 
third  were  to  be  placed  in  their  proper  order,  form  an 
arithmetical  progreflion.    Therefore,  if  from  thefe  three 
quantities  we  fubtra£l  the  quantity  2a*  +  2aC  ^  ay 
4-  ?S  which  is  common  to  them  all,  the  remainders  after 
iuch  fubtra£lions  muft  alfo.  when  the  fecond  and  third 
remainders  are  placed  iq  their  proper  order,  form  an 
arithmetical  progrei&on  i  that  is^  the  quadrinomial  quan- 
tity, a?  +  ay  +  aCy  +  y',  the  fingle  quantity  Cy,  and 
t^e  pngle  quantity  aC,  will,  when  Cy  and  a?  are  placed  in 
their  proper  order,. form  an  arithmetical  progreflion*    It 
remains  only  to  be  dcterminedy  whether  Cy  b  to  be  placed 
Iminediately  after  the  quadrinomial  quantity  clC  +  or/  + 
2Cy  +  y%  and  before  c^.,  or  is  to  be  placed  third  in  order 
and  after  aS.    Now,  if  Cy  was  to  be  placed  fecond,  or 
immediately  after  a f  +  ay  +  2^Y  +  y\  and  before  aC, 
it  would  follow  from  the  nature  of  an  arithmetical  pro- 
grefaon  (In  which  twice  the  middle  term,  when  the  num- 
ber of  terms  is  odd,  is  always  equal  to  the  fum  of  the 
two  terms  adjoining  to  the  middle  term),  that  iCy  would 
be  equal  to  the  fum  of  «?  +  ay  +  5  Cy  +  y'  and  aC, 
that  is,  to  7aC  4  ay  -{-  sCy  +  y\     But  this  is  impot- 
fible,  becaufc  2?y  makes  only  a  part  of  that  quantity. 
Therefore  fy  muft  not  be  placed  next  to  a?  +   ay  4- 
2fy  4-  y%  but  muft  be  third  in  order,  and  muft  come 
after  a»  \  and  confequently  the  three  terms  of  this  arith- 
metical progreffion  muft  be  firft,  a?  +  ay  4-  2Cy  4-  y*, 
and,  fecondly,  a»^  and  thirdly,  Cy.   Therefore  the  former 

arithmetical 
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arithmetical  progreflioni  (from  which  this  progreflion  was 
derived  by  fubtra£ling  the  quadrinomial  quantity  7a^  + 
la?  4*  C^  +  «/  from  each  of  it*8  terms,)  will  confift  of 
the  three  following  terms,  to  wit,  firft,  la  +  3aw  +  2ay 
+  aCy  +  f  *  +  y\  and,  fecondly*  7a^  4-  3a^  +  ^*  4-  a/, 
and  thirdly,  aa*  +  aaP  +  C*  +  ay  4-  ?/•  Therefore 
2«*  +  3a?  +  C*  +  ay  will  be   =r    17,  and   2a*  +   2a? 

+  C*  +  d/  +  Cy  will  be  =   16 ;  that  is,  a  +  ct*  4-   a 

X  a  4-  e  +  y  will  be  ?=    17,   and  a*  4.   a  4-  ?    X 

a  4-  e  +  y  will  be  =  16,    Therefore  a  4-  ?*  4-  a  X 

a  4-  C-4-  y,  or  a  4.  fl*  4-  a  X  r,  will  be  (=  17)  =  M 
4-  ^ ;  and  confequently  b  will  be  =  a  4-  C,  or  will  be 
the  fecond  of  the  three  iqu^otitie^  a,  a  4-  C,  and  a  4-  ? 

4-  y,  or  fl,  bj  and  c  j  and  a*4-a4-^X  a4-C4-y, 
or  a*  4-  i  X  r,  or  a*  4-  ir,  will  be  (=  16)  =.  aa  +  bc^ 
and  confeiqaently  a  will  be  s=  a^  or  will  be  the  lead  of 
the  three  unknown  quantities  a,  a  4-  C,  and  a  4-  C  4-  y, 
or  d,  bf  and  r.  Q^  e.  d« 

We  may  therefore  now  conclude  that  a  will  be  Icfs 
than  bf  as  well  as  that  b  will  be  Jefs  than  c  \  which  con- 
clufion  will  be  found  ufeful  in  the  courfe  of  the  following 
inveftigation  of  the  value  of  a^  or  the  firft  of  the  three 
unknown  quantities  a,  b^  and  r,  which  is  that  which  Dr. 
Wallis  makes  the  objecl  of  his  purfuit,  and  by  means  of 
which  he  afterwards  determines  the  two  other  quantities 
b  and  r,  and  gives  a  compleat  folution  of  the  problem. 

Jrt.  7.  Now,  for  the  fake  of  brevity,  let  the  letter  /  be 
fubftituted  inftead  of  16  in  the  equation  aa  -^  be  =^  i6ii 

O  a  and 


and  the  letter  m  be  fubftituted  kiittstd  of  17  in  t^c;  6qlt^ 
tion  bb  +  ac  =i  ijf  and  the  letter  h  be  fubflituted  in* 


•  • '         "-      1  ■       f'     T       •• '- 


N0W9  dace  aa.  -t-  ^  is  =?  /» Wje  ibaV  bnre.  3^.==  /  ^i^ 

and  confequcntly  r  =  -~?iTwtf  ^(=  >i 

9 


.iV    r 


,      .     •  .  .       •■      .  ;  •     f  :  ..    . 

Secondly,  fince  cc +  4ii' i$*m  ii»=  i^e  fliall  lum  <r  :^ 

Thcrcforcji^dlj',  n  -^  «^  mill  be  =s=  ^ — "^  .  ■; 

and  confcquently  wW  —  sP  will  be  =  /'  -:•  2/«*  +  «*•- 

J  J  •  ■       ■  ■ 

Therefore  (adding  ah^  to  both  fides)  nbb  will  be  =  rf' 
—  2/tf^  H-  o^  +  0^S  and  (adding  2/^2^  to  both  fide8») 
ftbb  +  2/fl-  will  be  =  /*  +  «*  +  iib\  and  (fubtrafliDg 
/*  +  fl*  from  both  fides,)  ^4*  will  be  =  nbb  —  /*  + 
2/rt*  —  a%  and  confequently  ./"^  will  be  = 

ftbb  T-  /*  4-  2//g*  —  <i*  .  . 

But  bb  +  ac  is  sz  w,  and  confcquently  bb  h  ^ 
m  —  a*". 

Therefore 
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But^kas  beeif  iievni4ib«t  c  it-  a:     T 


Tkerefore  a^  wiU  be  (=  «  X  ^zE  )    = 


la  -a» 
and  m  '•^  ae  will  be  =  m  — 


f^^a'  ,       wt'^^a'^a^ 


i  '= 


«^   —   Zj   +  fl'  .  M/l^  -^  /j*   +    fl* 

'  >->       '    ■        J    ^'^     ■■     III    ■      rtiH     ■ 


TherefoM  -^ — ~ — T~~~'^   (which  has  been 
Ihewn  to  DC  HI  —  ac^  will  be  =  r  a  and 

'       -  ab 

confequently  {multiplying  bpth  fides  into  flb)  nbb-^1^  + 

> 

Therefore  (adding  /*  +  if*  to  both  fides,)  we  (hall 
have  nbb  +  2la^  =  ^a^  — V^*  +  a<*^  +  'A  and  (fub- 
tra£Hng  %la^  JFrom  J»th  fides,)  nbk  =  IJ?«*  •*  3'^*  + 
»«♦  +  /*. 

Now,  fince  a  has  been  fliewn  in  art.  6  to  be  Icfs  than 
i,  and  m  is  lefs  than  «,  (m  being  =  17^ and  «  =  18)  it 
follows  that  mab  will  be  lefs  than  nbb^  and  confequently 
than  the  quadrinomial  quantity  mab  —  3/a*  +  2c^  +  /*, 
which  is  e(][ual  to  /i^i*    Therefore  mab  may  be  fubtrafbed 

O  3  from 


IpS  l>iu  WALLIs't  tOLUTXOK  Of 

from  both  (ides  of  the  lift  eqiuudon  ntlf  s  m&h  — -  3/1^ 
+  za^  +  l\  Let  it  be  To  fubtra£bed.  And  wt  fiialL 
then  have  nbh  —  mah  =  aa*  —  3A1*  +  /*.    Tberefoie 

(dividing  both  fides  by  iti)  wc  fliaU  have  hb'^^  Xk 

2tf4  _   ,/^»  ^  1% 


Art.  8.  Now  let  --^ ,  or  the  fquare  of  — 9  be  ad^ 
ed  to  both  fides  of  the  laft  equation*  And  we  {hall  then 
have  ** X  *  +  ' — —    =3  ^ — -i—   + 

4«*  '4JI  X  a  4a* 

8»a*  —  x2/«tf*  4-  «•<'*  +  4/*'* 


There^re   (extradiing 


the  fquare- roots  of  both  fides,)  we  (hall  have  b  — 


m 


\/8wtf*  —  ia./i<i*  +  w'fl*  -|-  4/*/! 
5=  ■  ■  ■     ■  '• 

2JI  ' 


and  confequentlf 


,  ma  V  8«fl*  —   izlna^  '\'  m^a^  -f-  4/*ii 

^    =     —    -f-  ■■  • 

a/i  2/f 


Therefore  (fquaring  both  fides  of  tliis  equation,)  we 
fliall  have  hb  =  — --   +  — r-: , ^ ,  ■* 

4«*  -  4/i» 
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ima  VSna^  —  ulna''  +  m^a^  -f  V  '» 

+     X = 

2n  2M 

• ^ -h X 

yiiKT*  —  I  »/«*!»  +  «*fl»  +  4/*" 

an 

8»ii^   —    ulna*   +   im^a*  +   4/*^ 


4n»  .  ■ 

^ 

But  W  +  tf^  IS  =  i».     And  <{r  has  been  (hewn  to  be 
Ai  —  tf* 


Therefore  *3  +       7  ^    will  be  =  m. 


Therefore  the  foregoing  value  of  hb  together  with 

/a  —  tf'      . 

— T —  will  be  =  m. 

b 

But  b  has  been  (hewn  to  be  = 

2fi  2fi  ~" 


1R11  4-  VSna^  —  12/Ha*  +  jn*<?*  +  4/* 

2« 


Therefore       '7  ■     will  be  =  Ar  -^  a9  x    the  reci- 


i;  ■^' 


procal  of  this  value  of  t,  that  is,  to  la  —  a^  X  the 

O  4  fra^ioa 


aoO  J>%.  WALLJS'S  SOLUTION  OF 

fra£lion  —  •  or  to  Ao 

ma  +  V8az4  .  isils^  +  t^^  +  ^' 

tracuon 


■Mr  +  i/8jM«  —  IjAm^  +  m^a^  +  4i«ii 

Therefore  the  foregoing  value  of  £3  together  .adthiluil 
laft  fraction  will  be  =  m ;  that  is^  the  quantity 

—      ■  + 

4Ji» 


— ^:;s + 


4«^ 


will  be  S3  wu 


Art.  ^  To  abridge  this  Icing  expreflion,  let  s*  be  put 
c-  %na^  —  jilna*  -^m^a*  +  4/*^,  and  confequeatly 

E  =  \/8/ia*  —  12/wa*  +  m*a'  -+-  4/^/1.  And  then  we 
fliall  have  8/w*  —  i2/«  +  2m^a*  +  4/*/!  (=  8»a*  -^ 
12///  +  /«V  +  4/*«  +  iwV)   =  E*  +  ffi^fl*.  and  con- 

fequently  the  laft  equation  will  become  ^    '^  *"*"*    jl 

An*  ■ 


4rt-  l»tf  +  E 

multiply  both  fides  of  the  equation  by  411%)  we  (hall  have 
E*+wjV  +  a/»JE+-  — -^^  ^  ^  ■-  s  4w/i^^  and  (muU 

tiplying  both  fides  by  ma  +  e)  we  (hall  have  tnaB^  + 
wa^a*  +  2m*a'B  +  E*  +  gw*tf*E  +  2iwje*  -|-  Hn^a  — 
8»»j*  =  4i»*>»?^2  ^  4W/I*!;  and  (fubtrafting  4m*»'a 
from  both  fides)  «ii?e*.+  iw'«'  +  2m-a'2,  +.  e^  -j-  m^a^Z 

+ 
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Hh  2mjE*  +  8/«'tf  —  8/7'fl'  —  ^nrti^a  s=  4w/i*E,  or  e» 
4-  3mflE'  +  3/w*fl*E  +  w'fl*  +  8/«*/j  —  in^a^  —  /^m^rra 
s*  4m/f^£$  and  (fubjtrafling  e'  +  3m*fl*E  from  both 
fides)  3iwflE*  +  iw*fl*  +  iln^a  — p-  8/i^^j'  t—  4tn^n*a  z=z 
4m/r^  — .  3iw*fl*E  r^"  ^S  and  (fubftituting,  in  (lead  of 
^Vin  the  term  3^tfE%.itf8  value  2na^  —  i2//itf*  +  m^d* 
^  4l^n)  l^mna?  -r-  36/iw{ia?  +  3111'^*  +  iil^mna  +^ 
pi^a>  -f:  ;8&i?fl  —  Zn^al  ^  x^n^n^a^^  i^n^VL  —  3»iVk 
rr  e\  or  i^nrna^  —  'j^mna>  +  4m'tf*  —  ^/i^a'   + 

}7j^fnna  +  8//i^fl  —  A'w*"^^  =  4««X  ^^  S***^^**  ""  ^'» 
Therefore  the  fquare  of  the  feptinomial  quantity  24mna^ 
—  2^lmna^  +  ^m^a^  ^  in^a^  +  iil^tnna  +  8/«'tf  — 
^tn^n^a  will  be  equal  to  the  fquare  of  the  trinomial  quan* 
tity  ^rnn^js,  ^  3101  We  -*>  e'j  that  is^  th<;  .compouui 
quantity 

*-     384«f«*a*     —    '256«'/i5a* 

-       288/l»4,/tf« 


•  «■ 


+     64/i*a« 
-J-  3Saiffi%'fl*        —     (^^Jti^M^a^ 


jpll  be  equal  to,  Ac  99mppund  quaatity 


> 


9m^ 


1  • 
•  *  I 


WiXLX^^ 


I  ,   +    288ib)|iV    —  I92ib*ji»ii^ 
+    ii8ai»iiSfl*      +    96l*m^il^ 
+      48Aiff«a#  ■  ^    64i»»V4*  -r  |a8^«ii»  +  i*; 

or  to  the  compound  quantity 

38^*ii*tf?<^    +    i68«f4iM'      —    2j2/)wW* 

^    5i2^a*       —    320«3«V 


•f     48o^w'/f'a^  —  i92Zw*/i*tf* 


+  i248/»/wV«* 
4-  i536/inff#«^ 


,-i28/*^n*  +  E*.      J 

Laftly, 
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Laftiy,  fincc  £*Is  =  8«tf*  —  i'2i«a^  -h  m^a^  +  j^l% 
tnd  £^  is  =:  tUc  compound  quahtity 

T 

we  Iball  bare.  £^  =;:  to^ie.produ^  of  the  njuhipllcation 
of  this  compound  quantity  into  the  quadrinomial  quantity 

%na^  —  l2ina^  +  rn^a^  +  4/'^,  that  is,  to  thp  cpmpouad 
quantity  r    •  ^  r    .  -,      . 

'  +       2im*na* 

.  +    624^/«»«V  —     a88/3m*/i*fl*      +  48/*/»*n^^» 


•    Thei^ore  the  compound  quahtity 


gm^a^E*      '  'i     -f   6w*tf^E^ 


+  E^ 


Will  be  equal  to  the  following  yery  numerous  compound 
quantity,  to  wir, 


5I2«^ 


.12 


r 


+    9  «•  ^ 
-*    5i2«r«^*    +       tnfiifi 

+     I280i*iisa«      +    96l*M^d^ 

-    576/'iw»«V  +  jeShmk^a*  ^ 

+    192/aiVtf^ 

or  to  the  compound  quantity 

38^*ii*tf?<^    +    i68«f4iM'      —    2j2/«W* 

—  li52/«rVa*     +       l^m^a* 
r^    5i2«wiftf*       —    320«Vtf* 

+     ^^m^na^    —   i6o/*iii»ii?fl* 

—  3am*»*tf*  +     i6iw*ii*fl* 
-f     I28w*««tf4  4-     96/*iw»«V 

-  576i3«iVtf*  +  768/3 w«*tf* 

J-attly, 
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Laftif,  fince  E*  Is  =  8«tf*  -^  filna^  -h  m^a^'  +  ^1% 
tnd  £^  is  =:  tUc  compound  quatitity 

f 

c  •   *~  I 

•  .    *•  ;        —  X-    .. '        .  2  . 

we  Iball  bare^E^  =;:  to  ^le  produ<3t  of  the  n^uhipllcation 
of  this  compound  quantify  into ^the  quadrinomial  quantity 
%na^  —  l2lna^  +  tn^a^  +  4/'«,  that  is,  to  thp  compound 
quantity  r.."- ,     -  v'.  '\     ,«.  _ 

■«.* .»     A  ,  « J'  .       --  .    - ..    ■     4 '  •     ".  -  .  "k\\    *  I  * 

-     f         ■    -A- 


4-         iw*a*  Hr  64i*«*i 


r         *     • 


Therefore:  the  compound  quatitity 


gm^a^E*        •:      +   6wVe^ 

ga  ^  8iw«'e^     +  E* 


\  —  24w^«Vj 


J"  - 


will  be  equal  to  the  following  yery  numerous  compound 
quantity,  to  wir, 


5I2«V* 


3o6 
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+       192«»*ll*4» 


—     dj2/m^ji«^ 


+    2lI2/*«'tf4 


4-     48o/M)ffSa^ 
+      I28«i*Ji«tf< 


+      48^j«»ii»4i» 


+     768/»«ii*fl» 

+     64fti»    I 

—  i28/*«rfl\ 


.»-• 


or  to  tKe  coihpound  quantity 

5I2«V*     —  2304//1V®      +  4224/*»'<»*      —  ^oi%l^n^a^ 
+  576i«*«*a»'^    —   i728/w*«»a«   -f-   iSjil^m^^m 

+      igim^na*      —     288/w*jm* 

+        l6wV 
—     32CJwVtf* 

+     64/««5 
+     64/*/w*«s 


—       5I2WH*tf' 


+  2ii2/*«'tf*         —  ^'j6I*n^a^ 
—     864/J«*a*tf*     +   i44/*»i*«*tf* 


-f     48o/inJ«Jtf* 

—         32«lU*a* 

4-      I28«*n*a^ 


Therefore 
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Therefore  the  compound  quantity  which  forms  the 
firft,  or  left-hand,  fide  of  the  equation  fet  down  at  (he 
end  of  art.  9,  to  wit,  the  compound  quantity 


"    i7t 

)m^n''a}''  - 

i728/OT*/f*a'     +   i872/*zf»*«' 

+ 

i^2m^ria^       +     96o.Wi*a* 

—     22%Im^na^ 

• 

864/3«»«»tf* 

H-   X44/-»m*»*tf* 

— 

jCS^mn^a^ 

-h   ig2i^mn'*a> 

-f 

l^tlm^n^a^ 

-  ^l^minW 

+ 

^Cl^m^na^ 

+  64;»««^* 

- 

32m^ft^a^ 

—  64Zw*«5tf* 

— 

\i%ln^a^ 

+    i6^*ftV* 

.        + 

e^m^n^a^ 

(which  is  equal  to  the  compound  quantity 


♦  x,4b» 


9w*a^E 


+  6m'a^.f 


24W  Vtf 'B*      —  8/w^*E*    +  E*)  will  be  equal 


4-  ibm^n^g* 


to  the  compound  quantity 


5t2«'<j'* 


SoS 


bk.  WALLis's  soLvnbfi  of 


:r 


■  ■ 

1 


^  403^11^ 
4-  X536£Mr^a^ 


—      5234MI^I* 


4-     48oi!«'ASa« 

+  i44^iiiVtf»* 

+     16  «*«•«*      • 

+  768/3iW«*a» 


► 


+     64/»«> 
+     64/iitf*ii> 


.  t 


I 


Art.  1 1.  Now  the  following  eleven  terms  occur  in  both 
thefe  compound  quantities,  and  with  the  fame  figns  + 
and  — -  prefixed  to  them,  to  wit,  the  terms 

+     I92»i4«fl%     —    288Ai»*«fl% 

+       1 6m^a\ 
—  S64Pm^n^a\     +  l44/*mVfl% 
-I-     ^bPfn^na\     +     ibm^n^a^.    Therefore,  if  thefe 

terms  are  omitted,  the  remaining  terms  of  thefe  two 
compound  quantities  will  ftill  be  equal  to  each  other ; 
that  is,  the  compound  quantity 
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4-     64«*fl*       —   izP/ff^/z-* 

-f-   192/%;/^^* 
4-      64/»«<^4r* 

will  be  equal  to  the  compound  quantity 


5i2«V*     —   2304/«V®     +  4224/»/2'a' 

—  4032/3n»tf«      4-   2li2/*«5a*         —   576/5/rV 

—  320jw3;,3a6     -I-     48o//»^«3j4      ^   i6o/»;w^«V 

4-  i536/«/i*fl*    4-     128/wVfl*       —  i92//w*«*j* 

-    l664/»»i«*^       4-   jtSi^mn^a'^ 

+    e^n^ 

+     64/»m»«5 


Add  5l2iw/;*rt^  +  32o;w3;;3^z^  4-  j66^l^mn^a^  + 
ibohn^n^a^  4-  i^ilnr/i^a'  to  both  fides.  And  we  (hall 
then  have  the  compound  quantity 


i2Smn*a 


♦>,t 
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4-     G^M^jiKi*  ! 


I 

=  the  compound  quantity 


J  4-    1 53  6/«f;Ha* 

4-     48o/w-';z3a*     ^   768/3 w/.4rt»     4-     647*n3 
+      I28i7/^n5a*  4.     C^i-mV 

-     I28/-»//.7>. 

Now  let  96c//.»;;;4i/'  4-  craA./';;^^*  +  64 wv;^;*  + 
ICj^r^mti^i:'  be  fuLtraflcil  fiuiii  b(  :li  fides.  And  we  (hall 
then  have  the  cuir.pcuiid  t-i::ii:tlty 


4-  ^.4/i<*/2^      -  J2S/;,V       4-  64A««j=  I 

4-  J28//ft««^fl*     J 


=  the  con'poui'.ii  (luaniity 


51 2;/ ^^r" 
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4-        ^'j6lM/i*U^  +        128/^5/1^41* 

+       64/^*7/ *t^ 

+    6^lWn^ 
-  i28/*m*; 


and    (dividing   all   the   terms   by   «',)    the    compound 
quantity 

+     64/»«V 
+   i28//?r/.V 


will  be  equal  to  the  compound  quantity 

'*    513^'*     —  2304^'^     +  42  24/*^'     —  4032/5/i^ 

+    576//I7/W* 

+    2112/-*^*  —    576/5^1* 

+     128/w^a*     +  ^-jClimfia*     +    64/* 

—  i28/*;7;w; 


ky 


and    (dividing  all   the   terms   by   32,)    the  compound 
quantity 

P  2  4wrm^ 
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will  be  equal  to  the  compound  quantity 


and  (fubtrafting  the  former  of  thefc  compound  quan- 
tities from  the  latter,)  we  (hall  have  the  compound 
quantity 

i6a'»     -   72/rf»«     4-    132/'^'     -   i2C!:'u^ 

—  2/j'fl^ 

4-  COl^u^ 

4-     4/wSw*  -  i8/s.ia 

4-      ^;/r«»j*  +  i8/3w/:j-  +    2/* 

—   'l^l^mna^  —  ./J^^a-  4-   zt^mhi^ 

4-      4/// '/J*  —  ilH^d^  — .  4/'*/7rn 


C. 


-^r/,  12. 
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Art.  12.  Now  let  all  the  terms  of  this  equation  be  di- 
vided by  16,  in  order  to  free  the  higheft  power  of  the 
unknown  quantity  a  from  it*s  co-efEcicnt.  And  we  (ball 
then  have 

a"  —  SL  la^o  ^   il  /,^,  _  ^  ;,^«     ^    ii  Z*^* 

48  4 

o  8 


_4.;,3^6  —Llr 


mna 


4 


4 


4 

8  o 

8  4 

4 

* 

=  o. 

L  This  laft  equation  may  be  free'd  from  f rations  by 

taking  ee  =  2^j,  or  =  aa^   and  fubftituting    -^ 

P  3    .  inftead 


214  DR*   WALLIS'S  SOLUTIOK  OF 


inftead  of  aa  in  it*s  terms.     For,  if  —  is    =    aa^    wc 

r*  ^  If" 

fhallhave  —  =  /z*,  and  -^-  =•  a*,  and   -7-    =    <*'> 
4  o  10 

and  =  a'*,  and  -- —  3=  a'*.      And   confequcntly, 

C£ 

by  this  fubftitution  of  —  inftead  of  aa^  the  laft  equa- 
tion will  be  converted  into  the  following  equation^  to  wit^ 


•7 -2.X/X  —  +  ^x/»x  —  --^x/»x-5- 

64  1  32  4  16  8  o 

I  ^'     .    9        ,  ^* 

—  —  X  w«  X  -7-  +  -^  X  Z/ffn  X  -r- 
4  10  0  o 


• 

I 

8 

«5 

X     g     . 

+ 

33 
8 

X    /*    X 

f4 

4 

— 

9 
8 

X  /5   X    - 

2 

+ 

I 

4 

X  /«'  X 

4 

+ 

0 

8 

X  /3/rt/i  X 

2 

4- 

8   ^ 

t 

•1- 

I 
8 

X  «*«*  X 

f4 
4 

— 

I 

8 

X  /^/«3  X 

2 

+ 

-J-A«V 

- 

7 
4 

Xhmn  X 

4 

— 

I 
^8"" 

X  /*«'  X 

2 

— 

4 

+ 

I 
4 

X  /«*  X 
-   0, 

4 
>    or 

^ 

I 
4 

X  /;w"«^-  X 

2 

J- 


6+ 
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A% 


6+ 


33l*e''  Cii^e'* 


64 


- 


«■ 


mne 


3 


64 


»  • . 


9Pc- 


64 


»'<:• 


64 


16 

16 

+ 

x" 

j6 

+ 

^z- 

r-;/'^;^ 

'  J    ,. 

16 

^  4- " 

Im-n^e^ 

T 

32 

+ 

16 

+ 

"  m»/»»f4 

32 

yl^mf.'c^ 

i<5 

U. 

Ijih^ 

16 


8 


==  o,    or 


P4 


•i» 


64 
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f«»  Q/f'Q  33/*^*  63/3^* 

64        ""      64  64 

.8 


IWfff* 


64 


64 


64 

64 

4^i»V* 
64  647 

4^|3^» 


<'4 

64 

f^lmne^ 

+ 

4/OT*f* 

64 

64 

6+ 

+ 

64 

«»*« 

iSl^tlMt* 

64 

64 

' 

+ 

4/fiV 
64 

64 

^    64 

'«» 

■ 

l6l*mn 

' 


64 


=L  0 }  and  confequently  (multiplying  all  the  terms  hj 
64)  we  (h:ill  have 


*" 
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*  ^*     —  9i^'®    +  33/»^'     —  63/3**     +  66/M        1 


— 

mne^ 

+   glmne^ 

+ 

4/;wV 

-     w'^« 

+ 

2m»;»*tf* 

—     «V* 

+ 

2Shmne* 

-  36/'.» 

+ 

8/» 

+  ^bi^muc* 

+ 

8/*;«»/i* 

• 

—     /^'^m^£^ 

— 

l6hmn 

- 

-     4/»r;3r* 

-       8/w*/;ac* 

^ 

•1 

=    o. 


jI  ReduBlon  of  the  foregoin?^  Equation  of  the  twelfth  Order 
to  an  Equation  of  the  Eighth  Order  by  dividing  it  by  the 
Trinomial  ^antity  e^  —  4/^-  +  4/*. 

Art.  1 3.  This  equation  may  be  reduced  to  an  equation 
of  the  eighth  power  by  dividing  it  by  the  trinomial 
quantity  ^  —  4/>*  +  4/*,  or  the  fquare  of  2/  —  /*; 
.which  Diviflon  is  fet  down  by  Dr.  Wallis  in  his  Algebnt) 
chapter  6i,  and  is  as  follows  : 


The 
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Therefore  the  quotient  arifing  from  the  divinon  of  the 
foregoing  dividend,  (which  was  the  fir(t»  or  left-hand,  fide 
of  the  laft  equation,  and  was  equal  to  0,)  is  the  compound 
quantity 


1 


«^'* 


And  confequently,  as  the  faid  dividend  was  equal  to  o, 
this  laft  compound  quantity,  which  arifes  from  the  di- 
vifion  of  it  by  the  trinomial  quantity  e*  —  4/if'  +  4/*, 
muft  be  equal  to  o  likcwife ;  and  therefore  the  final 
equation,  by  the  rcfolution  of  which  the  value  of  rr,  and 
confequently  thofe  of  aa  and  a  in  Colonel  Titus's  Pro- 
blem, is  to  be  obtained,  will  be  the  equation 

—  writ'*     +    ^!mue'     —  ^I'w/i 

—  ;«V*        +   2m^n^ 

—  nh'"' 

ArU  14.  Now  let  the  values  of  the  three  letters  /,  w, 
and  «,  be  fubftituteJ,  inftead  of  thofe  letters  themfelves, 
in  the  terms  of  this  equation,  to  wit,  i6  inftead  of  /, 
17  inftead  of  ;;i,  and  18  inftead  of  n.  And  then  we 
flialJ  have  5//  (=t  5  X  j6  X  ^•j  =  8of*;  and  9/^*  (  = 
9  X  16  X  16  X  tf*  =  9  X  256  X  ^*)  =  2304^*,  and 
mne^  (=  17  X  18  X  ^*)  =  306^*,  and  confequently 
9/V+  —  mne*  (=  2304^*  -—  306^*)   =   I998<'*;  and 
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iPe^  (  =  7  X  i6  X  i6  X  i6  X  tf*  =  7  X  256  X  16 
X  ^*  =  7  X  4096  X  e^)  =  28,672^%  and  ^/mne"^  (  = 
S  X  36  X  17  X  18  X  ^*  =  80  X  17  X  18  X  f*  =  80 
X  306  X  e^)  =  24,480^%  and  m^e"^  (=  17  X  17  X  17 
X  e*  =  289  X  17  X  e^)  =  4913^%  and  /iV  (  =  18  X 
18  X  18  X  I?*  =  324  X  18  X  e^)  =  5832^%  and  7/V 
+  i»V  +  «V  (=  28,672/?*  +  4913^  +  5832*^)  = 
39,417^%  and  confcquently  7/^^*  +  tn^e*  +  n^e*  — ' 
^lmne^{^  39,41 7^*  —  24,480^*  =  14^937^* ;  and,  laftly, 
2/*  (=  2  X  /^  X  /  =  2  X  4096  X  16  =  2  X  65,536) 
=  I3'>072,  and  2mV  (=  2  X  17  X  17  X  18  X  18 
=  2  X  289  X  324  =  2  X  931636)  =  187,272,  and 
2/*  +  2i«'«^(=  131,072  +  187,272)  =  318,344,  and 
>\l'mn  (=  4  X  256  X  17  X  18  =  4  X  256  X  306  = 
4  ^  7^>33^)  =  3^3>344>  ^^^  confcquently  2/*  + 
2m»«*  —  4tt^mn  (  =  318,344  —  3I3>344)  =  S^oo. 
Therefore  the  equation 


^  _  5//  +  9/V   —  7/3^*  +   ?/* 

—     m^e^         +    2iw*«* 


«V 


1 
I 

*=  O,  will,  when  the  values  of  /,  w,  n  are  fubftituted 
inftead  of  thofe  letters  in  the  feveral  terms  of  the  equa- 
tion, and  the  feveral  neceffary  additions  and  fubtraftionf 
of  the  terms  involving  the  fame  powers  of  ee  have  been 
duly  made,  become  e^  —  80^*  +  1998^*  —  i4>937^"  + 
50CO  =  o;  and  therefore  (adding  8cf*  +  14^937^*  ^° 
jboth  C4c8)  we  (hall  have  e^  +   1998^  +  5000    = 

14*937'* 
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14,937^'  +  8otf*;  and  (fubtra£bing  e^  +  1998^4^  from 
both  fides,)  we  fliall  have  5000  =  14,93 ;<*  +  ^^^  — 
/•  —  1998^*,  or  14,937^^  —  1998^  +  ioe^  —  ^  = 
5000.  And  laftly,  fubftituting  x  inftead  of  ety  we  fliall 
have  the  equation  14,937^1?  —  1998;^^^  +  8o:r*  —  .r* 
=  5000,  which  has  been  rcfolved  by  Dr.  Halley  in  the 
foregoing  tracl,  and  more  fully  in  the  Appendix  to  the 
faid  tra£l,  in  which  all  it's  four  roots  have  been  invcfti- 
gated)  and  have  been  fliewn  to  be  0*350,987,046,  and 
12.756,441,794,480,744,07,  &c,  and  32.060,290,8,  and 
34.832,28o>2. 


Another  Method  of  nJuci/.g  the  foregoing  Equation  of  iht 
Tivelfth  Order  to  nfi  Equation  of  the  Eighth  Order  by  means 
of  two  Divifions  ly  the  fime  Divifor  as  before. 

Art*  15.  The  foregoing  rcdu£lion  of  the  equation  of 
the  twelfth  power  to  an  equation  of  the  eighth  power  by 
means  of  the  divifion  of  it  by  the  trinomial  quantity  ^  — 
4/p"  +  4/  that  is  fei  forth  in  art.  13,  may,  perhaps,  be 
thought  to  be  in  fomc  degree  obfcurc  and  unfatisfa£lory, 
becaufe  the  cividend  is  a  fct  of  quantities  that,  all  taken 
together,  arc  equal  to  nothing ;  and  it  may  be  faid,  with 
fomc  appearance  of  truth,  "  that  operations  performed 
upon  nothing,  or  a  non  entity,  can  lead  to  no  rational 
concluHon.'-  I  will  tlierefore  now  feparatc  tlie  quantities 
that  compofc  that  dividend,  and  place  fomc  of  them  on 
the  fecond,  or  right-hand,  fide  of  the  equation,  and  then 

divide 
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divide  both  Odes  of  the  equation  fo  prepared  by  the  fame 
trinomial  quantity  ^  —  4/p*  +  4/*  as  before  j  by  which 
means  we  fliaJl  obtain  two  quotients  which  \yill  be, — not 
*^  equal  to  nothing,  as  the  former  quotient  was,  but, — of 
finite  magnitudes  and  equal  to  each  other:  and  then,  I 
apprehend,  no  doubt  can  be  entertained  of  the  juftnefs 
of  the  reafoning  and  the  truth  of  the  conchifion  ob- 
tained by  it.  This  may  be  done  in  the  following 
manner : 

The  compound  quantity 
V*  -  9i^»°  4-  33/V  -  6iPe^      +  661^6^      -  36/5^*      - 

4-     8/« 

is  equal  to  the  trinomial  quantity  tf"  —  4/^'°  +  4/*^' 
together  with  the  multinomial  quantity 

-       «'<!<*      -  zSl^mne*    —    4/*n3tf* 

+    8;« 

+     8/*;w^n* 

3  Therefore 
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Therefore  the  triromial  quantity  c''  —  4/?"°  +  4/*^* 
will  be  equal  to  the  faid  multinonnal  quantity  when  the 
figns  of  all  it's  terms  (lull  be  changed,  that  is,  to  the 
following  multinomial  quantity,  to  wit, 

r  +  5^^"  -  a9^*'"  +  63/*/®      -  66/*^*      +  36/5C* 

+       «V     —     2m*nK*  +     4/*Jw'tf* 
+      n^c^      +  iSl^fftm:^  +    4i»«»^* 

^     8/» 
4-   I  Cl^mn, 

For  otherwife  the  former  multinomial  quantity,  which 
confided  of  the  trinomial  quantity  e^'  —  4/?'°  +  4/V 
with  this  latter  multinomial  quantity  fubtraAed  from  it, 

could  not  have  been  equal  to  nothing. 

Now  let  both  fides  of  tliis  equation  be  divided  by  the 
trinomial  quantity  t^  —  4/f  *  +  4/" :  and  it  will  follow 
that  the  quotients  of  thefe  two  divifions  mufl  be  equal  to 
each  other. 

But  the  quotient  of  the  divifion  of  the  trinomial  quan- 
tity f'*  —  ^le^°  4-  4/V  by  the  trinomial  quantity  e*  — 
4/^*  +  4^*  is  ^^.  v\nd  the  quotient  of  the  divifion  of  the 
fecond,  or  right-hand,  fide  of  this  equation,  or  of  the  laft- 
mentioned  multinomial  quantity,  may  be  found  in  the 
following  manner ; 

Tii 
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It  appears  therefore  that  the  quotient  of  the  diviGon  of 
ihis  lad  maltinoihial  qaantity  by  the  trinomial  quantity 
t*  —  4/p*  +  4/*  is  the  compound  Quantity 

^  *     +     iwV*        —  awV-  f 

I  +    »*'*  J, 

Therefore  this  compound  quantity  will  be  e4ual  to  ^, 
which  is  the  quotient  of  the  diviCon  of  the  quantity 
r«»  —  4it"  +  4/V  by  the  fame  divifor  ^  —  4^*  +  4^5  , 
and  therefore  iRre  have  now  obtained  by  intelligible  means 
an  equation  between  two  finite  quantities^  to  wit^  the 
equation  <*  =c 

+     mV      -*-  a«*iiS 
+     nV 

irhich,  by  fubtrading  the  fecond,  or  right-hand^  fide  of 
it  from  <%  or  the  left-hand  fide  of  it,  will  produce  the 
former  equation  obtained  by  Dr.  Wallis^  to  wit^  the 
equation 

^  —  5/^4.  9/*^  —  yle^        +  2/* 


nV 


>  =5  o. 


Q.a     •  53# 
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The  Application  of  the  Number  i2.756,44i,794,4do>744i  or 
the  fecoftd  Value  of  ec,  or  the  leafl  Value  of  It  hut  one^  in 
the  Equation  14,937^'<'  —  1998^*  +  80^*  —  ^*  =  50OO9 
to  the  Solution  of  Colonel  Titus* s  Problem. 

Art.  16.  Having  now  at  laft,  after  many  tedious  and 
laborious  Algebraick  operations,  obtained  the;  equation 

—    mne^  +   ^Imne*    —  ^t^mn 

—       #71 V        +    2W"«* 


?    =  0, 


«V 


or  (by  fubftituting  the  values  of  ly  m>  and  n  in  the  terms 
of  the  equation  inftead  of  thofe  letters  themfelves,  and 
making  the  proper  additions  and  fubtra£lions  of  the 
terms  that  involve  the  fame  powers  of  ee)  the  equation 
^  —  80/  +  1998^  —  '4>937^*  +  5000  =  o,  or  the 
equation  14,937^^  —  I998r*  +  80^*  —  ^  =  5060,  we 
will  now  proceed  to  apply  one  of  the  values  of  ee  to  the  dif- 

covery  of  the  value  of  aay  or  —  ,  and  of  Cy  the  firft  of 

the  three  unknown  quantities  ay  b^  and  r,  which  are  re- 
quired to  be  found  in  Colonel  Titus's  Problem. 

Now,   if  we  fuppofe  ee  to  be  sa    12.756,4413794, 

480,744,  (which  is  the  fecond,  or  leaft  but  one,  of  the 
four  values  of  ee  in  this  equation  that  have  been  found  in 
the  foregoing  Appendix,)  this  value  of  ee  will  enable  us 
to  find  the  values  of  the  faid  three  numbers  Oy  by  and  c 
required  by  the  Problem. 

For,  if  ee  is  =  12.756,441,794,480,744,  we  fliall  have 
««  (=    ^  =   '^•786.44^794.480.744     ^    6.378,220, 

897* 
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• 

897,240,372,  and  confequently  a  {=  \/^' 378,220,897, 
240,372)  =  2.525,513,986.  Therefore  j,  or  the  firft 
and  lead  of  the  three  unknown  quantities  a,  i,  and  c 
required  to  be  found  in  the  faid  Problem,  will  be  = 
2.525,513,986.  Q^  E.  I. 

Having  thus  found  the  value  of  a,  or  the  firft  of  the 
three  numbers  a,  b,  and  r,  wc  may  derive  from  it  the 
value  of  by  or  the  fecond  of  thofe  numbers,  in  the  man- 
ner following : 

It  has  been  (hewn  above  in  art.  8  that  i  is  = 
—  +   — : —  • 

2n  2ft 

Now  /la  is    =   6.378,220,  &c,  and  confequently  a^ 

will  be  (=  6.378,220,  &c^  )  =  40.681,690,368,400, 
and  Sna^  will  be  (=  8  X  18  X  a*  =  144  X  o*  =  144 
X  40.681,690,368,400)  =  5858.163,413,049,600  J  and 
iwV  will  be  (=  17  X  17  X  fl'  =  289  X  a*  =  289  X 
6.378,220,  &c)  =  1843.305,580,  &c  ;  and  i2/w^*willbe 
(=  12  X  16  X  18  X  ^*  =  345<^  X  ^^  =  3456  X 
6.378,220,  &c)  =  22,043.128,320  ;  and  4/*^  will  be  (  = 
4X  ifr  X  i6X  18  =  4  X  256  X  18  =  1024  X  18)  = 
18,432.  Therefore  the  quadrinomial  quantity  Sna^  — 
llha^  4-  m^a^  +  /^l^/i  will  be  (=  5858.163,413,049,600 
—  22,043.128,320  +  1843.305,58c,  &c   •+•   i'^,432   = 

26,133.468,993,049,600    22,043.128,32c)        :-      4090. 

•34^>^73>049>6oO.     Therefore  Vona^^  Hina^-^/u  u^-fj^i^n 
will  be  (=  i/4C9o.34O,673,04j,6co)  =  63  955,771;  and 

^/Hna--i2Jna^^,n^a^  +  ^i^n  ^.^  ^  63.955,771 

0.3 
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==  ^HSMli  =  tmhni)  1.776,549.    And 

wUl  be  f=  -^  =  i7Xi.si5,si3,986  _  4>>933f737>7fa% 
36  '       36"  36  ' 

=  1.192,603,826.    Therefore  4- 


2% 


•,— ^ jj 2: —  wJl  be  (=  1 .19I1603, 

826  +  1.776,549)  =  2.969,152,8269  or,  nearly,  2*969, 
153  ;  that  is,  h^  or  the  fecond  of  the  unknown  quantitiei 
tf,  h^  and  c^  required  to  be  fpund,  will  be  =,  nearly^ 
2.969,153.  Qi  J.  I. 

LafUy,  fince  aa  +  ^r  is  =  /,  we  (hall  have  be  ^  I 

,        ^           ,             /^tftf  ,      i6-»6.i78,ixOyfte 
—  aa^  and  conlequently  c  =  — y —  (= ^^ r— ^ 

=    ^*  ^    — )  =  3*240,c8o}  that  is,  the  third  unknown 
^•969>»53  '      '^    ^  »^     ' 

number  c  which  was  required  to  be  found  will  be  s 
3.240,580.  Therefore  the  three  numbers  fought  are 
2-5^5jSI3>986,  &c,  or,  nearly,  2.525,514,  and  2.969,1539 
and  3.240,580.  Q^  £.  I. 

^rt.  17.  Thefe  numbers  will  anfwer  the  conditions  of 
the  problem.  For,  if  a  is  =  2.525,514,  and  £  is  s 
2.969,153,  and  ris  =  3*240,580,  we  (hall  have  aa  = 
6.378,220,8,  and  tb  =  8.815,869,5,  and  cc  =  10.501, 

338.7,  and  ic  (=    2.969,153  X  3.240,580)  =  9.62I9 

778.8,  and  ac  (=  2.525,514  X  3.240,580,)  =  8.184, 
130,1,  and  ab  (=  2.525,514  X  2.969,153)  =  7498, 
637,4.  Therefore  aa  +  be  will  be  (=  6.378,220,8  + 
9.621,778,8)  =  i5.999>*998,6^  which  is  very  nearly 
equal  to  16,  agreeably  to  the  firft  condition  of  ihc  Pror 

blem* 
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Uem.  And  bb  -I-  ac  will  be  (=  8.815,869,5  +  8.184, 
130,1)  =s  i6.999»999)6 ;  which  is  very  nearly  equal  to 
1%  agreeably  to  the  fecond  condition  of  the  Problem. 
And  ct  +  tf A  will  be  (=  10.501,358,7  4-  7-498,637,4) 
=  i7-999,996,i  ;  which  is  very  nearly  equal  to  18, 
agreeably  to  the  third  condition  of  the  Problem.    <^  E.  D. 

Art.  1 8.  Dr.  Wallis  has  inveftigated  the  values  of  the 
numbers  a,  by  and  c  to  fixteen  places  of  figures,  and 
.  found  them  and  their  fquares  and  produdls  to  be  as  fol- 
lows }  to  wic, 

a  =  2.525,513,986,744,158,  and  aa  =  6.378,220, 

897*^0,372. 
b  7  2.969,152,768,619,848,  and  bb  =r  8.815,8^8, 

163,402,909, 
c  =  3-240,580,681,61 7,174,  and  cc  =  10.501,363, 

iS4i07o,430> 
and  be  ss  9.62i,779,io2;759,628,  and  ac  3=  8.184,131, 

836,597,093, 

(md  ab  =  7*498,636,845,929,567  \  and  confequently 

aa  +  be  to  be  = 

{6.378,220,897,240,372,  ^ 

+     9-621,779,102,759,628  J 

=   i6.QOO,oop,ooO|00o^Ooo,  agreeably  to  the 
firft  condition  of  the  Problem : 

and  bb  ^  ae  to  he  zz 

{'  8.815,868,163,402,909  ^ 

+     8.184,131,836,597^93  J 

=  i7.ooO)00<v>oo,ooO|002^  which  U  yttj 

Qji'  nearly 


»'  •'    / . 
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nfearly  equal  to  1 7,  agreeably  to  the  fccond  condition  of 
the  Problem ; 

and  cc  +  ab  to  be  = 

{•     10.501,363,154,070,430  ^ 

+     7.498,636,845,929,567  J 

=  i7-999>999>999>999>997>  which  is  rcry' 
nearly  equal  to  18,  agreeably  to  the  third  condition  of 
the  Problem.  « 


The  Application  of  the  Number  0.350,987,045,866,14,  ^r 
the  leajl  Value  of  ee  in  the  Equation  14,9371'^  —  1998^ 
4  8c^^  —  *•  =  5000,  to  the  Solution  of  Coionel  Tttu/s 
Problem. 

jtrt.  Tp.  But  there  is  another  fet  of  values  of  the  un- 
known numbers  «,  by  and  c  that  will  anfwer  the  condi- 
tions of  the  Problem.  And  thefe  values  may  be  derived 
from  the  lead  value  of  ee  in  the  final  equation  14,937^^ 

—  1998^*  +  Soe^  —  e^  =  5000  refulting  from  the 
foregoing  folution  of  the  Problem.  For  the  leaft  value 
of  ee  in  that  equation,  or  of  x  in  the  equation   1 4,937.^1? 

—  i998^.r  +  Sox^  —  x^  =:  5C00,  has  been  found  in 
the  foregoing  Appendix  to  Dr.  Halley's  Tradl,  page  160, 
to  be  =0.350,986,9,  or  nearly,  0.350,987*,  and,  if  it 
had  been  inveftigated  to  a  greater  degree  of  exaflnefs,  it 
would  have  been  found  to  be  =  0.350,987,045,866,14. 
Therefore,  if  we  take  ee  =  0.350,987,045,866,14,  wc 

ftallhavc  «a  (=    —    =  .SJ52i9!lj24S:^66^.   ^ 

0.175, 
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0.175,493,522,9^3.07,  and  confcquently  a  (=  \/o.l7^# 

493»S2^>933'07)   =   o.4i«,QJ9i^70,70'*7 ;  ^^^^t  is,  tho 
firlt  and  lead  of  the  three  numbers  a,  /',  and  c  which  arc 

required  to  be  found,   will  be  =  0.418,9  [9,470,701,7, 

or  nearly,  0.418,919,470.  <^  E.  i. 

Further,  it  has  been  fhewn  above  in  art.  8  that  the 


ma 


fecond  unknown  number  b  is  =  + 

in 


271  2    X    18 

\/8xi^a»-i2x  16 X  i8^^4-r7X^i7tf*4-4X  16 x  16x7? 

2  X  18 


_      ^7^    j^  >/i44/z*—  12  X  2Ssfl^  4-  289^^  4-  1Q24  X  *8 
3^  3t> 


_.      n^     ,    \/t44j'»  —  3456^*  4-  289^^  4-  18,43a 

_      I'^g    ^    y/ 1 44^1^  —  3167^^  H-   '8,432 
36  36 


But  fl  is  =  0.4 1 8,9 19,470,  and  aa  is  =  0.175,493,523* 

and  confequently  a^  is  (=  0.175,493,523)')   =  0.030, 
797,976,63. 

Therefore  144^*  will  be  (=  144  X  0.030,797,976,63) 
=«=  4434)908,634,72,  and  3167^^  will  be  (—  3167  X 
0.i7S>49i523)  =  555-787,987,341,  and  I44fl*  — 
3167a*  4.  18,431  will  be  (=  4-434*908,634,72  — 
555.787,987,341  +  18,432  =  18,436.434,908,634,7  — 

555-787, 
S 
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555-78719871340  =  171880.646,921,291,72,  an<J  CiC 
fiquare-root  of  144^1*  —  3167a*  -f  18,432  will  he  (= 
^17,880.646,921,293,72;  =   i3J.7i8,S36,i9ii 


»nd    ^'44^^-3^  4-.8,n^   ^.jj  ^ 

,_  I33'7i8,536»i9'  .   _  ,  ^.^  ^^o  ,R. 
1=^-' T^ i  ^  3-7'4i403j783* 

And  i^   will  be  (.-.   '7  X  o.4i8,9i9>47o  ^ 
36  ^  36  ^ 

7.121,630,990  .  _  ^  ,^^  Q^^  ^g^ 
1 -g )  =  o-i97>823^o83. 

-,.        -        T7<f         Vi4^4tf*  —  '^167/1*  4-  18433      .„, 

Therefore  -V  H ^^ ^"T^ -^^  ^»M  ^ 

36  36 

(=  0.197,823,083  +  3-7M>403>783)  =  3.912,226,866; 
that  is,  tf  or  the  fecond  unknown  quantity  required  to  be 
found,  will  be  =  3.912,226,866.  Q^  E.  i. 

Lafily,  the  third  number  £  will  be  =    — r —   (  = 
'    3-9i'>^a6,866       ^   3.912,226,866"^ ""  4.044*884,670. 

<^   E.   I. 


jirt.  20.  And  thefe  three  numbers,  0.418,919,470, 
3.912,226,866,  and  4.044,884,670,  will  anfwer  the 
conditions  of  the  Problem.  F*or,  if  a  is  =  0.418,919,470, 
and  ^  is  =  3.912,226,866,  and  r  is  =:  4.044,884,670, 
we  (hall  have 
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aa  (=  0.418,919,470)^)  =  ai75,493,523, 
ai|d  bb  (=  3.91 2,2 26,866 V)  =  IS-305>SI9>0S^ 
and  cc  (=  4.044,884,670)*)  =  16.361,091,993, 
and  be  (=  3.912,226,866  X  4.044,884,670)  =  ^5.824, 

5^i475f 
^ndiir  (=  0.418,919,470  X  4.9441884,670)    =   1.694, 

480,942, 

and  fli  {=  0.418,919,470  X  3.9129226,866)  s=  1.638, 

908,005^ 

Therefore  aa  +  be  wijl  be  = 

f  0.175,493,523  1 

\        +   i5-824»So6,47S  J 

=  i5*999>999>99?  *f  which  is  very  nearly 
=  16,  agreeably  to  the  firft  condition  of  the  Problem: 

And  bb  -k-  ac  will  be  ^ 

(     '        iS-3oS>5i9»05i  1 

\       +     1.694,480,942  J 

=  16.999,999,993 ;  which  \%  TCiy  nearly 
equal  to  17,  agreeably  to  the  fecond  condition  of  tbcf 
Problem : 

/^nd  ie  +  ^b  will  be  = 

l6,36f. 
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r  16.361,091,993  ^ 

j^       +    1.638,908,005  J 

=  i7'999>999>998  5  which  is  very  nearly 
equal  to  18,  agreeably  to  the  third  condition  of  the 
Problem. 

It  appears  therefore  that  thefe  three  numbers  0.418^ 
919,470,  3.912,226,866,  and  4.044,884,670,  which  arc 
derived  from  0.350,987,046,  or  the  firft,  or  leaft,  value 
q{  ei  in  the  equation  14,937^^  ^^  1998^*  +  bo**  —  ^ 
=  5000,  anfwer  the  conditions  of  the  Probrem  as  well  as 
the  three  former  numbers  2.525,513,986,  and  2.969,153, 
and  3.240,580,  which  are  derived  from  12.756,441,794, 

480,744,  or  the  fecond  value  of  ee^  or  the  leaft  value  of 
ee  but  one,  in  the  fame  equation. 


Of  the  Tix)0  Greatejl  Values  oftt  in  the  Equation  i4,93;'/< 
—  iggSt'*  +  8c^*  —  ^^  =  5000. 

Art,  21.  But  the  other  two  values  of  ee  in  the  equation 
-I4,937tv  —  1998^*  4-  80^^  —  ^*  =  5000,  to  wit,  the 
numbers  32.060,290,8  and  34.832,280,2,  have  no  rela- 
tion to  the  prefent  Problem  :  for,  if  the  values  of  Oy  h^ 

and  c  are  derived  from  them  by  taking  aa  =  ,   upon 

a  fuppofition  that  ee  is  equal  to  either  of  thofe  two  num- 

,     t .       7          ^«         \/8wtf*—  I  a/«<3*  H- w^tf *-f  4/*« 
bers,  and  taking  b  =   —  4- ^ — , 


%n  2n 


17^    ^144^^  -  3^^/^'  +  i«r43*    ,     l-aa 

or  —- — I ,  and  c  =  — ; — . 

36  36  '         h     * 

16  '~-  aa 
or  7 i   the  values  of  aa   +  Ic,    bb   +  ac,    and 

cc 
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cc  +  ah  will  not  be  found  to  be  refpeaively  equal  to  the 
three  numbers  16,  17,  and  18,  agreeably  to  the  condi- 
tions of  the  Problem.  But  thefe  two  greater  values  of 
et  in  the  faid  equation  14,937^^  —  1998^*  +  80^^  —  ^ 
=  5000,  or  thefe  two  greateft  roots  of  the  equation 
^4»937'*  —  1998;^*  +  8ox^  —  j:*  =  5000,  will  be 
found  to  relate  to  two  other  Problems,  fomewhat  different 
from  that  of  Colonel  Titus.     For,  if  ee  is  taken   = 

^  _^  o        •        •    ^  1  ^^  12.060,100*8 

-  39.060,290,8,  and  aa  is  taken  =  — ,  or  ^ L-ZH  ^ 

2  2 

or   16.030,145,4,    and  a  =    ^/i 6.030,14 5,4,  and  h  ig 


*  taken  =  I^  +  ^i44^- -  3167.- +  18,43a  ^^^ 
9  =    -^^ — ,  or 1 >   the  three  values  of  «,  h^ 

b  b 

* 

'  and  c  fo  obtained  «vill  be  fitted  to  anfvver  the  conditions 
of  a  Problem  in  which  it  (hould  be  required  to  find  the 
Values  of  three  unknown  numbers  a,  i,  and  r,  upon  a 
fuppofition  that  aa  —  he  (inftead  of  aa  +  he)  was  equal 

'  to  J  6,  and  that  hh  +  ae  was  (as  before)  equal  to  17,  and 
that  cc-^ah  (inftead  of  ce  +  ah)  was  equal  to  18.  And, 

if  ^^  is  taken  =  34.832,280,2,  and  aa  is  taken  =  — » 


or 


34.8^2,280,2  ^  J   1  •    .  1 

^  ^,  or  17.416,140,1,  and  b  is  taken   = 


ill  ^    Vi44^--3^67.--HiM32     ^^ J  .^  j^^^^^„ 
36      ^  3$ 

s=  — ,  or  ,  the  three  values  of  a^  h^  and  c 

fo  obtained  will  be  fitted  to  anfvVer  the  conditions  of  a 

third 
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third  Problem^  in  which  it  fhould  be  required  to  find  th^ 
values  of  three  unknown  numbers  a,  b,  and  c,  upon  a 
/uppofition  that  aa  -^  be  (indead  o£  aa  +  ^r)  was  cqijal 
to  i6y  and  that  bb  -'^ac  (inftead  of  hb  +  ac)  was  equal 
to  17,  and  that  cc  +  ^^  was  (as  before)  equal  to  1 8*   Sidb 
Br.  Wallis*s  Algebra,  chapter  LXII,  articles  63^  64^  65^ 
66»  &c  -  -  799  in  which  the  fubje£l  is  fulljr  difcufled^  but 
not  without  fome  degree  of  obfcurity  arifing  from  the 
conGderation  of  negative  quantities,  and  from  the  do£farme 
of  the  generation  of  equations  one  from  another  by  mid^ 
tiplication^  or  by  bringing  ail  the  terms  of  each  equatioo 
to  the  firfty  or  left-hand,  fide  of  the  equation,  fo  9s  to 
make  them  equal  to  o,  and  then  multiplying  the  eqoationa 
(fo  prepared  and  made  equal  to  nothing,)  one  into  anotficr, 
and  from  the  eminently  falfe  pofition  derived  from  that 
manner  of  generating  equations,  to  wit,  *'  that  every 
Algebraick  equation  has  as  many  roots  as  there  ate 
units  in  the  index  of  the  higheft  power  of  the  un- 
known quantity  contained  in  the  equation.''     For  this' 
do£trine  of  the  generation  of  equations  one  from  another 
by  multiplication,  (which  was  invented  by  Harriot^  and 
adopted  by  Des  Cartes  and  Dr.  Wallis  and  almoft  all 
the  fubfequent  writers  on  Algebra,)  inftead  of  being 
an  improvement  in  that  fcience,  has,  in  my  opimctai, 
been  of  great  detriment  to  it  by  deftroying  it's  fimplicity 
and  perfpicuity,  and  therefore  ought  again  to  be  difcarded 
from  it. 

Art.  22.  The  foregoing  Solution  of  Colonel  Titus's 

Problem  given  us  by  Dr.  WalHs  is,  as  we  have  fcen,  ex. 

ceedingly  tedious  and  laborious  \  and  great  part  of  the 

9  labour 
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labour  required  in  the  folution  of  it  arifes  from  the  ne- 
.  ceffitjr  we  are  under  of  raifing  the  equation  involving  the 
unknown  quantity  a  to  the  1 2th  order,  or  to  the  1 2th 
power  of  tf|  in  order  to  free  it's  terms  from  radicality. 
But  Mr.  William  Frend,  the  ingenious  author  of  the  late 
perfpicuous  Treatife  on  Algebra  in  one  volume  oAavo, 
intided  Principles  of  Mgehra^  (in  which  he  totally  rejeds 
the  abfurd  and  perplexing  do^tne  of  negative  quantitiis^ 
or  quantities  lefs  than  nothings  or  quantities  obtained  by  fab^ 
trailing  a  greater  quantity  from  a  lejfer^  has  lately  com- 
municated to  me  another   Solution   of  this  Problem, 
which  produces  only  a  biquadratick  equation*     And  this 
equation  will  be  found  to  have  three  roots,  or,  in  the 
language  of  modern  Algebraifts,  three  real  and  affirmative 
roots  ;  of  which  the  middle  root  will  enable  us  to  find 
'   the  firft  fetof  values  of  the  three  unknown  numbers  a^ 
hy  and  r,  that  will  anfwer  the  conditions  of  the  Problem, 
to  wit,  the  three  numbers  2.525,5  &c,  2.969,15  &c,  and  . 
3.240,5  &c  ;  and  the  greateft  root  will  enable  us  to  find 
the  fecond  fet  of  values  of  the  faid  three  unknown  num- 
bers that  will  anfwer  the  fame  conditions,  to  wit,  the  three 
numbers  0.418,919,47,  3.912,226,8  &c,  and  4.044,884,6 
See.    This  Solution  I  ihall  now  proceed  to  lay  before  the 
'  reader,  as  a  proper  accompaniment  to  the  foregoing  So- 
Itttion  of  this  Problem  'given  us  by  Dr.  Wallis. 


ANOTHER 


t40  VR.  fkend's  solution  of 


^OBBm 


ANOTHER    SOLUTION 

OP 

COLONEL  TITUS'S   PROBLEM^ 
EY  MR.  WILLIAM  FREND,  M.  A. 

FELLOW  OP  JESUS  COLLEGE,  CAMBRIDGE. 


t 


Jtrt,  43.  IVETAINING  the  notation  ufedin  the  fore- 
going Solution  of  this  Problem  by  Dr.Wallis,  and  retaiohig 
likewife  the  prcHmitiary  obfcrvations  made  by  Dr.  Wallis, 
to  wit,  **  that  the  three  unknown  numbers  j,  ^,  and  r, 
that  are  fought  in  the  Problem,  are,  all  of  them,  of  dif- 
ferent magnitudes,  and  that  Oy  or  the  number  of  which 
the  fquare  occurs  in  the  firft  equation  aa  +  be  =  16,  is 
the  leaft  of  the  three,  and  that  r,  or  the  number  of  which 
the  fquare  occurs  in  the  third  equation  cc  +  ab  =  18,  is 
the  greateft  of  the  three,"  let  it  be  fuppofcd  that  the  fe- 
cond  unknown  number  b  is  greater  than  the  firft  un- 
known number  a  in  the  proportion  of  x  to  i,  and  that 
the  third  unknown  number  c  is  greater  than  the  firft  un- 
known number  in  the  proportion  oi  y  to  i. 

Then  will  3  be  =  xa,  and  c  will  be  =  ya^  and  confe- 
quently  bb  will  be  =  x^a^,  and  cr  will  be  =  y^a\  and 

be 


J-' 
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it  will  he  {=  xa  X  ya)  =  xyaa^  and  ac  will  be  (=3  41  X 
ya)  =sr  yaay  and  ab  will  bc  (=  a  X  ^r^)  =  flfatf.  There- 
fore the  firft  equation  at/  +  fc  =  16,  or  fl^i  +  ir  =  /, 
Will  now  become  aa  +  xj^ja  =  16,  or  a^ar  +  jryja  =  /^ 
stnd  the  fecond  equation  bb  +  ac  ^=s  i^y  or  bb  +  ac  ^si 
m,  wiU  now  become  x^a^  +  j^^*  =  1 7,  or  x^a^  +  jr<^ 
SB  lit;  aiid  the  third  equation  cc "{-  ab  ^  i8,-  or  ec  + 
^3  =;  «,  will  now  become  y*a*  +  ^a*  =  18^  or  jV  + 
yfl*  =  /I. 


^r/.  24.  Now,  fince  aa  +  xyaa  is  =  /,  we  (hall  have 
tf tf  =s  -J—  .    And,  fince'  x*a*  +  ya^  is  =  iw,  we  fliall 

have  aa  =  ---- — .    And,  fiiicc  y^a*  +  xd^  is  =  /i,  ^e 

(hall  have  ^a  = 


yy  +  x 


I 

Further,  fince  oa  b  =  — ; ,   and  aa  is  alfo    = 

1  +  ^ 

,  we  (hall  have  — : —   =  ^r— ; — ;  and  confe- 


«*+jr  I+^J^  **+J' 


quently,  (multiplying  both  fides  by  1  +  aj  X  a?*  +  j^) 
we  (hall  have  Ix^  +  ly  =:  m  +  mxy\  and  (fubtrading 
Iff  from  both  fides,)  /a*  +  ly  ^  m  =  watj^,  and  (fub- 
tra£iing  /y  from  both  fides)  /r^  -r-  m  =  m;!;^^  -n  /;>  and 
(dividing  both  fides  by  m;r  —  /)  we  (hall  have  y  cs 

I  »     And  thus  we  have  obtained  a  value  of  y  cx- 
mx  —  /  -^ 

prefled  by  a  fra£lion  which  involves  only  the  known 

R  quantities 
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quantiues  /  and  m  and  the  unknown  quantity  x.  We 
muft  now  endeavour  to  find  another  value  of  j^  exprefled, 
like  the  former,  in  terms  that  involve  only  known  quan* 
titles  and  the  fame  unknown  quantity  x.  And  this  may 
be  done  as  follows  : 


jirt.  2S-  Since  aa  is  =   ■  *   and  aa  is  likewife 

I  it  follows  that  will  be  = 


^y  -i-  X  x^  -{-y  jy  -ir  X 


Therefore  (multiplying  both  fides  into  x*  ^  y  X  y^  ^  x) 
we  (hall  have  myy  +  iwjr  =  nx^  +  rty ;  and  (fubtrading 
mx  from  both  fides,)  we  ftiall  have  myy  =  nxx  —  mx , 
+  ny,  and  (fubtrafting  ny  from  both  fides,)  myy  —  fty 
=  nxx  —  mx,   and   (dividing  both  fides  by  m)  yy  — 

-2L   r=    .     Therefore  (adding  '  to  both 


fides,)  we  fliall  have  yy  — 


m  «*  nxx  —  mx 


m  4/«*  m 


mm  ^ 

4- 1    and    (ex tramline   the  fqu arc-roots  of  both 

4«*  ^ 

fides)  we  (hall  have  v =  v'^ +  — -  , 

'  "^  zm  \        m  AM? 


n 


and  (adding   to  both  fides,)  y  = 

,  (nxx  —  mx     \       «*~              n 
V' +    -^    + 


-/fr/.  26.  But  it  was  before  (hewn  that  y  is  = r-  • 

mx^l 

Therefore 
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Therefore  — . ^  wiU  be  =  v' 

mx  —  / 


nxx  —  mx  If 

■  '. —    +  — r 


+..   — n.»  and  confequently r-  —  - —  will  be 

2^ 


mx  —  /    , 


2m 


m 


+  ,  and  therefore  the  fquare  of 

n  •  ti  «  a  flXX  —  fHPC '  It 

—  —  Will  be  equal  to  '. —    +    — -  • 

)       %m  ',  -  •»         •  -       4iii* 


s/ 


h^  — 


mx  ^  I 


But  the  fquare  of   r-   —  w  =  rl 

^  '-mx  ^  I  im  '^  «*— /  « 


2;9V 


«             /at*  —  iw 
_   2    X    X 7- 

zm  mx'^l 


iyi^  _  „^^ 


n 


z 


401*  m  jKr^r  —  / 


/»;,4  _  2Jmx^  +  IW* 


JM? 


-rz^» 


n' 


4m* 


—  ^   r 

m  mx  —  / 


Therefore 


Ix^  '^  m 


l^x*  —  2lmx^  +  OT* 


» 


If 


074? 


-nri* 


-  / 


will  be  = 


fjxx  — .  mx 
in 


«' 


4Jii' 


And  con« 


fequently   (fubtra£^ing  from  both  fides,)  we  (hall 

have —    —    X    ;-    = 

mx  —  />  «  mx  ^  i 


rtxx  *—  my 


01 


,    and    (multiplying  both   fides   into    m) 

R  2  /*«i;r* 
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Pmm^  —  a/i»*jr*  4-  w'  ^   /r*  —  iff 

and  (multiplying  both  ficka  into  i»;r— /!*,  or  i9f^«*  — ^ 
2Aw4f  +  /%)  wc  fliall  hayc  /•/«;»?♦  —  2/wV  +  m*  -r-  «  X 

/**  —  Iff  X  IWT  —  /  =  «X4:  —  mx\  X  m V  —  l/iw*  +  /*, 


or  r«wf*  —  2/i«V  +  m'  —  »  X  Awx*  —  /*x*  —  m^x  +  /m 
=  ifi'«x4  —  a/wurj?'  +  /*^*  —  m}x^  +  9/iw*x*  —  ftiMf, 
of  7!«i;r*  —  2/m';r*  +  w^  —  /w/io:'  +  ^iwr*  +  m^nx  — 
/m»  =  mi^nx^  —  2lmnx^  +  /*»4r^  -—  m'**  .+  2/mV  — 
/*f|4r,  and ,  (^**l>^*^"g  ^^**  froni  bpth  (ides»)  Tm**  -— 
2lfn*;s^  'ir'fff^  —  /«»^*'  +  m*/i;r  —  Imn  ^  rn^nx*  — 
2b»nx^  —  w'jr*  +  2/m*J?^  —  /'«wp,  and  (adding  Aimu* 
-h  a/wV  to  both  fides)  /'mx*  +  m*  +  «*/»4r  — ^  /pin  = 
fw*»Af*  —  /m/rx*  —  iw'x'  +  4/i«V*  —  /"jwr,  and  (fub- 
trading  Pmx^  +  w*«j:  from  Iwth  Qdes^)  m^  —  Imm  =« 
j»*/jAf4  —  /*/»»♦  —  /mnx^  —  !»'*'  +  4/01 V  —  /'«ir  — 
wi*»4:,  or  m^nx*  —  I^mx^  — ^  Imnx<^  —  m^x*  +  4lm*x^  — 
/'wj.v  —  w;'/i:r  =  iw'  —  Imn^  and  (dividing  all  the  tenni 
by  m)  mnx*  —  I^x^  —  ///^r^  —  m\v^  +  4/mjr*  —  /*Ar  —  mnx 


=;  iw*  — /n,or  w«-^  X  ^r*  —  f/n  +  iw*l  X  *'   -f  4/arjr* 
—  f/^  4-  rnn\  X  x  =  m^  —  //i ;  and,  laftly,  (dividing  all 


the  terms  by  tnn  —  /*)  we  (hall  have  x^  —  f ^^  x 


X* 


+    -^   X  ir^  - 


/•  +  >««  m*  '^  In 

-    X   X    = 


mu'^  l^  Mfi  ^  t^ 


Art,  27.  But,  becaufe  /  is  =s  16,  and  m  is  =  17^  and 
n\s  ^  18,  we  (ball  have  //i  (=  16  X  18)  s=  288^  and 

tint 
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mn  (=  17  X  18)  =  306,  and  /*  (=  16  X  16)  =  256, 
and  »»  (^  17  X  17)  =:  289.    Therefore  «  n^.*"*  will 

.  .  288    +    289  577  1X54     V  , 

**(=|S6^   =*  ^*=1^>=    ".54-.  and 
-J^  wUl  be  C«  4-^^   -    :t-^^^2i     « 

«•»—/*  ^  306   —  256  JO 

— —  =r   — ^)  =  21.70  J  and  ^  will  be  (33 

50  100  '  '    '  mu^P'  ^ 


2c6  +  ao6         C62  1124. X                          »  ir»*  —  /« 

J06  —  256           50  100  '              ^  *           rnn  '^  I* 

Ml  L            *8o  —  288  I              2    . 

will  be  =   —I >  =   -—  =    — )    =:    0.02. 

300  —  256  50          100 


Therefore  the  equation  x^  —  jr  X  *'  +   -- — r 

^  mm  '^  r  mn  -^  i* 

mn  ^  I*  mft  —  I* 

thefe  fubftitutions  of  the  cmgmal  numbers  i6»  17,  and  18 
for  the  letters  /,  m,  and  /»  have  been  made  in  it,  become 
X*  —  11.54  X  at'  +  21.76  X  **  *-  ftl.24  X  ^  =  0.02. 
This  equation  muft  therefore  be  refolved  in  order  to 
^obtain  the  valtie  of  \r;  and  from  the  value  of  x  fo  ob- 
ifanred,  or,  if  the  equation  (hould  have  more*  thtn  one 
root,  (as  will  be  fotind  to  be  the  cafe,)  from  that  value  of 
X  which  has  a  relation  to  the  prefent  Problem,  we  muft 
then  derive  the  value  of  j^,  exprefied  by  it's  relation  to  x,  by 

computms  the  fraction r-,  or  r-<  to  which 

wc!  have  feen,  la  art.  24,  that  j^  is  equal.    And,  when  this 
is  donci  v^e  muft  multiply  the^  value  of  xa^  ot  h^  into  the 

R  3  value 
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value  of  ys^  or  c^  which  will  give  us  the  value  of  be  tx^ 
prefled  by  it's  relation  to  aa\  and  then  the  equation 
aa  -^  be  ss  i6  will  be  a  quadratick  equation  involving 
only  one  unknown  quantity,  namely,  ^,  and  which  may 
therefore  be  eafily  refolved ;  and  the  refolution  of  it  will 
give  us  the  value  of  a^  or  the  iirft  of  the  three  unknown 
quantities  aj  h,  and  c^  that  the  Problem  requires  us  to 
find.  And  from  the  value  of  a  fo  found  we  may  derive 
the  values  of  h  and  c  by  multiplying  a  into  x  to  obtsun 
the  number  b^  and  by  multiplying  a  into  y  to  obtain  the 
number  e.  Our  next  bufinefs  therefore  muft  be  to  find 
the  roots  of  the  biquadratick  equation  x^  —  11.54X'  + 
21,76^^  —  I  U24X  =  0.02. 


The  Refolution  of  the  Biquadratick  Equation  j:*  —  I  I.54J?* 
•    +  21.76**  —  11.24*  =  0.02* 


Art.  28.  Let  us,  firft,  fuppofc  that  *  is  =  i. 

And  we  (hall  then  have  **  =  i,  and  *'  =  i,  and 
X*  =:  1  \  and  confequently  x^  +  21.76*^  will  be  (=  I 
+  21.76)  =  22.76,  and  11.54*^  +  11.24*  wi^l  be  (= 
xx«S4  +  ^i«24)  =  22.78  ;  which  is  greater  tlian  22.76, 
and  therefore  cannot  be  fubtra£led  from  it.  Therefore 
in  this  cafe  the  binomial  quantity  11.54.V*  +  11.24*  is 
greater  than  the  binomial  quantity  *♦  +  ?i.76**,  and 
cannot  be  fubtra61ed  from  it,  and  confequently  the  qua- 
dfinomial  quantity  *♦  - —  xi.54*'  +  21.76**  —  11.24* 

(whicl^ 
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(which  fuppofeslhe  Aibtrafkion  of  i  i.54Ar'  +  1 1.24X  from 
**  4-  ai.764f*)  cannot  exift.  And  the  fame  thing  will  be 
true,  if  ;r  be  of  any  magnitude  lefs  than  i.  But,  when  it^is 
a  little  greater  than  i,  the  binomial  quantity  x*  4-  21.76X* 
(which  before  had  been  lefs  than  the  binomial  quantity 
I  i*54x^  4-  I  <  -24)  will  become  equal  to  the  binomial  quan- 
tity ii.54;r'  +  ii.24;r,  and  the  whole  quadrinomial  quan- 
tity  x^  —  ii.54J(f'  +  21.76.**  —  ri.24;r  will  be  =  0; 
and,  when  x  increafes  (lill  further,  the  faid  quadrinomial 
quantity  will  increafe  from  o  to  a  certain  quantity,  after 
which  it  will  decreafe  to  a  certain  quantity,  and  then^ 
finally,  it  will  increafe  from  that  quantity  aJ  infinitum^ 
which  makes  it  become  at  three  different  inftants  of  time 
equal  to  the  fame  quantity.    Thus,  for  example^  when  x 

is  become  =  i  +  ,  or  i.i,  we  (hall  have  x^  =  1.21, 

lO 

and  x^  =.  1.331,  and  x^  =  1.14641,  and  11.24X  (= 
11.24  X  i.i)  =  12.364,  and  ii.'jbx^  (=  21.76  x 
1. 21)  =r  26.3296,  and  iT.54.r*  (=  11.54  X  1. 331)  = 
15.359,74;  and  confequently  the  compound  quantity 
x^  —  if.S4x*  -h  21.764:*  —  11.24JC  will  be  (=  1.4641 
—  >S*359>74  +  26.3296  —  12.364  =  27.793,70  - 
27-7^3f74)  =  0.069,96.    Therefore,  while  x  increafes 

ft 

from  the  magnitude  which  it  has  when  x^  +  21.76**  is 
^  11.54-^^  '+  11.24X,  or  when  the  quadrinomial  quan* 
tity  JT*  —  H.S4*'  +  21.76**—  11.24*  is  =  o,  to  1.1, 
the  faid  quadrinomial  quantity  will  increafe  from  o  to 
0.069,96,  and  confequently  it  will  at  fome  former  inftant 
of  time  during  it's  faid  increafe  have  been  equal  to  0.2^ 
which  is  lefs  than  0.069,96  •,  or,  in  other  words^  the  lead 

R  4  root 
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root  of  the  biquadratick  equation  x^  —  ii.54ir'  -f* 
21.761^^  *r-  I1-24JV  =  0.02  will  be  lefs  than  i.iy  but 
greater  than  i. 

Art.  29.  Since  we  now  know  that  the  faid  root  h  leff 
than  I.I,  but  greater  than  i,  we  will,  in  the  next  placet 
fuppofe  it  to  be  nearly  =  1.03,  and  will  try  the  efieA 
of  this  fuppofition. 

Now,  if  jr  is  =  1.03,  we  (hall  have  xx  {^  i«03]*) 
=  1.0609,  *"^  ^^  (=  i«O3\0  =  **092,727,  and  *♦  (w 
i.03V)  =  1.125,508,81.  Therefore  11. 24^  will  be 
(=  11.24  X  1.03)  =  11.5772;  and  ^l.^bx^  will  bt 
(=  21.76  X  1.0609)  =  23.085,184;  and  11.54X*  will 
be  ( =  11.54  X  1.092,727)  =  12.610,069,58;  and 
confequently  the  whole  compound  quantity  x*  — ^  i  I.54X^ 
+  2i.76.r*  —  ii.24;p  will  be  (  =  1.125,508,81  tz 
12.610,069,58  +  23.085,184,00  —  11.577,200,00  = 
24.210,692,81  —  24.187,269,58)  =  0.023,423,23^ 
which  (though  much  lefs  than  0.069,96,  or  the  refult  of 
the  fubditution  of  i.i  inftead  of  x  in  the  faid  compound 
quantity)  is  flill  a  little  greater  than  0.02,  or  the  abfo* 
lute  term  of  the  equation  x^  -7-  11. 54**  +  21. 76^?*  — 
ix.24Jtr  =  0.02.  And  confequently  1.03  will  be  fom&« 
what  greater  than  the  root  of  that  equation. 

Jri.  30.  We  will  therefore,  in  the  third  place,  fuppofe 
«  to  be  =  1.027  (inftead  of  1.03,  or  1.030)  and  try  the 
cfie^  of  that  conje&ure. 

Now, 
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Now,  if  X  id  =   1,027,  ^C  fl^^l  ^^^^  **  (=  ^-^^0  =^ 

j.054,729,  and  jr'  (==  1.027)')  =  1.083,206,683,  and  «♦ 

(=  1.027V)  =  i.ii2,453,44i«  Therefore  U.241C  will  be 
(=  11.24  X  1.027)  =  ''•543t48f  and  2i#76Af*  will  be 
(=  21.76  X  1.054,729)  =  22.950,903,04,  and  11.54^ 
will  be  (=  11.54  X  1.083,206,683)  =  12.500,205, 
121,82  ;  and  confequently  the  whole  compound  quantity 
X^  —  U«54**  +  21.76**  -rr  11.244?  will  be  (=  I.IX2, 
4S3>^63,44i  —  12.500,205,121,32  +  22.950,903,04 —r 
11.543,48  =  24.063,356,303,441 -:-24-043i^8S>i2ti,82) 
s=  0.019,671,181,621 }  which  is  a  little  lefs  than  0.02, 
or  the  abfolute  term  of  the  equation  x^  —  11.544?'  + 
21.764?*  —  11.244?  =  0.02.  Therefore  1.027  will  be  a 
little  lefs  than  the  true  value  of  x  in  that  equation.  We 
pay  therefore  now  conclude  that  the  faid  true  value  is 
lefs  than  1.03,  or  1.030,  but  greater  than  1.027,  and 
likewife  that  it  is  nearer  to  1.027  than  to  1.03,  or 
f.030. 

Jtri.  31.  We  will  now  make  ufe  of  this  laft  near  value 
of  4?,  to  wit,  1.027,  ^  ^  h^Cis  for  a  further  approach 
to  it*s  true  value  by  Mr.  Raphfon's  method  of  approxima- 
tion, and  for  that  purpofe  we  will  fuppofe  x  to  be  equal 
fo  1.027  Hh  z,  and  will  fubftitut^  that  binomial  quantity 
inftead  of  4?  in  the  terms  of  the  equation  4?^  — -  1 1*544^' 
+  2i.ybx^  rr::  11.244?  =  O.02.  This  may  be  done  as 
follows : 

If  4?  is  =  1.027  +  ?>  ^^  ^^'  ^^^  4r*  (=  1/327  +  *1* 

=  1.027  *  +  2  X  1.027  X  2  +  &c  =  1 .027V  +  a.054 
JiC  2  +  &c)   =  1-054,729  +  2.054  X  z  +  liCy 

and 
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aad  x*  (=  1.OZ7  +  »V  2=  i.o27l»  +  3  x  1.02 7]*  x  x  +  &c 
=  1.037]*  "^  3  X  i-0S4»7^9  ><  «  +  &c  =  1.027^ 
+  3.164,187  X  X  +  &c)  =  1.083,206,683  + 
3.164,187    X    »    +    &C, 

and  jr«  (=  1.027  +  *^*  =  i.oT;]*  +  4  x  uoi;^'  x  «  +  Ire 


r=  1.027V  +  4  x  1.083,206,^83  X  8  4-  &c  s 
1.027I4  4-  4.332,826,732  X  z  -I-  &c)  =s  1.112,4^3, 
463,441  +  4.332,826,731  X  «  +  &c 


Therefore  11.24*  will  be  (=  11.24  X  1.027  +  »  = 
11.24  X  1.027  -f-  11.24  Xz)  =  11.543,48  +  11.24  X«; 

And  iJ.jbx^  will  be  (=  21.76  X 


1.054,729  +  2.054  X  X  +  &c 
=  21.76  X  1.054,729  +  21.76  X  2.054  X  z  4-  &c 
=  21.76  X  1.054,729  +  44.695,04  X  z  4-  &c) 
=  22.950,903,04  +  44.695,04  X  z  +  &c  ; 

And  ii.54:r'  will  be  (=:  i'.54   X 

1.083,206,683  +  3.1^14,187  X  z  +  &c 

=  11.54  X  1.083,206,683  +  11.54  X  3.164,187  X2  +  &e 
=  11.54  X  1.083,206,683  +  35.565,461,88  X  z  +  &c) 
=  12.500,205,121,82  +35-565,461,88  X  z  +•  &c; 

and  confequently  the  whole  compound  quantity  x^  — 
ii.54;r'  +  2i.76;r^-^  ii.24.r  will  be  =  to  the  com- 
pound quantity 

I.I  12) 


J 
1 
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1.113,4^3,263,441    +      4.332,826,732   X  «  +  &C 

—  12.500,205,121,82     —  35.565,461,88    X  «  —  &C 
+  22.950,903,04  +  44.695,d4  X  z  +  &c 

-    11.543,43  -     11.24  XX 

r      24.0^53.3 5^»303>44«  +  49-0 2 7*866,732  x  «  +  &c  'I 
^  I  —  24.043,685,121,82     —  46,805,461,88     X  %  —  &c  J 

3=  0.019,671,181,621    4-  2.122,404,852  X  2:  +  &c 


But  the  compound  quantity  ;p*—  ii-54-r*  +  2i*76x* 
—  11.24X  is  =  0.02. 


Therefore  the  compound  quantity  0.019,671,181,621 
-|-  2.222,404,852  X  z  will  alfo  be  =  0.02.  And  con* 
fequently,  (fubtra£ling  0.019,671,181,621  from  both 
fides,)  we  (hall  have  2.222,404,852  X  2;  (=  0.020^ 
000,000  —  0.019,671,181)   =  0.000,323,379,  and  « 

0.000,128,279  .  ,  _ 

(=  2, — 2£2L)  =  0.000,147,9,  or,  nearly,  0.000,148. 

^  2.222,404,852    '  '     ^/      ^  J  T 

Therefore  jt,  or  1.027  +  ^  ^^^^  be  ( =  1.027  + 
0.000,148)  =  1.027,148  \  that  is,  the  root  of  the  equa* 
tion  a4  —  11.54J?*  +  2i.76;r*  +  11.24^:  =  0.02  will 
be,  nearly,  =  1.027,148.  <^  e.  i. 


Jrt.  32,  We  will  therefore}  in  the  next  place,  fuppofe 
AT  to  be  ai  1.027,148,  and  try  the  effe£t  of  this  fuppo« 
fition. 

Nov, 
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Now,  if  *  18  =   1.027,148,  we  (hall  have  x*   (  =1 

'j.027,148)*)  =  1.055,033,013,904, and  *»  (=  i.027,i48^» 
=   i«o5 5,033,0   X   1.027,148)  =   1.083,675,0,  and  j^ 
(=  1.083,675,0  X  1.027,148)   =  1.113,194,6.    Thcro^ 
fore  11.24^  will  be  (=  11.24  X  1.027,148)  =  li.545t 
143,5,  and  2i.76Af*  will  be  (=  21.76  X  i'0$$/)2h^) 
8=   22.957,518,0,  and  11.54X'  will  be  (=    11.54  X 
1*083,675,0)  =   i2-505,6o9,5;   and  confequentlj  the 
whole  compound  quantity  x^  —  1 1.54*'  +  2i.76#r*  — 
ii.24;r  will  be   (=    1.113,194,6  —  12.505,609,5   + 
22.957,518,0  —    ii.545»M3>5  =  24.070,712,6  — 
24.050,753,0)  =  0.019,959,6  j  which  is  a  little  Ids 
than  C.02,  or  the  abfolute  term  of  the  equation  x*  — - 
11.544P*   +   21. 76^?*  —  11.24X   =  0.02.    Therefore 
1.027,148  will  be  a  little  lefs  than  the  true  value  of  x  in 
that  equation. 

-^^.  33-  We  will  now  have  recourfe  to  a  fecond  pro- 
ccfs  of  Mr.  Raphfon's  method  of  approximation,  in 
order  to  obtain  a  more  exa£t  value  of  this  root  o£ 
the  equation  x^  —  11. 54*'  +  21.76 j:*  —  11.244: 
=  0.02,  and  for  that  purpofe  will  fuppofe  .v  to  be  = 
1.027,148  +  z,  and  will  fubftitute  1.027,148  +  2  in- 
ilcad  of  it  in  the  terms  of  the  faid  equation,  and  then 
refolve  the  transformed  equation  refulting  from  fuch 
fubftitution,  as  if  it  were  a  mere  fimple  equation,  by 
omitting  all  the  terms  of  it  that  involve  any  higher 
power  of  the  unknown  quantity  z  than  the  fimple  power^ 
or  2  iifelf.    This  may  be  done  in  the  manner  follow* 


in*^ 


to  • 

Siact 
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Since  x  i$  =s  1.027^148  +  z,  we  fhali  have  a^  (x=s 

1.027,148  +  zY  =   1.027,148^*  +  2  X  1.027,148  X 

» 

X  +    &C    =     1.027,148)*     +     2.054,296   X  2    +   &C)    = 

'•055*033,013,904  +  2.054,296  X  z  -*-  &c, 

and^*  (=  1.027,148  +  2^'  =   1.027, 1481*  +  3  X 

1.027, 1 48>  X  «  +  &c 

=  i.027,i48'i»  X  3  X  1.055,0330  X  z  -I-  &c 

=  1.027,1481*  +  3.165,099,0  X  «  +  &c) 

=  1.083,675,0  +  3.165,099,0  X  z  +  &C, 

^ 

andx*(=  1.027,148  +  z^*  =  i.o27,i48>  +  4  X 

1.027,148V  X  2  +  &c 
=  I.027,i48>  +  4  X  1.083,675,0  X  z  +  &c 

=  1.027,14814  +  4.334^700,0  X  2  +  &c) 
=  1.1 13,194,6  +  4-334>700,o  X  z  +  &C-. 


Therefore  ii.24rwillbe  (=  11.24  X  1.027,148  +z 
=  11.24  X  1.027^148  +  11.24  X  z  s=  11*545,143,5 
+   11.242, 

and'2i.76«*  will  be  (=  21.76  X 

J -055,03  3,0  +  2.054,296  X  a  +  &c 

=  21.76  X  1.055,033,0  +  21.76  X  2.054,296  X  2  +  &c) 
=  22.957,518,0  +44.701,480,9  X  2  +  &c, 

and  ii.54Jr'  will  be  (=   11.54  X 

1.083,675,0  +  3.165,099,0  X  2  +  &c 

=  11.54  X  1.083,675,0  +  11.54  X  3.165,099,0  X  a +&c^ 
=  12505,609,5  +  36.525,242,4  X  2  +  &c  ( 

and 


S54  ^^'  frknd's  solution  or 

and  confequently  the  whole  compound  quantity  x*  — -^ 
11.544?*  +  21.76X*  —  11.24X  will  be  =  the  compound 
quantity 

—  12.505,609,5  —  36.525,242^.  X  a  -  &c 
+  22.957,518,0  +  44.701,480,9  X  »  +  &c 

-  ii.54S»M3>5  -  *'-24  X  « 

r      24.070,712,6  +  49.036,180,9  X  a  +  &c        "J 
^  i  -24.050,753,0  -  4;-765»H2,4  X  «  -  &c        J 

=  0.019,959,6  +    1.270,938,5  X  ». 

But  the  compound  quantity  ;if^  —  11  54.r*  +  ai.76** 
—  il.24r  is  —  0.02. 

Therefore  the  compound  quantity  o. 01 99959,6  4- 

1*270,938,5  X  z  will  alfo  be  =  0.02  ;  and  confequently 
1.270,938,5  X  z  will  be  (=  0.020,000,0  —  0.019,959,6) 

,        .„  1      /        0.000,040,4. . 
=  0.000,040,4,  and  z  will  be  ( =    —  ;  =  0.000, 

1.270,930,5 

03^787.  Therefore  x,  or  i.o'27,i48  +  2,  will  be  (= 
1.027,148+0.000,031,787)  =  1.027,179,787;  or  the 
root  of  the  equation  x*  —  11. 54^?^  +  21.76;^*  —  11. 24* 
=:  0.02  will  be,  very  nearly,  =   1.027,1/9,787. 

Q^  £•   I. 

Of  this  number  1.027,179,787,  I  believe  the  firft  nine 
figures,  1.027,179,78,  to  be  exaft  :  but  we  may  be  con- 
fident that,  (if  no  miftakes  have  been  made  in  the  calcu- 
lation,) at  lead  the  firft  fcven  figures,  1.027,179,'  will  be 

exa£l» 
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cxad,  and  confcquently  that  the  diff*erence  of  this  value 
of  X  from  it's  true  value  is  Icfs  than  0.000,001,  or  one 
millionth  part  of  I,  and,  i  fortiorsy  lefs  than  one  mil- 
lionth part  of  the  true  value  of  jr.  We  have  there- 
fore now  found  (though  not  without  a  good. deal  of 
labour,)  the  value  .of  this  firft,  or  leaft,  root  of  the 
biquadratick  cc^uation  x^  —  11.54X'  +  31.76**  — 
II.24X  =  0*02  to  a  confiderable  degree  of  exadinefs. 

jirt.  34.  But  this  lead  value  of  x  will  not  enable  us  . 
to   folve  Colonel  Titus's  Problem.      For,   if  ap  is   = 

1.027,179,787,  we  (hall  have;r*  (=  1.027,179,787)*)  = 
1.055,098,314,821,365,369,  and  confequently  Jx\  or 
i6j?%  will  be  =  16  X  I  05 5,098,3 1 4,82 1,365,369  = 
16.881,573,037,141,845,904,  which  is  Tefs  than  17,  or 
fn  5  whereas  in  the  foregoing  Solution  of  Colonel  Titus's 
Problem,  it  is  (hewn  that  Ix^  is  greater  than  w,  or  17, 

and  that  v  is  =  r ,  or  7^,  which  fraftion, 

if  i6;f*  is  lefs  than  17,  (as  it  is  when  jr  is  =  1.027,179, 
787,)  is  a  quantity  that  cannot  exift.  We  mull  therefore 
inquire,  whether  the  equation  x*  —  11.54JC*  +  21.76** 
—  11.24*  =  0.02  has  not  another  root,  or,  perhaps,  two 
other  roots,  befides  1.027,179,787,  and  whether  one  or 
both  the  faid  roots  may  not  be  fuch  as  to  enable  us  to 
folve  tlie  foregoing  Problem. 


Of 


Aj6  UtU  FUNDUS  SOLUtlOH  0# 


Cf  tie  Second  and  Third  Roitf  of  tie  Biquadratick  Eq^ 
tion  *♦  —  1 1. 54^1?'  +  21. 76;^*  —  11.24;^  =  o«02« 


jfrt.  35.  To  find  whether  the  equation  *♦  -^  11.54** 
+  2i.76jr*  —  11.24^^  =  0.02  has,  or  has  not,  any  other 
Toot  greater  than  1027,179,787,  which  has  been  already 
found,  let  us  fuppofe  that  it  has  fuch  a  root,  and  inquire 
whether  any  falfe  or  impoITible  conclufion  will  follow 
from  fuch  a  fuppofition.  For,  if  no  fuch  falfe  or  im- 
poflible  conclufion  follows  from  it,  but  it  fliould  lead  us 
to  an  equation  that  is  evidently  poflible,  the  fuppofidon 
itfelf  mud  be  concluded  to  be  likewife  true. 

To  avoid  confufion  in  the  reafonings  that  will  be 
grounded  on  this  fuppofition,  let  this  fuppofed  greater 
root  of  the  equation  x^  —  11.54.1'  -H  21. 76^?*  — 
ir.24Ar  =  0.02  be  denoted  by  the  letter/,  and  the  root 
1.027,179,787  (which  we  have  already  found,)  be  de- 
noted by  the  letter  r. 

Then  w#  Ihall  have/*  —  11,54/*  +  21.76/*  — 
11.24/=  0.02,  and  e*"  —  11.54^'  -f  21.76^* —  Ii.24# 
alfo  =  0.2,  and  confequently/*  —  1 1.54/*  +  21.76/* 
—  11.24/=  e^ —  11.5/K^  +  21. 76^*—  11.24/.  There, 
fore  (adding  11.54/*  +  11.24/  to  ^^o^h  fides,)  wc 
fliall  have/*  +  21.76/*  =  r*  +  11.54/3  —  11.54/' 
+  21.76/*  +  11.24/ —  11.24/,  and  (fubtrading  /♦  + 

21.76/* 


ki.^6e^  from  both  fides,)/*  —  i*  +  21.76/*  —  21.76^* 
t=  11.54/5  —  ii.54if3  +  ii.24/~  11.24^^  or /♦—r* 

+  21*76  X  /"  -  ^*  =  11.54  X  /*  —  ^3  +  11.24  X 


/*-^    ,    ...A/o/*-^ 


/^/.     Therefore  -^ +  21.76  X  -—t will  be 

/^  —  ^*                             /"  —  > 
=s    11.C4  X  ■  +   11.24  X    5: ,  and  confc- 

•quently /3  +  ft  +  /"  +  f«  +  21.76   X  /+  e  will 

be  =  11.54  X  /-  -^Je  4-  e"-  +  11.24,  ox  p  -k-  ep  + 
t?/+  ^'  +  21.76/  +  21.76^  will  be  =  M.54/*  + 
^  ^'SAtf  +  1 1-54^*  +  11.24  ;  ^vhich  is  a  cubick  equatioii 
involving  only  one  unknown  quantity,  to  wit,  /,  the 
letterif  denoting  1.027,179^787,  or  the  root  of  the  bi- 
tquadratick  equation  x^  —  11.54^'  +  21.76^*  —  11.24A? 
=  0.02,  which  has  been  already  found.  We  muft 
therefore  noi^  inquire,  whether  this  cubick  equatioii 
P  +  p  -{-  ey+  e^  +  2 1.76/ +  21.76.?  =  11.54/*  + 
11.54^+  ii.54f*  +  11.24  Is  a  poffible  equation. 

jfrt,  36.  In  otder  to  make  this  iriquiry  it  will  be  ne- 
Ccflary  to  fubftitute,  inftead  Of  ip,  e^y  and  e^,  in  the  termi 
of  this  equation  their  fever?.l  values,  to  wit,  1.027,179^ 

^87^  i.oi7,i79j787l*  and  1.027,179,787)^  But,  ai 
thefe  values  would  lead  us  to  very  long  numbers,  and' 
inate  thefe  fubftitutions^  and  the  fubfequent  operation^ 
telating  to  this  equatioii,  elctrcainly  laborious^  I  fhall 
fubftitute  only  the  fiirft  four  figures  of  the  valiie  of  ^,  to 
wit,    1.027,  inftead  of  e  on  this  occafioti.     And  tlien^ 

^fincc  it  has  been  fliewn  above,  in  an.  30,  that  1T027I*  i« 

S  at 
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Of  the  Secofid  and  Third  Roitf  of  tie  Biquadratick  Eq0a^ 
tion  X*  —  ii'S4'»^*  +  21.76A'*  —  ii.24;v  =  0.O2» 


Art.  35.  To  find  whether  the  equation  »*  —  11.54** 
+  2\*^6x^  —  11.24A:  =  0.02  has,  or  has  not,  any  other 
root  greater  than  i. 027,1 79,787,  which  has  been  already 
found,  let  us  fuppofe  that  it  has  fuch  a  root,  and  inquire 
whether  any  falfe  or  impoflible  conclufion  will  follow 
from  fuch  a  fuppofition.  For,  if  no  fuch  falfe  or  im- 
poflible conclufion  follows  from  it,  but  it  fliould  lead  us 
to  an  equation  that  is  evidently  poflible,  the  fuppofidoa 
itfelf  mud  be  concluded  to  be  likewife  true. 

To  avoid  confufion  in  the  reafonings  that  will  be 
grounded  on  this  fuppofition,  let  this  fuppofed  greater 
root  of  the  equation  a*  —  ii.54.r'  4-  21.764?*  — 
ir.24Ar  =  0.02  be  denoted  by  the  letter  y,  and  the  root 
1.027,179,787  (which  we  have  already  found,)  be  de- 
noted by  the  letter  e. 

Then  w«  (hall  have/*  —  ii-S4/*  +  21.76/*  — 
11.24/*=  0.02,  and  e^ —  ir-54^'  -f  21.76^* —  1 1.24/ 
alfo  =  0.2,  and  confequently/*  —  11.54/*  +  21.76/* 
—  11.24/=  e^ —  ii-5/K^  "*"  21. 76^*—'  11.24^.  There- 
fore (adding  11.54/'  -H  11.24/  ^o  t)oth  fides,)  we 
(hall  have/*  +  21.76/*  =  r*  +  11.54/^  —  '1-54^' 
+  21. 76^*  4-  11.24/ —  11.24^,  and  (fubtrafling  e^  + 

21.76^* 


ki.^6e^  from  both  fides,)/*  —  r*  +  21.76/*  —  21.76^* 
fc=  11.54/^  —  11.541.3  +  11.24/—  11.24^^  or Z*—^* 

+  2U)6  X  /"  -  ^*  =  11.54  X  /*  —  ^3  +  IX.24  X 


/*-^    ,    ...^'o7^^^ 


will  be 


f^e-     therefore  *S +  ^^-1^  ^  "^T^ — 

fi  ^  e^  /  —  > 

=    II. C4  X  •^- +   11.24  X    5: ,  and  confc- 

quently /2  +  /^^  +  /'  +  ^*  +  21.76   X  flTe  will 

be  =  11.54  X  /-  +>  +  e^  +  11.24,  ovp  -hep  + 
«?/+  ^'  +  21.76/  +  21.76^  will  be  =  n.54/*  + 
^  ^'SA(f  +  1 1 •54'*  +  11.24  ;  Which  is  a  cubick  equatioii 
involving  only  one  unknown  quantity,  to  wit,  /,  the 
letter  ^^  denoting  1.027,179^87,  or  the  root  of  the  bi- 
tquadratick  equation  ;r*  —  ii.^^x?  +  21. 76;^* —  11.244? 
=  0.02,  which  has  been  already  found.  We  muft 
therefore  noi^  inquire,  whether  this  cubick  cquatioii 
f^  +  fp  -{-  ey+  e^  +  2 1.76/ +  21.761?  =  11.54/*  + 
11.54^+  11.54^*  +  11.24  Is  a  poflible  equation. 

yfrf,  36.  In  otder  to  make  this  irtqairy  it  will  be  ne- 
Ccflary  to  fubftitute,  inftead  of -p,  tf%  atid  f%  in  the  termi 
of  this  equation  their  feveral  values,  to  wit,  1.027, 179^ 

^87^  i.oi7,i79j787l*  and  1.027,179,787)^  But,  ai 
thefe  values  would  lead  us  to  very  long  numbers,  anct 
inate  thefe  fubftitutions^  and  the  fubfequent  operation^ 
relating  to  this  equatioii,  elctrcamly  laborious^  I  fhall 
fubftitute  only  the  fiirft  four  figures  of  the  value  of  ^,  to 
wit,    1.027,  inftead  of  e  on  this  occaGoti.     And  then^ 

(£Qce  it  has  been  ihewn  above,  in  art.  30,  that  J.027I*  is 
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« 

y^9)  ra  11.088,355,977^  and  10.963,149/  is  (  =: 
10.963,149  X  i.027)  =3  11.259,154,023,  which  id 
greater  than  f  1.088,365,9^7;  Therefore^  in  this  cafe^ 
the  fingle  term  10.963,149/ will  be  greater  than  the 
fingk  term  iQ^$i^f*\  and  th^r^fore  i  fortiSri  the  bino- 
mial quantity  10.963,149/  +  /'  will  be  greater  than 
the  fingte  tethi  10.5x3/%  ahd  coTifeqiiently  cannot  bd 
ittbtra&ed  from  it,  and  therefore  the  equation  10.513/* 
*-  10.953,149/—/*  =  0.619,154,023  (which  fup- 
^ofes  fuch  fttbtradlion  to  take  place,)  is  inipoflible* 

But,  while  /  incireafes  grsidually  from  being  equal  to 
1.027  to  a  greater  magnitude,  the  fingle  term  10. 51 3/* 
will  receive  greater  incrcmerlts  than  the  binomial  quan- 
tity  10.963,149/+  /J,  and  will,  firft,  become  equal  to 
It,  and  afterwards  will  exceed  it.  For  the  equation  re- 
fultmg  from  the  fuppoGtioii  of  it's  becoming  equal  to  it, 
to  wit,  the  equation  10.513/*  =  10.963,149/+/* 
may  eafily  be  (hewn  to  be  a  pcflible  equation.  For  it 
will  be  a  poffibie  equation  if  the  quadratick  equation 
to.513/  3±  16.963,149  +//"  (arifmg  from  the  divifiort 
of  all  it^s  terms  by/}  is  a  poflibie  equation:  and  this 

» 

quadratick  equation  10.513/  =  10.963,149  +  //J  or 

10.513/— //•=  io.963,i49>  or/  X  10.513  -  /^^ 

10.963,149,  is  poflibie,  becaufe  10.963,149  is  lefs  than 

the  fquare  of  half  10.513^  or  the  fquare  of  5.256,  which 

is  greater  than    25.     Therefore  the  cubick  equation 

lO'Jijy*  =  '^•9^3fi49y"  +■  /*  is  a  poffibie  equation. 

And   the  magnitude  of  f  «t   the  inllant  at  which 
lo.f  13/*  is  cxaftiy  equal    to    10.963,149/ •*"/'»  ^"^ 

S  a  toS^3/ 
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10.513/ IS  =  10.963,149  + //i  hraybc  found  byre* 
folving  the  quadratick  equation  10.513/  —  //  sa 
10.963,149  ;  which  may  be  done  as  follows. 

Subtrifl  bdth/ides  of  this  equation  from  the  fqaare  of 
12:^,  or  5.256,  which  is  =  27.625,536^  and  we  (hall 

have  ^^^p  —  io-5»3/  +  //  (  =  ^7-625,536  — 
10.963,149)  =   16.662,387.     Therefore  -   —  /, 

« 

or  5.256  — /,  will  be  =  iv/i6.662,3&7  =  4.081,  and 
confequently  5.256  will  be  =  4.081  +/  and/^iH  be 
=5  5256  —  4.081  =  1. 175.  Alfo/—  5.256  will  be 
=  4.081,  and  confequently/wili  be  (=  4.081  +  5*256) 
=  9-337*  Therefore,  when  /  is  =  1.75,  the  trinomial 
quantity  10.513/^  —  10.963,149  — /'  will  be  =  0| 
and  afterwards,  when  /  is  become  =  9.337*  the  faid 
trinomial  quantity  will  be  again  =  o  j  and  confcquently, 
while  /  incre'afes  from  1.75  to  9.337,  the  trinomial 
quantity  will  have  increafcd  from  o  to  fome  certain 
quantity,  and  have  dccrcafcd  from  that  quantity  to  o  r 
and  therefore,  if  the  faid  grcatcfl  qiiaiuity  to  which  the 
faid  trinomial  qnantiry  will  hv«ve  incrcafed  is  not  Icfs 
than  0.019,154,023,  the  faid  trinomial  quantity  wH), 
during  it's  faid  incrcafe  and  decrcafc,  or  during  the  in- 
creafe  of /from  1.175  to  9.337,  become  twice  equal  to 
0.019,154,023,  or  the  abfolute  term  of  the  cubick 
equation  10.513/^  —  10.963,149/  —  /3  =  0.019^ 
*54>023,  to  wit,  once  when  /  is  a  little  greater  than 
1.175,  ^^^  *  fccond  time  when /is  a  little  lefs  than 

9-337  f 
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9.337;  and  confequeutly  the  faid  cubick  equation  will 
be  i  poflible  equation,  and  will  hare  t^o  roots,  of  which 
the  leflfer  will  be  a  little  greater  than  I'^TSt^  and  the 
greater  will  be  a  little  lefs^than  9-337- 

It  only  remains  that  we  fliew  that  the  trinomial  quan- 
tity 10513/*'-^  10.963,149/  —  /»  will,  inthecourfe 
of  it*s  increafe  and  decreafe  while/ incrcafes  from  1.175 
to  9.337,  become  greater  thail-0.oi9,r54,O23;  *  And  this 
will  appear  by  computing  it's  value  at  the  inftant  that  / 
becomes  =5  2.    For,  if/ is  =  2,  we  (hall  have/*  =  4, 
and/»  =  8,  and  10.513   x/*  (=   10.5J3   X   4)  = 
42.052,  and  10.963,149/  (  =    10.963,149    X    2 )    = 
21  926,298,  and  10.963,149/  +  /»    (  =   21.926,298 
+  8)  =  29.926,298,  and  10.513/*  —  10.963,149/ 
.  ~/M*=   42-052  —  29.926,298)    =    12.125,702; 
which  is  much  greater  than  0.019,154,023,     It  follows 
therefore  that,  during  the  increafe  of/  from  1. 175  to  2, 
the  trinomial  quantity  10.513/*  —  10.963,149/  — /» 
will  have  increafed  from  o  to  12.125,702,  and  therefore 
moft  at  fome  former  inftant  of  time,  and  when /was 
very  litcte  greater  than  j  175,  have  been   =  0.019,154, 
023.     Arid  confequently  tjie  cubicle  equation   10.513/* 
—  10.963,149/  —  /'  =  0.019,154,023  will  be  a  pof- 
Cble  equation,  and  will  have  two  roots,  of  which  the 
leffer  will  be  a  little  greater  than  1.175,  ^"^  ^^^  greater 
will  be  a  little  lefs  than  9.337*  Q^.  e.  i. 

) 
Art.  38.  And  hence  it  follows  that  the  original  biqua- 
dratick  equation  x*  —  11.54*^  +  21. 76^:*  —  ii.24Ar 
=  0.02  (from  which  the  faid  cubicle  equation  10.513/^ 

S3  - 
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--  10.963,149/— /•  =  0.019,154,023  waf  derifed) 
will  have  two  other  roots  beCdes  the  root  1.027,1 79^ 
787,  found  above,  and  that  each  of  the  faid  other 
roots  will  be  greater  than  the  faid  firft  root,  and  th:|( 
the  lefler  of  them  will  be  a  little  greater  than  11759  an4 
the  greater  pf  them  will  be  a  little  lefs  than  9*337r  Tl^e 
roots  wp  will  now  proceed  (o  inveftigate, 


■^BSB^^^^^^^^^^y^^^^^^^ff^^S?^^^^^^^^^^^^^^^^^^^^^^^^^^^ 


Tt^  Inveftigation  of  the  MUdle  Root  rf  tht  Biquadraticli 
Equation  x^  r—  II. 54**  -(-  21.76**  ^—  H-H^ 
=   0.02. 


jfrt.  39.  Since  1. 175  is  now  known  to  be  nearly 
icqual  to  the  middle  root  of  the  biquadratic^  eqaatioQ 
x^  —  li.54;f*  +  21.76^*  —  il.24;r  =  0.02,  we 
will  fubilitute  it  inftead  of  x  in  the  compound  quan- 
tity A*—  II. 54^:'  +  2J.'j6x^  —  I1.24JI',  in  order  to 
ciilcover  Low  nearly  the  value  of  that  compound  quantity 
Tclultlng  (yotn  fuch  fubditution  will  approach  to  0.02^  or 
the  abiolute  term  of  the  biquadratick  equation  x^  — • 
3l.54jr.^  +  21.76X*  . —  11.24*  =  9^02. 


Now,  if  *is  =  1.175,  we  fti all  have  x*  (=  I.175V) 

=    ^380,625,  and  x^  (=    1.17^'^)   =    1.622,234,^75^ 

and  X*  (=  1.175'*)  =  I«9c6, 125,390,625.  Therefore 
1 1.24*  will  be  {:=.  11.24  X  I-I75)  =  ^i'^OJ'iOO^  ^d 
^1.76^*  will  be  (  =  21.76  X  I.3809625  )  =  30.042, 
i;Ow,oo,  and  Ji  54^^  will  be  (=  ai.54  X  1-622,234,375) 
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2=  18.720,584,687,50  'f  and  confcquently  the  whole  com- 
pound quantity  x*  —  11. 54^:'  +  21.76X*  —  11.24X  will 
be  (  =s  1.906,125,390,625—  i8, 720,584,687,50  + 
30.042,400,00  —  13.207,00  =  3i.948f525>390i62s  — 
31.927,584,687,50)  =  0.020,940,703,125.  This  num- 
ber is  very  nearly  equal  to  0.02,  or  the  abfolute  teem  of 
the  biquadratick  equation  *♦  — ^  11. 5 4;^'  +  2i.76;r*  — 
II.24X  =s  0.02  ;  and  therefore  1.175  muft  be  very  nearly 
equal  to  this  middle  value  of  ;ir  in  the  faid  equation. 

But  as  this  value  of  the  faid  compound  quantity  is 
greater  than  0.02,  or  the  abfolute  term  of  the  equation, 
it  may  perhaps  be  thought  that  tht  number  1*175  is 
greater,  inftead  of  being  lefs,  (as  it  has  been  declared  to 
be,)  than  the  true  value  of  this  middle  root  of  the  faid 
equation.  And  therefore,  to  afcertain  this  point,  ue  will 
now  fubflitute  j.176  indead  of  x  in  the  compound 
quantity  4r*—  ri.54**  +  21. 76^:*  —  11. 24;^,  in  order 
to  difcover  whether  the  faid  quantity  will  be  increafed, 
or  diminiflied,  by  fuch  fmall  increafe  of  jt,  and  thence 
to  determine  whether  1.75  is  greater,  or  lefs^  than  the 
true  value  of  x. 


Now,  if  jr  is  =1.176,  we  fliall  have  ;r^  (=  i.i;6l*) 

5=    1.382,9/6,  and  a'  (=  i.l^')  =   1.626,379,776, 

and  *♦  (=  i.ijU^)  =  1.912,622,616,576.  'Ihercfore 
lii2/\x  will  be  (=  11.24  X'  1. 176)  =  13.218,24,  and 
2J.76;r*  will  be.  (=.21.76  X  1^38^,976  )  =  30,093, 
547,76,  and  ii.54A^Dviilbc(^  11.54  X  1*626,379,776) 
s=.  18,768,422,615,04;  and  confcquently  tlie  whole  com- 

S  4  pound 
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pound  quantity  Ar4  —  11. 54^-'  +  21.'j6x^  —  II. 24^  will 
be  (=  I  912,622,616,576  —  18.768,422,615,04  + 
30.09^547,76  —  13.218,24  =  32006,170,376,576  — . 
31.986,662,615,04)  =  0.019, 507,721,536  i  which  is 
lefs  than  0.020,940,703,^25,  or  the  former  value  of  the 
faid  compound  quantity  x^  —  11.54^^  +  21. 764?*  — . 
II. 24V,  when  X  was  =  X'i75)  and  alfo  lefs  than  0.02, 
.  or  the  abfolute  term  of  the  equation  under  con(idcration« 
Therefore,  while  .r  increafcs  from  1.175  to  X  176,  the 
faid  compound  quantity  will  decreafe  from  0.020,940^ 

1 

703,125  (which  is  greater  than  the  abfolute  term  0.02,) 
to  0.019,507,721,536  (which  is  lefs  than  the  faid  ab- 
folute term,)  and  therefore  will,  at  fome  intermediate 
inflant  of  lime,  or  when  x  was  of  fome  intermediate  magr 
xiitude  between  X.I75  and  ]^.I76,  have  been  equal  to  the 
faid  abfpliite  term  ;  or,  in  other  words,  the  true  value  of 
this  root  of  the  faid  equation  will  be  of  an  intermediate 
ciagnitudc  between  1.175  and  1.176.  Q^  E.  D. 

jfri.  40.  We  are  now  in  poflcllion  of  two  values  of 
the  c»  inpound  quantity  x*  —  11.54^^3  +  2I-76.V*  — ? 
li.2.i.v>  to  wit,  the  numbers  0.020,0^40,703,125  and 
o.'  1  ;?  V  7v- ^»^3^>  correfponding  to  the  two  very  near 
v.:lviu\'  of  .V,  1.175  and  l.l'6,  between  which  the  true 
value  of  .V  ill  the  prclVnt  biquadratick  equation  lies. 
\Vc  may  tlicK-forc  now  obtjin  a  much  nearer  value  of  .v 
than  uiilicr  1.17  s  ^^  I  1 76  by  j  rococding  according  to 
the  ilifferenrial  r.-.eihod  mentioned  above  in  the  Scholiun> 
in  p-Vfi^c  97.  For,  rncc  1.175,  and  the  true  value  of  .v  in 
the  prcfcnt  ec]uatio:i,  and  i.iyt),  are  three  quantities,  or 
^ijliR'S   of  Xy  very  r.carly  equal  to  6ach   other,  and    the 

8  three 
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three  values  of  the  compound  quantity  ;r*  —  11.54x3  + 
2l.76jr*  —  11.24 ;r  correfponding  to  the  faid  three 
contiguous  quantities,  or  values  of  Xy  (or  refulting 
from  the  fubflitution  of  them  in  the  faid  compound 
quantity »}  are  0.020,940,703,125,  o.020,ooo,o::o,  and 
»  0.019,507,721,536,  we  may  fuppofe  that  the  differ- 
ence of  the  firtl  and  fecond  values  of  x  will  be  to  iho 
difference  of  the  firfl:  and  third  values  of  x  in  nearly  the 
fame  proportion  as  the  difference  <tf  the  values  of  the 
compound  quantity  x^  —  11.54^-3  +  2I.76;p*  —  11.2^ 
correfpond'mg  to  the  (irft  and  fecond  values  of  x  to  the 
difference  of  the  values  of  the  faid  compound  quantity 
correfponding  to  the  firft  and  third  values  of  x ;  th^t  is» 
that  X  —  1. 175  will  be  to  1.176  » —  1-I7S  in  nearly  the 
fame  proportion  as  0.020,940,703,125  -. —  O.o20,o0d,ooo 
is  to  0.020,940,703,^25  -r-  0.0^9,507,72^,536,  or  tha( 
If  :tt-  1.175  will  be  to  o.coi  in  nearly  the  fjame  propor- 
tion as  0.000,940^703,125  is  to  0.001,432,981,589; 
whence  it  follows  that  x  -r-  1.175   will  be  nearly  = 

p.ooc  X  0.000^40,703,125  _  o.ooo,ooo,940»7o3,ii5  ^ 
'       0.001,432,981,589  ""       0.091,432,9.81,589        "" 

0.000,656,46,  and  confequently  )that  x  will  be  (—  0.000, 
(556,46  +  1. 175)  =  I  ;75> 656,46.  ITierefore  this 
iniddle  root  of  the  biquadratick  equation  *♦  — .  ix.54;r| 
+  21.76;^-  —  11.24A:  =  0.02  will  be  =  1.175,656,46. 

,  Q^   E.    I. 

If  no  miftake  has  been  made  in  the  foregoing  calcu- 
lations, this  value  of  x  will  be  exaft  in,  at  lead,  the  firft 
fix  figures  1.175,65,  and,  probably,  in  the  firft  feven- 
^^ures  1.175,656. 
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72r  jlpplication  of  this  Second  Value  ofx  in  the  Biquadratich 
Equation  x* —  II.S4*'  +  21.76;!:* —  II.24X  =  0.02* 
or  the  Middle  Root  of  the  faid  Equation.^  to  the  Solution  cf 
Colonel  Titus's  Problem. 

Art.  41.  We  will  now  apply  this  value  of  x-  to  the 
folotion  of  Colonel  Titus's  Problem. 

Since  4:  is  =  I*I75><$5^>  and  b^  or  the  fecond  of  the 
unknown  numbers  <x,  h^  and  c  that  are  required  to  be 
found,  is  fuppofed  to  be  =  xa^  we  fhall  have  b  =  I*i75f 
656   X   a. 


Alio  we  fliall  have  at*  (=  1.175,656!')  =  1.382,167, 
030,336,  and  confcqucntly  /^*,  or  16.1%  (=  16  X  1.3B2, 
167,030,336)  =  22.114,672,485,376,  and  /x*  —  m  (=3 
j6x*— 17  =  aa.114,672,485.376  — 17)  =  5.111,672, 
485,376,  and  IW.V — ^/(=  ilx —  16  =  17  X  1175,656 
—  16  =  19.9865I52  —  16)    —   3-986,152,  and  confe- 

quently =    ^ ''  =  i. 283,1  io,2. 

Therefore  y  (which  is  =  — tj  or       ^  ^  ^    )   will 

be  =  1.283,110,2,  or  (ncgleding  the  laft  6gure) 
1.283,110;  and  c  (which  is  =  yu)  will  be  =1  1. 283, 
Jio   X  tf« 

Therefore  be  will  be  =  1.175,656  X  a  X  1.283,1x0 
X  fl  1=  1.175,656  X  1.283,110  X  aa  =.  1.508,495,970, 
J 60  X  aa^  and  aa  -H  be  will  be  =  o/i  +  I -5 08,4.95, 970, 
j6o  X  flfl  =  2.508,495,970,160  X  aa. 

iEut  aa  4-  i^  is  =  16, 

Therefore 
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Therefore  2.508,4959970,160  X  aa  will  alfobe  s=  16; 
and  confequently  the  fquare-root  of  2*5o8,495p9705i6a 
X  aa  will  be  =  the  fquare-root  of  16,  or  to  4 ;  that  ity 
I«583,H23  X  a  will  be  =  4 ;  and  confeqaentlj  a  will  be 

'^   Zl^i  =  *  5*5.534. 

This  value  of  a  is  exafl  in  the  firft  five  figures  2.525, 5» 
and  fomewhat  too  great  in  the  fixth  figure  3,  which  ought 
to  be  a  I,  the  anore  accurate  value  of  it,  according  to 
Pr.  Wallis's  computation  of  it,  being  2.525,513,986, 
744,158. 

* 

Art*  42.  Having  thus  foupd  /z  to  be  =  2.525,534,  we 
fiiall  have  b  {:=  xa  =  i^ijsfis^  X  a  =^  ^'^75fis^  X 
2.525,534)  =  2.969,159,  and  r  (=  j^fl  =  1,283,110 
X  a  az  1.283,110  X  2.525,534)  =  3.240,5375  of 
which  two  numbers  the  former,  to  wit,  2.969,159,  it 
cxzSL  in  the  firft  fix  figures  2.969,15,  and  the  latter,  to 
vt^itf  3*240,537f  is  exzGt  in  the  firft  five  figures  3.240,5, 
the  more  accurate  values  of  b  and  c  being,  according  to 
Dr.  Wallis's  computation  of  them,  2.969, 15 2. 7'; 8,6 19^ 
848  and  3.240,580,681,617,174.  Therefore  the  three 
unknown  numbers  tf,  b^  and  r,  which  Colonel  Titus's 
Problem  required  to  be  found,  are  now  difcovered  to  be 
2.525,5  &c,  2.969,15  &c,  and  3.240,5  &c.        <^*  B.  u 

Art,  43.  We  h?ve  ftow  found  the  firft  fet  of  values  of 
the  unknown  numbers  a^  b,  and  r,  that  will  anfwer  the 
conditions  oF  Colonel  Titus's  Problem,  which  are  2.525,5 
&c,  2.969,15  &c,  and  3*240,5  &c.  But  there  is  alfo  a 
/econd  fet  of  numbers  that  will  anfwer  the  conditions  of 
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tho  Problem.  And  thefe  may  be  difcovered  by  means  of 
the  third,  or  greateft,  root  of  the  biquadratick  equation 
*♦  —  11.54**  +  ai.ytfjtf*  —  ii.24Jir  =  0.02,  which  wc 
hsve  already  difcovered  to  be  nearly  equal  to,  sind  fome^ 
what  lefs  than,  9.337.  This  root  we  will  therefore 
now  proceed  to  inveftigate  to  a  greater  degree  of  ex* 
a£lne(s. 


The  Invejligation  of  the  Greaiejl  Root  of  the  Biquadratick 
Equation  x^  —  11.54.1*^  +  21.76^*  —  11.244: 
=   0.02. 


^rt.  44.  In  the  firft  place  we  will  fubftitute  9337 
inftead  of  x  in  the  compound  quantity  x*  —  1 1  •  54;rs 
14-21.76^*  —  11.241,  in  order  to  difcover  how  near 
the  value  of  the  faid  compound  quantity  refulting  from 
this  fubftitution  will  approach  to  002,  or  the  abfolute 
term  of  the  equation    a;*   —    H.54.V*    +    2l.76jr*  — i 

l}.2^x    =    0.02. 

Now,  if  .V  is  =  9'337>  we  fliall  have  at*  (1=  9  3371') 

=--  87.179,569,  and  ;c^  (=  9.357,0  =  813.995,635,753, 

and  a:4  (=  9,337]-*)  =  7600.277,251,025,76],  and 
II.24.V  (=  11.24  X  9.337)  =  104.947,88,  and  21.76^* 
(=  21.76  X  87.179,569)  =  1897.027,121,44,  and 
,i.54.v3  (=  11.54  X  i^i3  995»63S>753)  =  9393-509> 
^36,589,62.     Therefore  the  whole  compound  quantity 

;i4 


COLOKSL  rirUsVlRITHMBTICAL  nOBLBM.     269 

^  *-  11.54**.+  ti.'j6x^  —  11.244?  will  he  {s±  yfoo. 
^77,25 1,025,761  —  9393-5o9>^36,s89>^2t  +  1897.027, 
421,44  —  104.947,88)  =  9497-3<^4j672,465,76i  — 
9498.457,516^589,62.  This  iquadtify  is  an  im^yofltUtf 
^ttfltitirjr^  becaufe  the  latter  quantity  9498.457,516^58^^62 
is  gi^ter  thail  the  former  quarttity  9497.304,672,465, 
3r6r,  from  which  ft  is  to  be  fubtrafted.  This  unexpfedled 
refuit  is  owing  to  oiir  having,  in  art.  36,  fubfliituted 
1.027  inftcad  of  1.027,179,787  for  e  in  the  tcnns  6f  the 
equation/^  +  ef^-i-  e^f  +  <^  +  21.76/  4-  2I.76<  = 

^'•54/*  +  ^^'5i^/  +  ii'54^*  +  ^i-24>  which  wad 
done  for  the  fake  of  abridging  the  calculation^  ntctSaxf 
to  thofe  fubftitutions,  but  which  made  the  final  equation 

^^•513/*—  Jo-963»^49/— /'  =  0.019,154,023  a 
Httie  different  from  what  it  (hould  have  been,  and  thetchf 
gave  us  the  tw^  vahies  of  f  derived  from  the  fuppofition 
tiiat  the  abfohite  term  of  that  equation  was  equal  to  o^  (and 
which  were  found  in  art.  37,  by  rcfolving  the  quadratic^ 
equation  IC.513/  —  ff=^  10.965,149,  to  be  1.175  ^"^ 
9.337)  a  little  different  from  what  they  fhould  have  been, 
the  for  met  vahse  of  /  in  that  equation,  to  wit,  1.175, 
being  a  little  greater  than  it  fhould  be,  and  the  latter 
value  of  it,  to  wit,  9-337)  being  a  little  lefs  than  it 
fhould  be.  We  will  therefore  now  fuppofe  Xy  or  the 
greateft  root  of  the  biquadratick  equation  9t^  —  ii.54ji;^ 
+  21.76**  —  I1.24X  =  0.02,  of  which  we  arc  now  m 
learch,  lo  be  tiearly  equal  to  9.3 39^  and  will  fubdieutc 
9*339  i«fteJid  of  x  in  the  compound  quantity  *♦  — 
11.54;^'  +  21.76.T*  —  ii.24Jir,  in  order  co  difcover 
liow  near  the  refuk  of  fuch  fubftitufiion  will  approach  to' 
the  abfolute  term  0.02  of  the  faid  biquadrati^k  ^^uation* 

jirf.  45» 
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j/^.  45*  Nbw^  if  ;ir  is  =  9.339>  we  (hall  have  «jr  (^ 
9.3391*)  =  87.216,92!,  and  x^  (=  9-33910  =  8i4.sig# 

^1S»*^9^  and^C*  9*339*)  ==  76o6.79i,3o8,7ao#a4i, 
ind  ii.24Ar  (=  11*24  X  9.339)  =  104.970,36,  and 
^uj6x*  (=  21.76  X  87.216,921}  =  1897.840,200,96, 
and  ii.54«V(s  11.54  x  814.518)825,219)  ==  9399« 
.547,243,027,26,  and  x^  +  21.76**  (=  7606.791,308, 
720,241  +  1897.840,200,96)  =  9504.631,509,680,2411 
and  ii.54r»  +  ii»24r  (=  9399 •5479243,027^26  -4- 
104.970,36)  =  9504.517,603,027,26.  Therefore  the 
whole  compound  quantity  ^  —  ^'•54'*  +  21.76**  — 
li.24jrwill  be  =  9504.631,509,680,241  -—  9504.517, 
603,027,26  =  0.113,906,652,981  ;  which  is  more  than 
five  times  0.02,  or  the  abfolute  term  of  the  propofed 
equation  x*  —  1 1.544:^  4-  21.76*:-  —  1 1.24*:  =x  o.oa» 
"We  therefore  now  know  with  certainty  that,  while  x 
increafes  from  9.337  to  9- 339*  the  binomial  quantity 
X*  +  21.76A'*  (which,  when  x  is  equal  to  9.337*  is  Itf* 
than  the  binomial  quantity  11.54*:^  +  11.24.V)  will  have 
increafed  fo  as,  fir  (I,  to  have  become  equal  to  the  bino« 
mial  quantity  11.54.1*  +  11. 24V,  and  afterwards  to  have 
become  greater  than  the  faid  binomial  quantity  by  the 
difference  o.i  13,906,' ') 5^,981,  which  is  greater  than  five 
times  the  abfolute  term  0.02.  And  therefore  it  is  certain 
that  during  the  faid  increafe  of  x  from  9  337  to  9.3391 
there  muft  have  been  fomc  one  inftant  of  time  at  which 
the  excefs  of  the  binomial  quantity  x^  +  21.76*:*  above 
the  binomial  quantity  11.54*:^  +  11.24*;  was  equal  to 
0.02,  or  the  abfolute  term  of  the  biquadratick  equation 

*r4  —   il.54.r^    4-    21.76X'' 11.24*:  =  0.02;  or,  in 

other 
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Mother  word8>  there  muft  be  fome  value  of  k  greater  than 
9.337,  but  lets  than  9-339)  that  will  make  the  compound 
quantity  *♦  —  ii-S^^  +  21.76**  —  11.34X  (which  is 
the  excefs  of  the  binomial  quantity  x*  -{-  2i,'j6x*  above 
the  binomial  quantity  11. ^4;^'  +  11.24*)  exadly  equal 
to  0.02,  or  will  be  a  root  of  the  equation  x^  —  11,54** 
+  21.76**  —  1 1.24*  =  0.02.  This  root  we  wiU  there- 
fore now  proceed  to  inveftigate  more  exa£Uy  by  Mr. 
Raphfon's  method  of  approximation,  and  for  that  pur* 
pofe  will  fuppofe  *  to  be  equal  to  9*339  —-  2,  and  will 
fubftitute  9*339  —  z  inftead  of  it  in  the  terms  of  the 
faid  equation. 

Art*  46.  Now,  if  *  is  =  9.339  —  z,  we  fliall  have 

« 

^x  (=  9.339  — 2?  =  9^339^*  —  2  X  9.339  X  z  + 

&c  =  9'339l*  —  18.678  X  z  +  &c)   ==   87.216,9219 
—  18.678  X  2  +  &c, 

and*'  (=9-339  -zl*  =  9-339]^  -  3  >^  9-339^* X2  +  &C 
«=  9-339V  —  3  X  87.216,921  X  2  +  &c 
=  9-339)'     —     261.650,763  X  z  +  &c) 
=  814.518,825,219  —  261.650,763  X  z  +  &c, 

and**(=  9.339 -z>  =  9-339^*  -  4  X  9.339^'  ?<«+  &c 
=  9-339^  —  4  X  814.518,825,219  X  z  4-  &c 

=?=  9-3 39^*   —   3258.075,300,876  X  z  4-  &c) 
=  7606.791,308,720,241   —  3238  075,300, 

876  X  z  -h  &c. 

Tbcrcfort 


171  UR.  radioes  SOLUtlON  Of 


•Wta« 


iThcreforc  11.24X  will  be  (=  11.24  X  9.339  — :« 
«s  11.24  X  9.339  —  11*24  X  2)  =  104*970,36  -* 
1I.24Z;  and   2i.76jr*  will  be  (  s=   21.76    X 

87.216,921  —  18.078  X  2  +  6cc  =  21.76  X  E'j.2i6f 
921  —  21.76  X  18.678  X  2  +  Ac)  =  1897.840,200,9* 
--^  406.433,28  X  ^  +   &c,  and   i  r.54**  will  be   ('= 

11.54  X  »i4.5i8,«25,2i9  —  261.650,763  X  2 +&C  == 
ii.54  X  814.518,825,219  -^  11.54  X  261.650,763  X 
z  +  &c)  =  9399-547>243>027,26  —  3019.449,805,02 
X  z  +  8cc.  And  confequently  the  whole  compound 
quantity  ;c*  —  11.54^^  +  2i.76.r*  —  ii.24;r  will  he 
equal  to  the  compound  quantity 

r        7606.791,308,720,241  —  3258.075,300,376x«-h&c 
r  —  9399-547>243»o27,26     +  3019.4^9,805,02   x«-&c 

S       +     1897.840,200,96  —       406.433,28  X2  +  &C 

I     —     104.970,36  +       11.24  x« 

r    ^504.631,509,680,241   —   3664.5o8,58c,876x2+&c  "^ 
"~i— 9^04.517^603,027,26     +  3033.61:9,805,03   xz— &GJ 

=  0.113,906,652,981  —     633.818,775,856  X  X  &c. 


But  the  compound  quantity  x*  —  11.54^:^  +  2l.76«* 

*—  I1.24A'  is  =  0.02. 

Therefore  the  compound  quantity  0.113,906,657,981 
*—  633  818,775,856  X  %  will  alfo  be  =  c.02<  And 
confequently  (adding  633.818,775,856  X  s  to  both 
fides,)  we  fliall  havu  0.113,906,652,981    =   0.02    + 

633.81 8y 
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633.8 18,7 75^856  X  z>  and  (fubtra£Ung  p.02  from  both. 
fideS)}  0.093,906,652,981  =  633.818,775,856  X  2,  and 
(dividing  both  fides  by  633.818,775,836)  ire  (hail  have 

;,  (=    o^P93.9o6.6,.,98»  ^   =0.000,148,1.    Therefore 

^9  or  9^3  J9  ***  *s  ^iU  b^  {  ^  9*339>obo,e  -«•  o«o0O| 

'148,1)  «  9>338,85f,9(  thai  sa,  the  third  and  greatefl: 

coot  of  the  btquadratfet  equaikm  ir^  -^  1 1 .  54  ^'    + 

2l.j6x^  «—   II.24Jr   ;ae   0.02  wiU  be    3X    9.338,851,9. 

Q.   £•    I, 

Art.  47.  We  Will  now  apply  this  greateft  value  of.  x 
to  the  folutibn  of  Colohel  Titus's  Problem. 

Since  x  is  =  9*338,851)9,  and^,  or  the  fecond  of 
the  three  unknown  numbers  a^  hy  and  r  th^t  ^nre  required 
to  be  found,  is  :=;  xa^  ipr^  (hall  bav<i  b  7=  9« 338185.1,9 
X  a. 

Alfo  we  fliall  have  x^  (=:  9.338,851,9)  )  =  87.214, 
154,810,133,61,  and  confequcntly /;r*  (=  i6;t'*  =  16  X 
87.214,154,810,133,61)  =  i39S-4^M76f962,i37>76t 
and  Ix^  — .  m  (  =  i6x^  —  if  ==1395.426,476,9621 
'37i7^—  >7)  =  I378.4*6,476>962,i37,76,  and  mx  (  =  ^ 
l^sf  =  17  X  9-338»8si,9)  :=i^  158.760,482,3,  arid  mx 
^  /  (  =  17  ir  —  16   =s    158.760,482,3   -^   %6)    S3 

142.760,482,3,  and  confequently  - — ^^j-    = 

UlB^ppUyM  «  9.655,518,4.    Therefore  , 

T  (which 
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(which  U  =  i!^-=-2/or  ^^  "^  '^)  wfllbc  =x  9.655^ 
5x8^  and r  (which  is  »  ^)  will  be  s  9<655,5i894  X  «# 


Therefore  &  will  be  (=  9.338,8;Ti9  XaX  9.6$5» 

518,4  X  4r  =  9-33S>85'i9  X  9'6ss»S»8t4  X  #«>  = 
90.i7i|456^355i3a4^  X  o^,  and  aa  ^  be  will  be  =a 

am   +   90.171,45^55*3*4^96  »  «!•  «  9»«  17X945^ 
355*3^4*6  X  aa. 

Bat  ik»  +  fo  is  s  i6. 

Therefore  9i*i7f,456»355f324,96  X  ca  will  fie  =  16; 
and  confequently  die  fquare-root  of  9i*i7i»45tf«355» 
324,96  X  aa  will  be  ss  the  fquare-root  of  itf,  or  to  4  ; 
that  is,.  9-548,374,5  X  a  will  be  =  4 ;  and  confequently 

This  value  of  'a  is  exa&  in  all  it's  eight  figures,  in 
which  it  agrees  with  the  value  of  it  computed  by  Dr. 
WalGs  to  nine  plafces  of  figures,  which  is  0.41 8,91 9,470«r 
This  is  a  very  confidcrablc  degree  of  exaAnefs. 

Art.  48.  Having  thus  found  41  to  be  =  0:418,919,479 
we  fliaU  have  &  (s=  xa  ^  9-338,851,9  X  a  ^  9-332^ 
851,9   X   0.4183919,47)  =  3.912,226,888,  and  c  (=s 

ya  =  9.655,518,4  X  a  =  9-65Si5i8,4  X  0.418,919,47) 
=r  4.044,884,650  \  of  which  two  numbers  the  former, 
to  wit,  3-912,226,888,  is  exa£t  in  the  firft  eight  figurer, 

3-9>2^ 
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^.912)226,8,  and  the  latter,  to  wit,  4.044, 884,6509  is 
alfo  cxzSt  in  the  firft  eight  figures,  4.044,884,6',  the 
tnore  accurate  values  of  b  and  r,  according  to  Dr. 
Wallis's  computation  of  them,  being  3.912,226,866  and 
4.044,884,670.  Therefore  the  three  unknown  numbers 
o,  ^,  and  C9  which  Colonel  Titus's  Problem  required  to 
be  found,  are  ndw  difcovered  to  be  0.418,919,47  &c, 
3.912,226,8,  &c,  and  4.044,884,6,  &c.  <^  £•  i. 


This  Probleni  is  therefore  how  compleatly  folved  by 
Mr.  Frend's  method  of  proceeding,  as  it  had  been  before 
by  that  of  Dr.  Wallis :  and  Mr.  Trend's  Solution  has 
this  advantage  over  that  of  Dr.  Wallis,  that  it  faves  us 
the  trouble  of  thofe  very  tedious  and  perplexing  Alge- 
braick  multiplications  and  divifions  which  were  neceflary 
in  Dr.  Wallis's  Solution,  and  which  it  is  very  difficult  to 
perform  without  making  fome  dip,  or  error,  either  in  the 
figns  +  and  —  that  are  to  be  prefixed  to  the  terms,  or 
in  the  values  of  them* 
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Article  I*  TN  the  foregobg  Tra£t  I  have  given  % 

pretty  full  explanation  of  Monfieur  de 
Lagny's  Method  of  Extracting  the  Roots  of  Number^  by 
Approximation)  and  I  have  likewife  mentioned  Mr. 
Raphfon's  more  (imple  and  eafy,  though  lefs  exa£(, 
method  of  performing  the  fame  thing.  But  both  thefc 
methods  may  be  applied  to  the  rcfolution  of  all  forts  of 
equations,  thofe  which  are  called  affeHed  equations'*,  or 
in  whi^h  the  unknown  quantity  occurs  in  more  than  one 

term, 

♦  This  expreffion  of  offered  equations  feems  to  require  fome 
further  explanation.  It  was  introduced  by  the  celebrated 
Victa,  the  great  improver  of  modem  Algebra.  He  has  many 
cxpreflions  peculiar  to  himfelf,  and  which  have  not  been  adopted 
by  fubfcqucnt  Algebralfts.  Amongft  thefc  are  the  following  ones : 
«KrrHe  calls  a  fet  of  quantities  that  are  in  contioual  geometrical 

K  T  4  proportioD| 
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.ticnn»  as  well  aa  thofe  which  are  caUed  pure  equadona  or 
in  which  the  unknown  quantity  occura  in  only  one  tenn^ 
and  which  are  refolved  by  the  mere  extraftion  of  the 
foots  of  given  mtmtiers.    And  in  all  afleded  equadoM 

(roportioDf  (fuch  at  the  quantities  t;  st,  tfi,  x\  x^fiflf  jfif  m^w 
kCf)  a  fet  of y^d&r  quantities,  or  msgmiudines  fcsUrei ;  aad^ 
when  there  aae  ftrcfd  Uthdifi^dar  qiiantitiet  conncAed  with 

each  other  by  the  figoi  -f  and  -*«  or  by  Addition  and. Sul^ 

>.«•.'  ■■■«  "'■ 

trafiion,  (as  in  the  compound  quantity  x*  +  ^^  *~  ^^^t)  be 
caHi  the  higfaefi  quantfty,  er  thsf  which  it  fiirtheft  in  the  leak 
of  quantities  i,  x,  «*,  «*,  x^^  *^.%.^t  ^^i  ^>  Op  ^^^  ^^  quan- 
tity x^  in  the  faid  compound  quantity  x^  +  mx^  —  Mr*,)  de 
fawir  df  the  fundamental  qmmtfry  ir»  or  of  the  fecond  term  in 
abe  faid  fcale ;  and  ht  eaUt  the  lower  fcalar  quantities»  wUch 
jvreioKilTediathe  fecond  and  third  tennt  of  the  laid  coopound 
qiuaatity  ji*  ^  mx^  «-  IH^\  to  wftt  the  quantities  x^  and  #% 
(or,  in  pur  preCent  language,  the  infcriour  powers  of  «,*>  ficalar 
quantitiet  of  a  paro£c  degree  to  «',  or  ih$  power  of  the  faad»' 
mental  quantity  Xn  This  word  parodic  1  take  to  be  deritcd 
(though  Victa  does  not  tell  ut  fo,)  from  the  Greek  wordt  wofa 
and  o^hf^  which  lignify  near  and  a  way^  or  roadt  bccaufe  thffe 
infcriour  fcalar  quantities,  ;r'  and  x^,  lie  in  the  way  at  you  pafs 
along  in  the  fcale  ef  the  afbrefaid  quantities  i,  jr,  x*,  a',  a^, 
^9  x'^^  ;r%  &c,  from  z  to  »\  which  he  calls  the  power  of  x  in 
the  faid  compound  quantity  x^  +  ax^  •—  i'x'.  Thefe  infe- 
riour  fcalar  quantitiet  x'  and  x^  are  there  fore  farodU^  otJitmiteJt 
in  the  ufoy  tOg  or  are  Lading  to,  the  faid  power,  or  higher  icalsr 
<}uantity,  aK  He  then  proceeds  to  define  a  pure  powervad  am 
affectid  power,  and  ttlls  us,  that  a  pure,  power  it  a  fcalar  quaar- 
tity  that  \^  not  affeded  with,  or  mixed  wich>  any  peerodicj  or 
inferiour  fcalar  quanUty,  and  that  am  affeded  power  i»  a  fcalar 

quantity 
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beyond  biquadratick^,  or  thofc  of  the  fourth  power^  theCe 
methods  of  approximation  are  the  only  methods  that  can 
be  taken  for  difcoyering  their  rpotSi  or  the  values  of  thd 
unknown  quantities  contained  in  them«    And  even  in 

cubick 

quantity  that  is  mixed,  or  connefled  by  Addition ^  or  Subtract 
lion,  with  one,  or  more,  infcrlour,  or  farodiCf  fcdar  quantities* 
combined  with  co-efHcients  that  raife  them  to  the  fame  dt- 
mcnlion  as  the  power  itfelf,  or  niake  th^m  homogeneous  \fi  \Xf 
tind  confequently  capable  of  being  added  to  it,  or  fubtra6ted 
from  it.  Thus  **  alone  is  a  pure  power  of  jr,  namely,  its 
fifth  power;  and  x^  +  ^-^  —  ^**^  is  an  affe£ted  power  of  x-t 
namely,  it's  fifth  power  affe&ed  by,  or  conne^d  wiib,  the  twa 
parodic,  or  inferiour  fcalar  quantities,  jr^  and  a^,  which  are  roul- 
tipHed  into  hh  and  tf,  in  order  to  ihake  them  homogeneous  'tc,  or 
^f  the  fame  dimonfion  luhb,  x^  itfelf,  and  confequently  capable 
of  being  added  to- It,  or  fubtra6^ed  from  it«  And  he  feenis  to 
liave  ufed  the  word  affeHed  in  fpeaking  of  fuch  a  convpound 
quantity  as  ^r*  -f  nx^  —  ^V,  becaufe  the  magnitude  of  the 
htgheft  power  of  »y,  to  wit,  at^,  was  changed,  or  altered,  or 
made  grreater,  or  Icfs,  than  it  would  otherwxfe  be,  by*  the  ad- 
dition of  the  parodic  quanuty  ax^,  and  the  fubtradion  of  the 
parodic  quantity  3V|  which  incrcafc,  or  diminution,  or  chaknge^ 
in  the  principal  quantity  x^  he  feemed  t6  think  might  be  well 
cxpreffed  by  faymg  it  was  ajftBed  by  it's  conne6tion  with  the 
faid  parodic  quantities.  There  are  fome  expreffions  in  his  book 
that  fatisfy  me  that  this  was  the  fdea  he  annexed  to  the  word 
'affe^ed.  Sec  Schooten's  edition  of  Vista's  Works,  publifhed 
at  Leyden  in  Holland,  in  the  year  1646,  pages  3  and  4. 

This,  then,  being  the  meaning  of  the  cxpreflions  a  punptrvjer 
and  an  affeifed  power,  the  meaning  of  the  correfponding  ex- 

preiGocs 
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cubick  and  biquadratick  equations,  thoirgh  particular 
methods  have  been  invented  by  mathematicians,  for  the 
accurate  rcfolution  of  moft  of  the  cafes  of  thefc  equa- 
tion?, (to  wit,  the  rules  called  Cardan's  Rules  for  the 
rcfohxtion  of  moft  cafes  of  cubick  equations,  and  the 
rules  invented  by  Lewis  Ferrari  of  Bologna  in  Italy, 
amout  the  y^ar  1545,  and  explained  at  large  in  Bombelli's 
Algebra,  in  the  year  IS79>  and  thofe  afterwards  invented 
by  M.  Des  Cartes,  and  publiihed  in  his  Geometry  in  t^e 
year  1637,  for  the  refolution  of  biquadratick  equation^^ 
)>y  the  mediation  of  cubick  equations,)  it  will  be  found 
that  thefe  oiethods  of  approximation  will,  for  ^he  moft 

parti 

prefl^oiis  oi  apure  equailim  and  ^n  aJfifUd  equation  follows  from 
it  of  cpuri^: ;  a  furi  cquut'en  (ignifying  an  tqu4Uop  iq  which  a 
pare  power  of  an  unknown  quantity  is  devlar^d  to  be  equal  to 
fome  kao>vn  quantity ;  fuch  as  the  cquatlpn  x^  =:  79;  and  an 

fielded  tquaiion  fignifying  an  equation  in  which  a  power  of  an 
unknown  quantity  affe^ipd  by,  or  conut£ted»  either  by  Addition 
pr  Suhtra6^ion,  with,  fome  infcriour  powers  of  the  fame  uiir 
knowp  quantity,  (multiplied  {ato  proper  co-tfiicicnls  in  order 
to  make  them  homogeneovs  to  the  faid  higheft  power  of  the  faid 
linknown  quantity,)  is  declared  to  be  equal  to  fome  known 
quantity  ;  fuch  as  the  equation  *5  -f  ax^  —  h^x^  =  79-  This 
1  take  to  be  the  original  meaning  of  the  exprcflion  an  afedti 
iqudiion.  But,  as  the  language  of  Victa  has  not  been  adopted 
by  fubfequent  writers  of  Algebra,  \  fhould  think  it  would  b.? 
more  convenient  to  call  thcin  by  fome  other  tiamc.  A"^»  perhaps, 
thofe  of  bincmiiil,  trinomial,  quaJrinomial,  qi*J7!qui7iomi^l,  and,  in 
gexierul,  that  of  muliinomial  equations,  would  be  as  convenient  as 
any.  Thus,  ofx  -J-  ax  z^  rr^  and  x^  +  ax^  = ; ',  and  .v^  +  a^x  =  r\ 
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part,  enable  us  to  find  the  valines  of  their  roots  to  any 
propofed  degree  of  exa£ine(8,  Vrith  lefs  trouble  than  the 
particular  and  accurate  methods  above-mentioned,  which 
iMvre  been  invented  for  that  purpofe.  So  that  thefe  me- 
thods of  refolving  equations  by  approximation  ought  to 
be  confidered  as  of  the  higheft  utility,  and  as  being  abfo- 
lotely  neceflary  to  the  completion  of  the  Dodrine  of  the 
Refoiution  of  Algcbraick  Equations,  which  is  the  mod 
important  branch  of  the  Science  of  Algebra^ 

Art.  2.  But  it  is  not  fo  eafy  to  determine,  which  of 
^efe  two  methods  of  approximation,  Mr.  Raphfon's,  or 
Mr.  de  Lagny's,  deferyes  to  be  preferred  to  the  other  on 

and  x^  +  a^x  =  f^,  and  ^  +  <?j?'  ==  r*,  might  all  be  callc4 
hinomial  equations^  becaufe  they  would  be  equations  in  which  a 
h.inomial  quantity,  or  quantity  conftfting  of  t)vo  terips  that  In« 
▼olved  the  unknown  quantity  x^  is  declared  to  be  equal  to  a 
known  quaptity ;  and,  for  a  like  re^fon,  the  equations  x^  +  ax'^ 
+  h*x  =:  r',  and  x^  —  ax^  +  l^x*  =  r*,  and  a*  —  ax^  + 
p^x  =r  r\  and  **  +  tfj^  +  b^x^  =  r*,  and  x^  +  ^a*  —  h^x^ 
=  r*,  and  **  +  b^x^  +  c^x  =  r*,  might  be  called  trinomial 
equations.  And  the  like  names  might  be  given  to  equations  of 
a  greater  number  of  terms.  Dr.  Hutton,  I  obfcrvc,  in  his  cx- 
cellenc  new  Mathematical  and  Philofophical  Di6^ionary,  juft 
Upw  publiflied  (Feb.  2,  179S9)  calls  them  r^fff^azm^  equations ; 
which  is  likewife  a  very  proper  name  for  them,  and  lefs  obfcure 
than  that  of  afff^ied  equattoni.  And  Mr.  Kcrfey,  in  his  ex* 
c^ent  Treatife  of  Algebra,  published  in  the  year  1673,  like- 
vrife  calb  them  compound  equations.  But  I  ihould  think  the 
former  appellation  of  binomial^  trinomial,  quadrinomial,  quingui" 
wmiaJ,  and,  in  general,  ntultinfmial  equations  woidd  be  rather 
pQre  dcfcriptive  of  their  uature. 
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ihcfe  occafions.  Mr*  Raplifon's  is  certainly  much  fixnplcr 
than  the  other,  becaufe  it  proceeds  by  conGdering  thcT 
new,  or  transformed,  tqufltioti>  (refulting  from  the  fob- 
ftitution  of  tf  +  ss,  or  tf  -fT  S|  inflead  of  pt,  in  the  original 
cquatiooy)  as  being  only  a  fimple  equation^  and  refolTin|( 
it  accordingly^  or  by  the  mere  operation  of  Dirifion  i 
whereaSf  in  Mr.  de  Lagny'g  method,  the  £ud  new,  or 
transformed,  equation  is  cpnGdered  as  a  quadratick  equa* 
lion,  and  refolved  accordingly  ;  which,  when  a  (or  the 
firft  near  value  of  the  root,  that  is  fuppofed  to  be  already 
known,)  is  a  number  confiding  of  five,  or  fix,  figuresf 
produces  a  great  deal  of  labour,  and  often  a  great  deal  of 
perpleiity.  I  am  therefore  inclined  to  give  the  prefe* 
tence  to  Mr.  Raphfon's  method  in  refolving  all  zSkSted 
equations,  more  efpecially  when  the  number  a  Confifts  of 
more  than  two  figures  :  but  ic  mud  be  confefied  that  the 
celebrated  Dr.  Halley  (who  had  much  experience»  and 
was  an  excellent  judge  of  thefe  matters,)  was  of  a  dif^ 
ferent  opinion,  and  gave  the  preference  to  Mr.  de  Lagny's 
method,  which  he  has  therefore  taken  the  pains  to  ex- 
plain in  a  better  manner  than  had  been  done  by  Mr.  de 
Lagny  himfelf,  and  likewife  to  illuffrate  by  examples,  in 
his  Tra£l  in  the  Philofophical  Tranfa£lions,  Number  a  lo, 
intitled,  "  jf  New^  Exail^and  Eafy^  Method  of  Jinding  the 
Roots  of  any  Equations  Generally^  and  that  Huithout  any 
previous  Redu^ion^'  which  was  publiflied  in  the  year 
1694*  On  the  other  hand  we  may  obfcrve,  that  Mr. 
llaphfon  always  continued  to  give  his  own  method  the 
preference,  after  the  publication  of  the  trafls  of  Mr.  de 
Lagny  and  Dr.  Halley  upon  the  fubjeft,  as  well  as  before 
their  publication,  when  he  tells  us  he  had  himfelf  had  the 

thought 
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ftbotight  of  n^opting  the  ptinciple  which  was  afterwards 
followed  by  Mr.  4e  Lagny  and  Or.  Hailey,  of  treating 
tbe  traotfonned  equation  as  a  .quadrat ick  equation,  but 
IukI.  deliberately  reje^ed  it  on  account  of  the  greater  eafe 
jouti  fimpliciity  of  the  o^b^r  tiiethod,  in  which  the  (aid 
transformed  equation  is  confidered  and  treated  as  a  (v»ple 
equation.  And  Sir  Ifaac  Newton,  in  his  method  of  re^ 
foljijig  equations  by  approximation,  (w)iich.di6Fers  very 
Jittle.from  M^.  Raphfon^s,)  feems  alfo  to  prefer  Mrt 
Raphfbh's  pra£lice,  of  treating  the  transformed  equation 
^s  a  more  (imple  equation,  to  that  of  Mr.  de  Lagny  and 
'Dr.  Hallcy,  of  treating  the  faid  equation  as  a  quadratic^ 
equation.  !  therefore  cannot;  but  recommend  it  to  all 
young  Algebraifts  to  ftiidy  Mr.  Raphfon*s  excellent 
Treatifc  oa  this  fubjeft,.intitled,  Analv/is  JEquationum 
Umver/qR/y.widi  great  attention,  and  to  endeavour  to 
make  themfelves  maftera  of  it,  by  going  carefully  through 
all  the  examples  |;iven  iq  it,  and  nerforming  all  the  arith- 
metical operations  contained  in  them.  And  I  will  ven- 
ture*  to  fay  that  they  will  thereby  acquire  more  ufcfol 
knowledge  in  Algebra,  towards  the  bufiaefs  of  refolving 
afiefled,  or  compound,  or  muttlhomial,  equations,  than 
by  reading  all  that  has  been  written  by  Harriot  and  Des 
Cartes,  and  his  learned  Commentator  Van  Schooten,  and 
.  all  his  othef  Commentators,  and  their  numerous,  follow- 
.(^Sy  o^  the  boafted  dodrjne  of  the  Generation  .pf  £qua- 
tions  one  from  another,  by  fuppofing  x  — r  a  to  be  =  o, 
and  Jp  *—  i  to  be  =  o,  and  ;r  —  ^  to  be  =  o,  and  x  -h  4 
'to  be  =  o,  and  ;r  +  e  to  be  =  o;  and  fot)n ;  and  then 
tnuftiplying  Ak  binomial  quantities  x  '^■^  a,  i  -^  b^ 
^^?ffr>j  ^  +  df  W  +  /,  &fc,  in|o  ^acb  othcf,  and  like-  • 
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been  the  leaft  difficulty  in  under ftanding  it.  This  Pro- 
Uem  is  the  24th)  in  page  32  of  the  2d  edition  of  the 
book,  and  is>  v€rbat)m  et  liiteratim^  as  follows  : 


PROBLEMA   XXIV. 


^aUATIOKUM  QuiHTJB  POTESTATIS  AcFJiCTiRUM  SoLUT^O* 

Proponatur  -^aaaaa  +  'jaaaa-^ioaaa  +  i^^aa  =  ic,ooo. 
Hoc  eft,  -»  aanaa  +  baaaa  —  caaa  +  daa  ss^I 

Thcor.  X  =  /  "♦'^gggg  "^  ^^^^  ""  ^^^^  "  ^ 

Sit  ^  =  -5 

/  +  ^sxf  +  ^.gK  -^  *<^«s:  —  J/^  =  —  3875 


—  5»    • 


/  +  mu  +  ^^1^^  —  h^g  —  ^gg  -  —  420,36896 

^ggg  +  ^^g"  Sgggg  -  3^^^  =  -  7<^59>736)  —  420,36896 
(  +  j055  =  « 

—  4,6 

+     yOSS 


^  =  —  4jS4S 


/  + 


/+  gms-^^iei-^^gsig  -  %  -  -  51969339465+65625 
4W+2i(f-5«xf-3r^^= -7410,748)  —  S19603S94 

(+,60080428  =  * 


<i*tilM 


-^  4>S45 

+     ,000,80428 

«  =  —  4>544>i9S>7^  * 


In  this  Problem  the  letter  a  Is  ufed  for  the  unkflpwn 
quantity,  or  root  of  the  equation^ which  is  Uftially  dehbted 
by  the  letter  x  i  and  the  letter  g  is  ufed  for  the  firft  neat 
value  of  the  root  of  the  equation,  which  in  the  tWo  fore^ 
going  Tra£ls  has  been  denoted  by  the  letter  a ;  and  the 
letter  x  is  ufed  for  the  diflFerence  between  gy  the  firft  neat 
'value  of  the  root  of  the  equation,  and  a^  it's  true  value» 
which  difference  has  been  denoted  in  the  two  foregoing 
Tradfs  by  the  letter  z.    So  that^  if  we  cxptcfs  the  efttm- 


*  To  this  folution  I  havc^  in  tny  cop7  of  Mr^  Raphfon*! 
Tn^,  fubjoined  the  following  Note : 

I^umems  4*544>I95>72  c(l  radix  aequationis  a^  +  ja^  + 

•  •     ■  • 

2b j'  +,  I3S^*  =  lopco;  qttod  hie  obfcurc  innuitur  Tub 
ipecie  nu£ci3  ncgativae  de()uatioiiis  —  ^5.  +  ja*  —  26a^  -f- 
155**  =  io,c6o.  Omncs  fere  diftcultat64  qiibtis  pcrmuUi 
cultioris  ihgenii  virl  ab  Algebr^  difc^nda  et  excolenda  deter* 
rentur,  fct  hifce  fadicibos  negativis  et  allis  quantitatibus  nega- 
tivis,  feu  (ut  hodiemi  Algebrae  fcriptores  abfurd^  IckjuunturJ 
J^tbih  ntjnonttts,  ortutn  habent. 

U  elation 


UpO     OfiSERVATIOKS  ON  Mlt.  HAYHSON^S  MSTltte  Of 

ciation  of  the  foregoing  Problem  in  the  notation  that  haf  ' 
been  ufed  in  the  two  foregoing  Trsfts,  it  wiQ  be  %$ 

follows : 

Proponatur  —  xxxxx+'jxxxx'^^oxxx^  i55jrjrssjiO,ooo^ 

I. 
Sive  —  x^  -^  jx*  —  2o;c*  +  i  ;5jrjr  =  IO/>oo, 

Hoc  eft,  —  xxxxx  ^  f^kxx  --•  cxxx  +  Jxx  =s  f^ 
Sive  —  *'  +  *;r*  —  r^  +  iw*  =/. 

prm                     f  +  aaaaa  4-  caaa  —  haaam  —  JUm 
Thcor,  %  =   ^ r ; m\ 

f  ^  a*  +  ca*  -^  la^  -^  dM^ 

or  a  =  '^"T^ ■,  '  ■  r  • 

4A1'  -f-  2aa  —  5^^  —  ^C4r 


Art.  4*  Here,  then,  the  equation  propofed  bj  Mf« 
Raphfon  to  be  refolved,  is  faid  to  be  —  ►r*  4-  yjr*  — •  aojr* 
4-  I55r.v=  10,000,  or  155^;^:  — 20.v^  4-  7**  — Jr'  =» 
io,OGo.  But  this  b  not  the  equation  he  refolves;  and> 
indeed,  it  rs  not  a  polTible  equation,  bccaufethe  greateft 
pofllble  magnitude  of  the  compound  quantity  155*-^  -* 
lox^  4-  Tx^  — .  jr'  is  that  which  it  has  when  the  infinitely 
fmall  increment  of  the  binomial  quatitity  20a'^  4-  x^  be- 
comes equal  to  the  contemporary  increment  of  the  bino* 
mial  quantity  \l\xx  4-  Tx\  that  is,  (if  we  put  i,  or  x 
with  a  point  placed  over  it,  for  the  infinitely  fmall  incre- 
ment of  X,)  when  20  X  yc^x  4-  S^x  becomes  equal  to 
155  X  ixx  4-  7  X  4.v^i,  or  when  box^  4-  5^*  is  = 
3lpA:  4r  2b\v',  or  when  6c;r  4-  S-v*  is  =  3x0  4-  28;rjr,  or 

8  •       when 


%hen  ^or'  — ^  28xjr  +  60*  Is  s^  310,  or  when  x*  —  — — 

4-  i«>f  is  =B  62,  or  when  **  -*  5.6xiJif  +  i2m  b  s  62 1 
Aiid  diat  is  when  jf  is  nearly  s  5.5 ;  at  which  thne  th€ 
compound  quantity  i55Apr  —  20**  -f  7**  —  **  will  be 
nearly  equal  to  2733,  ^^  ^^^  appear  by- fubftituting  5,5 
inftead  of  x  in  the  terms  of  the  faid  quantity  ng^xx  — « 
2qx^  -f  yar*  -*  ** :  and  this  quantity  273  3 ;( which,  is  th^ 
greateft  poffiUe  magnitude  of  the  compouqd  quantity 
I55;c*  —  20jr'  +  7;c*  —  j:',)  is  very  much  kfs  than 
lOyOOO,  or  the  abfolute  term  of  the  equation  I55.r;r  — 
2ox^  +  ?i£t.T*^'  =?  XQ^ooo^and  confequently.the  faid 
equation  is  impoflible.  But  Mr.  Raphfon,  though  be 
fcts  down  this  equation  ISS^^  —  20;r'  +  7>f*  —  ;if'  =5 
lo,oo0|  as  the  equation  that  is  to  be  refblved,  yet  realty 
means  to  rcfblve  a  quite  different  equation,  to  wit>  the 
equation  that  refults  from  fuppofing  x  to  be  ^negative 
quantity,  or  from  fubftituting  die  powers  of  —  x,  to 
wit,  +  xXf  —  .r',  +  r*,  "tmd  —  *%  in  the  terms 
of  the  faid  equation  i^sxx  —  2ox*  +  7^-*  —  at'  =i 
10,060,  Inftead  of  the  like  powers  of  +  ^,  to  wit,  +  xx^ 
+  x^f  4-  x^f  and  +  *' ;  by  which  fubftituUoh  the  faid 
equation  wiil  be  converted  into  the  equation  155  X  4* 
XX  -^'lO  X—  *'  +7X  +  **  —  IX—  Ar»t=  10,000, 
or  ISS^^  +  *ox*  +  7*4  +  ;r*  =  10,600,  which  is  evi- 
dently a  poffible  equation^  and  of  which  the  root  is 
4.544^195,72,  or  the  fame  number  which  he  obtains  by 
his  folution  of  the  Problem,  and  whidi,  with  the  fign'— 
prefixed  to  it,  he  calls  the  negative  root  of  the  propofed 
equation  I55;c;r  —  20Ar'  +  ^x^  — •  jr*  =3  io,ooo*  Now 
all  tliis  perplexity  would  have  been  avoided,  if  Mr.  Kapb* 

U  a  fon 
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fort  had  propp(cd  at  firft  to  find  the  root>  or,  in  the  Ian*' 
guage  of  modern  writers  of  Algebra,  the  ajffirtnativey  ot 
psfiiive^  root,  of  the  equation  155^*  +  lox^  +  7x*  + 

A'-5S.tO,000,  OTA-*  +   7X*  4-  20Jf'   +    ISSXX  s=   IO,bOO| 

nrhtch  e^uauofi  ts  evidently  poflibie,  and  can  have  only 
one  root..  And  then  all  the  fteps  of  his  fohition  woald 
4»ave  been  clear  and  eafy,  as  will  appear  by  refolviag  this 
equation  **  H-  7^  +  2Qx\  +  iss^jt  5=  10,000  tccord* 
ing.to  thepriociples  of  his  method  $  which  may  k  done 
in  the  manber  following  : 


I     •     . 


Xbe  Rtjolutkn  of  the  jtffiSed  Bquaiion  x^  +  74?*  +  20*' 
'    +   i5SA'.r  =    lo^ooOy  by  Mr.  Raphfon^s  Method  ^ 
•  Jpproximationm 


An.  5.  In  conGdering  this  equation  x^  -f-  7^  + 
20A-*  -h  '55*-*  =  io,coc,  it  is,  in  the  ift  place,  eafy  to 
fee  that  x  muft  be  greater  than  1.  For,  if  we  fuppofe  x 
to  be  =  I,  we  (hall  have  xx  =  i,  and  x^  =  1,  und  ** 
x=  I,  and  *  *  =  I  i  and  conftquently  x^  +  7.r*  +  20*' 
+  155AA'  will  be  ?=  1  +  7  4-  20  +  155  =5  183 ;  which 
is  very  much  lefe  than  the  abfolute  term  lo^ooo.  There- 
fore 1  mull  be  m«ch  kfs  than  x. 

i. 

In  the  fecoiid  place,  if  we  fuppofe  ^  to  be  =  10,  we 
ihall  have  xx  =  ico,  and  x^  =  1000,  and  x*  =  10,0009 

and 
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tnd  x^  ^  loOyOOO;  fo  that  x^  alpne  will  be  equal  to  the 
«brolute  term  10,000,  and  confequently  x^  +  jx*^  +' 
20^'  +  I5{4r  muft  be  very  much  greater  than  the  faid 
abfolate  term^   and   confequentlf   lo   m\xi\  be  much 
greater  than  x. 

Thirdly,  (ince  x  is  lefs  than  10  and  greater  than  r, 
let  us  fuppofe  it  to  be  equal  to  5.  Then  we  (hall  have 
XX  =25,  and  x\=  125,  and  x^  =  625,  and  **  =s 
3125,  and  confequently  x*  +  7**  +  2CAf*  ^  I55*.r  (ac 
3125  +  7  X  625  +  20  X  125  +  155  X  25  =  3125 
+  4375  +  2500  +  3875)  =  fSfilS  5  which  is  greater 
than  the  abfolute  term  io,0oo.  Therefore  5  is  greater 
than  the  true  value  of  jf  in  the  equation  x*  +  jx^  -f 
20jr*  +    155^*  =3   10,000. 

We  will  therefore,  in  the  4th  place,  fuppoft  x  to  be 
=  4«  And  then  We  (ball  have  xx  s=  16,  and  x^  =  64, 
and  x^  =  256,  and  x*  ^  1024,  and  confequently  .t*  -h 

7X*   +  20Jir»  +   tS5«*  (as   1024  +  7   X  256  -f*  20  X  64 

+  MS  X  16  =  1024  +  1792  +  1280  +  2480)  =65765 
which  is  lefs  (han  the  abfolute  term  io,oco.  Therefore 
4  is  lefs  than  the  true  value  of  x  in  the  equation  x*  H- 
7**  +  20*^  H»  155**  =»  10,000. 

It  appears  therefore  that  the  root  of  tlie  equation  x^  A^ 
jx^  +  ^0**  +  "St**  =  lOi'^oo  is  greater  than  4,  but 
lefs  than  5.  And  either  of  thefe  values  might  very  well 
terve  for  a  firft  near  value  of  the  faid  root,  or  for  the  bafis 
of  a  further  approximation  10  it.  Mr.  Raphfon  mak^ 
choice  of  5>  whi^h  is  greates  thaa  the  tt^ich* 

U  3  ^rt.  6. 
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•   Jrt,  6*  Let  us  then  (uppofe  a^  or  the  firft  near  TaloA 

*  of  jr  fn  the  equation  *»  +  7»*  +  2ox^  +  '55**  *=  I0,00CH 

to  be  =  5 ;  and  let  z  be  the  diflference  by  which  it  exceeds 

the  true  value  of  4r«    Then  will  jv  be  s  a  ^»»  8|  and  cofi« 

fequently  xx  will  be  (=  a  *-  «)*)  =  j^i  —  a^^ie  +  &c, 

and  «'  will  be  ( 3=  a  -  z]  *)  =r  «>  .i^  3a»z  +  &c>  and  x* 
will  be  (as  fl  —  «^*)  =s  fl*  -^  4a'«  +  &c,  and  *'  wiH 
be  (=  nZa^s)  =  tf»  ^  5fl*2  +  &c.  Therefore  *'  -|. 
7*^  +  2ox^  +  155**  will  be  = 

J         +      7  X  tf4  -  4a^»  +  Jcc,  I 


+ 

7 
ao 

X 

X 

a4 

— 

4a^»  + 

fcc. 

+ 

0} 

- 

3^*«  + 

&0y 

"X         +    ao  X  a*  -^  i^hB,  +  &o,  /^ 

^     \       .  +    ^o«»  —    6oa*»f  +  &c,  r 

f         +   ^S^^^  -  3'<5««    +  Sec.  I 

Put  A*  +  7^^^  +  20*^  +  1554^^?  is  =  10,000. 

Therefore  a}  +  7/1*  +  aOo*  +  155^^  -^  5^*2  -^ 
^6/7'z  —  6orrz  -—  3io£zss  +  &c,  will  alfo  be  =  10,000, 
and  confequently  (adding  5(j*«  +  aS^a'z  +  6o^^s  + 
3ic<i»  to  both  (ides,)  we  (hall  have  0^  +  7^*  +  200*  + 
I55fl<?  z=  lOjCOQ  +  5^*2  -f  28fl'z  +  60/2'z  +  3lOtfai^ 
or  (becaufc  ^  is  =  5,  and  confequently  a>  +  7^ ♦  +  lOi^ 
+  iSSflfl  is  =  13,875,  as  has  been  (hewn  in  art.  5,)  we 
foall  h^vc  13,87$  =s  |o,oco  +  5<i*«  +  28fl'2  +  toa% 


+,  yoszp  and  coDfcquentlj  (fubtrafliDg   iCyOOO  from 
both  fides,)  3875  =  5<2*»  +'  aSa^z  +  boa^z  +  3iOfl» 

=  «  X  r5tf*  +  a&i*  +  6oa*  +  jfioa.   Therefore  a;  will 

^  .^    ^ 387? f^ 

5d*  +  a8d«  +  6otf*  +  3iOtf     ^ 

..    . 3^75. 

JJJ-U-I— L^— —   LL      -I  -       ■         ■      ■    ,    -  •^        f*^  ^  -  -^      ^  ■  ,        ■  ,  ^  ^      ^  ^gg 

5  X  71*  +  28  X  s\*  +  ^  X  5*  +  3»o  X  J 

.,.^.,^^^ 387s 

5  X  615  +  28  X   laj^  +  60  X  25  +  310  X  5    "^ 

,3875 5=:  ll?i  )    =    0.4. 

Therefore  j  — *  %,  or  *,  will  be  (  =  «  —  04  =  5.0  — 
0.4)  ss  4.6  i  and  4.6  will  be  a  fecond  near  value  of  the 
iioot  of  the  equation  x*   +   7^?*  +  20**   +   X55JVif 

^   JOiOOO.  Q4  B«  1* 

We  mud  next  try  whether  this  fecond  near  value  of  jr 
is  greater  or  lefs  than  it*s  true  value  \  and  for  this  pur* 
pofe  wi  mud  fubditute  it,  indead  of  x,  in  the  compolUnd 
quantity  **  4-  7;^*  +  20Jf*  +  ISS^*' 

Now,  if  we  fuppofe  x  to  be  =  4.6,  we  (hall  have^x  (  = 

4I6I*)  a=  21.16,  and  jc'  (=  4I?;*)  =:  97*336,  and  x*  (= 

4^*)  =  447-745^1  and  x5  (=  471$)  =  2059.62976, 
and  155x0?  (=  155  X  21.16)  =  327Q.80,  and  aoir'  (  = 

M  X  97-33^)  =  T946.720,  and  7**  (=  7  X  447-745^) 
=  3i34»2i92,  and  conl*e<yicptly  x^  +  ;**  +  2C;r'  -f- 
JfSX^  (5*  2059.6^976  +  3i34-ai92  +  1^^6.720  -f 
3279.80)  =  io,420.3689'6;  which  is  greater  than  10,000, 

U4    •  "       *     ■■  or 
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or  the  abfolotc  term  of  the  Equation  xS  +  ^x^  +  20x^ 
+  I55xr  =  10,000.  Therefore  4.6  will  \t  greater 
than  the  true  value  of  x  in  that  equation* 

Art,  7.  To  fincl  a  thir^  near  v«li;c  of  the  root  of 
this  equation,  let  a  be  fuppofed  to  be  =  4.6,  and  %  be 
the  difTerence  by  which  a^  or  4.^1  exceeds  the  true  valiic 
of  the  fatd  root. 

Then  ik  e  (hall  have,  2,%  befor^,  ;p  =  «  -^  s,  and  ^onfe^ 
quently  xx  (—  ^  — »2iV)  =z  an  ^^  2az  -f  Sec,  and  x^  (^ 
a  —  z^')  =  fl'  -,  3a'«  +  *c,  and  x*  (  = 
a*  -»-  4/il2  +  &c,  and  «5  (=  ^  -^  zV)  =  ^5  — -  j^^j^ 
+  &c,  and  7jff*  (=  7  K  a*  -^  4a^af  +  &c,)  =  7^*  — ?, 
aga'z-f  ^c,  and  204?'  (3c  ^o  K  <»*  —  3a'»  +  &Ci)  :t=  lOa* 
r-r.  60/7  2  4-  &c,  and  I55A-A'  (=155  X  aa-^  2«r+ &c,) 
=  155/ifl  --  3iorfz  +  &c,  and  x5  ^  'jx^  -f-  20**  i» 


1 
I 


+     20^*  —     6oa'z  +  frc. 


But  ^5  +  7ie*  -f.  ^0^  +  I55r;r  is  =  io,Oco, 
TJie)Peforc 


—        Jtf<»   +   &c, 

f     apaJ  —     6ptf*»  +  5cc, 


will  likewife  bo 
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2s  10,000,  and  confequently  (adding  5/7*2  +  ^%a^z  + 
6ofl-2  +  310/12  to  both  fides,)  a'i  +  7^1*  +  lOii'  -4- 
155^11  will  be   =   10,000  +  sa^z  +  aSfl'z  +  6oa*« 

+  31002. 

>  _  .  .        .' 

But  it  has  been  (hewn  in  the  laft  article,  that  aS  +  7i* 
+  20a^  +  155^^,  or  456^5  4-  7  X  4^*  +  20  X  4^* 
+  155  X  4jSi\  is  =  10,420.36396. 

m 

Therefore  io,42a36896  will  be  =x  10,000  +•  50*2  -f- 
TSa^z  +  boa^z  +  31002  i  and  confequently  (fubtraOir)g 
19,000  from  both  fides  of  the  equation,)  /\20,^6B()6  will 

1^  =r  5a*a  +  29a^z  +  600*2  +  31002  (=  5  X  ^^*  X 

%-¥  26  )<  4^'  X  2  +  60  X  4^-  X  2  +  310  X  4.6 
X  2  =  5  >C  447.7456  X  2  +  28  X  97.336  X  2  4-  60 
X  21.16  X  2  +  310  X  4  6  X  2  =  223S.7280  X  2  4- 
2725.408  X  2  +  1269.60  X  2  +  1426.0  X  2)  =  7^59* 

.7360  X  2,  and  confequently  2  will  be  (=  ^™-?-) 

^  '         ^         ^  ^       7^59-73<5^ 

=  O.o548,jor  nearly  0.055.  Therefore  ;r,  or  o  -^  2,  or 
4.6— >" 2,  will  be  nearly  (=  4.6  —  0.055,)  =  4*545  * 
and  confequently  this  number  4*545  will  be  a  third  near 
value  of  the  root  of  the  propofed  equation  x'  4-  7^*  + 
20*3  4-  i55,r.r  =  io,oco.  q^  e.  i. 

Now  let  this  number  4-545  be  fubftituted  inftead  ofxjr 
in  the  compound  quantity  x5  +  jx*  +  2C*3  +  I55^.r, 
in  order  to  difcover  whether  the  refult  will  be  greater,  or 


a9ft  ounTATxoHs  on  mx.  aiFHsoM's  MSTBOo  or 

kfst  cl^  JOyOOOy  or  tbe  abfolute  term  of  the  propofed 
cqaatioo  »*  -h  ^^  4-  ao^r*  +  155^^^  =  lOiOoew 

Now,  if  K  be  fuppofed  to  be  sk  4.545,  we  fliall  lonFt 

«  («V545^')  =  20-<JS7^«5»  «ni  **  (=  4-5451*)  « 
93.88^i78|tf25,  and  **  f*  4.5451*)  s  426»7f2»6Sr9 

850,625,  and  *5  (9  4.545^0  =  X939-409»l39«<5llf 
090,625,  and  confeqnentlj  yjr*  (s  7  x  4 26.7 12,68 it 
850,625)  =  2986.988,772>9$4,375,  and  20**  («  20 
X  93.886,178,625)  «  i877.723,572,5Co,  and  xs5*ir 
(s  155  X  2a657,025)  =  3201.838^875,  and**  +  7«4 
+  20**  +  155**  (=B  1039.4091139,011,090,625  + 
2986.988,772,954,375  +  1877.723,572,500  +  3201. 

•83^875)  =  .i0f0OS-96Of3Syt465»465»6J5l  ^^"^  «• 
greater  than  10,00^,  or  the  abfolute  term  of  the  equauoii 

**  +  7**  +  2o«*  +   155**  =  10,000.    Therefore 

4.545  will  be  greater  than  the  true  raliie  of  ;r  in  th^ 

equation. 

Art.  8.  To  find  a  fourth  near  Talue  of  the  root  of  this 
equation  *•  +  7**  +  20**  +  i$^xx  =  io,ojc,  let  a 
be  fuppofed  to  be  =  4.545,  >°d  z  be  fuppofed  to  be  the 
difference  by  which  a,  or  4.545,  exceeds  the  true  value 
of  the  faid  root. 

Then  wc  fliall,  as  before,  have  jr  r=  a  —  2,  and  confe- 

quently  xx  (=  a  —  z]*)  =  na  —  2/7z  +  &c,  and  a»  (= 

u  —  aV)  =  fl'  —  3<»'«  +  Sec,  and  Ar*(=  «  —  sA*)  =  <i^ 

.—  4«*«  +  &c,  and  a»  (=  a  —  al5)  =  ijs  —  5<h«  +  &c, 

and 
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lUld  7*f  (=  7  X  J*  —  4fl3«  4- &c,)  =  ^a^  —  iSa^z  +  &C, 

and  aoar*  (=  20  X  a'  —  3^  2  +  ^c,)  =  20^1*  —  6oa^z 

+  &c,and.i55:r^(=  155 "x  aa  —  2az  +  &c,)  =  ISS^<« 
—  31002  +  itc,  and  confequentlj  *»  +  7**  +  20**  + 


+        7^4   —      28fl««   +    &c, 

+  i55ii*  —  $toa*    +  kc* 


9 

But  .^  +  jx*  +  20*'  +  ts^xxis  =  10,000. 

Therefore  a*  +  ja^  +  2oa^  +  155^^  — ^5tf*z  +  &c, 
•-  iSa^K  +  &C,  —  6ofl*z  +  &c,  —  3  I0fl«  +  &c,  will 
likewife  be  =  10,000 )  and  confequently  (adding  50^2 
+  28^%  4-  6oa^z  +  310^2  to  both  Gdes,)  a^  +  ^a^  + 
20fl3  +  155/w  will  be  =  10,000  +  5a*2  +  28fl*«  + 
6o<i*2  -h  31002.  . 

But  It  has  been  (hewn  In  the  laft  article,  that  a^  +  *]a* 

+  20fl*  -h  issaoy  or  4.545'*  +  7  X  4^S4?*  +  20  X 

4*S4S\*  +  15s  X  4-54Sl%  »»  *  10,005.960,359,465, 
4*5»625. 

Therefore  10,005.960,359,465,465,625  will  be  = 
10,000  +  5fl*2  +  28<i*z  +  6ofl-2  +  31002;  and  con- 
liequently  (Qibtrading  10,000  from  both  fides,)  5.960^ 
3 $91465*4^5)625  will  be  =  5ii*»  +  a8a'2  +  600  2  rir 

31009 
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X  X. 


3loax  (=  S  X  4.545! ♦  X  z  +  28  X  4.545)3  X  2  +  60 

X  4-545^'  X  2  +  310  X  4.545  X  2;  =  5  X  426.71% 
681,850,625  X  s  +  28  X  93.886,178,625  X  s  -t-  60 
X  20657,025  X  z  +  310  X  4.545  X  z  =  2133.563, 
409^253,125  X  z  +  2628.813,001,500  X  2  +  1239.421,  • 

500  X  «  +   14C8.950  X  2)  =  74»o-747^9io,753,i25 

Therefore  z  wiU  be  (=    S-9'o.3'>OA^^^x^S.^25  , 

7410747.9  o*7S3»'25  ' 

=  0.000,804,28,  and  *■,  or  a  —  z,  or  4.545  —  r,  will 
be  (=  4.545,000.00  —  0.000,804,28)  =  4-544ii9S«72. 
Therefore  4.544,195,72  will  be  a  fourth  near  value  of 
the  root  of  the  propofcd  equation  at*  4-  jjr*  -h  20jr3  + 

155x4:  t=    10,000.  Q»    £•   I. 

This  number  4*5449*95972,  agrees  with  the  niimbcr 
found  by  Mr.  Raphfon,  in  all  it's  figures* 


jlrt.  9.  The  foregoing  rcfolution  of  the  equation 
K»  +  7A*  +  2o;r3  4-  155^^  =  i:,ooo,  has  been  per- 
formed  at  great  length,  in  order  to  fet  forth,  in  as  clear 
a  manner  as  poflible,  the  feveral  rcafonings  upon  which  the 
arithmetical  operations  ufed  in  it  are  grounded,  as  well  as 
the  faid  operations  thcmfelves.  i\nd  by  fo  doing  t?>c 
fubje£^  is  rendered  fo  much  eafier  than  in  Mr.  Raphfon's 
very  concife  and  comprefled  way  of  treating  it,  (in  which 
all  the  reafonings  are  droppe^  and  only  the  arithmetical 
operations  are  exhibited,)  that,  though  the  above  rcfo- 
lution of  the  faid  cquiion  is  three,  or  four,  times  as  long 
as  Mr.  Raphfon's,  y.t  1  am  fully  perfuaded  that  it  may 
be  read  and  underdood  in  a  third,  or  fourth,  part  of  th^ 

tim$ 
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time  that  is  neceflary  to  a  thoroi^K  comprehenGon  of 
Ibir.  Raphfon's  refolution  of  it;  efcn  if  he  had  not 
puzzled  the  matter  by  talking  of  the  negative  root  of 
tbe  equation  -f  N<  +  7^?*  —  2ox3  +  i55iir;c  r=  io,ooo* 
But  that  this  may  appear  the  more  clearly,  I  will  now 
repeat  the  foregoing  refolution  of  this  equation  in  the 
ftyle  and  manner  of  Mr.  Raphfen,  by  omitting  the'  fe« 
veral  reafonings  fet  forth  in  the  foregoing  articlee^.and 
making  uf&of  a  Canon,  or  Theorem,  for  the  puppoTe  of 
cJomputing  the  fecond,  third,  and  fourth  values  of  2,  ia 
the  fame  manner  aa  Mr.  Raphfa9  has  done. 

Art.  10.  Since  each  of  the  three  firft  fucceflive  near 
values  of  a*,  or  the  root  of  the  propofcd  equation  x^  •\- 
jx^  +  20x3  -!-  i^$xx  =  10,000,  from  which  the  next 
near  values  of  it  are  derived,  to  wit,  the  three  numberj^ 
5,  4.6,'  and  4-545,  and  which  are  fuccefOvcly  denoted  By 
the  letter  a,  is  greater  than  the  true  value  of  x  in  the 
(aid  equation,  or  than  the  root  of  the  faid  equation,  it 
follows  that  the  fecond,  and  third,  and  fourth  near  va- 
lues of  X  will,  each  of  them,  be  fuccefllvely  denoted  by 
the  refidual  quantity  a  —  z  j  and  confcquently,  by  ap- 
plying the  reafonings  ufed  in  art.  6,  in  order  to  obtain 
the  values  of  »,  and  of  a  —  z,  or  Xy  we  fliall  find  that  z 
will  be,  fucceffively,  nearly  equal  to  the  value  ^of  the 

fraftion  —     '^        '     ,   .   ■    ^  . ' — ^»an*,there^ 

foic,   that  a  —  z,   or  x,  will  be,  fucceffively,  nearer 
equal  to  the  value  of  the  quantity  a  —  the  fraftion 

Theorem, 
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Theorem,  or  Canon,  by  the  application  of  wludi  We  wte 
to  compute  the  firft,  and  fccond,  and  third  near  fatoei 
of  tf  —  s,  or  the  fecood^  and  third,  and  fourth  natf 
^oes  of  Xf  after  taldng  5  for  the  firft  near  vafait  il 
it^  or  for  the  firft  value  of  ^ 

Nov,  if  tf  it  at  5^  we  ihall  hare  s  s  the  fnOkm 

gfi  +  fa^  +  to^*  +  HS4W  —  10,000         387  y    ^ 

91^  +  2ttj»  +  tfo^  +  310U  "^   9675    ""   ^•** 

Therefore  a  — x  will  be  (=  5-«-'a4)  as  4^1  which 
will  therefore  be  the  fecoitd  near  ralue  of .  4r,  or  of  dm 
toot  of  the  equation  m*  +  jx^  +  ao^ri  +  iSS^rx  m 
aopooa 

Seoondlj,  if  tf  be  =5  4.6,  we  (hall  hare  z  s 

•»  -t»  7tf^  *f  aoi'  ^>  M9gi»  — '  lOtOoo    _    410.56896 
5tf«  +  a84i*  +  6ort»  -f-  3>o«  *"    7659.7360    ^ 

0^0548,  or,  nearly,  0.055.  Therefore  a  —  z  will  be 
(=s  4.6  —  0.05s)  SB  4.545;  which  will  therefore  be 
the  third  near  Value  of  Xf  or  of  the  root  of  the  equatioa 
*•  +  7-1*  +  aovJ  +  '^55'^^  =  io,coo. 

Thirdly,  if  /i  be  =s  4«545>  we  fliall  have  s  = 
l^+l^^-f  2oa>+i5Sfla-io,ocx:)  _    5.9^.0, 3  9 9, 46 >' .46 ^.62 9 

ss  o.ooO)8o4)a8.  Therefore  <z  — s  will  be  (^  4*545 
—  0.000,804,28)  =  4.54^,195,72;  which  will  therc'^ 
lore  be  the  fourth  near  value  of  x^  or  of  the  root  of  tbe 
equation  .x'  4-  7.1*  +  2oa3  +   155*"^:  =»   io,ooa 

Q.  E.  !•  , 

Aft.  It. 
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iA*/.  II.  Mr.  Raphfon's  Canon,  or  Theorem,  for  the 
value  of  Z|  is  exprefled  more  concifely  than  the  foregoing 

Theorem,  z  =   -^, — 1-^7-7 ^— -  * 

5fi*  4-  aBfl^  -t-  ootf*  -f-  310* 

For  he  ufes  the  letters  ^,  r,  ^,  andy^  for  the  co-efficiefits  7, 

10,  and  15  5,  of  the  fourth,  third,  and  fccond,  power  of  m 

fti  the  equation  x^  +  yx^  +  20a3  +  i55af;r=  10,000,  and 

for  10,000,  the  ubfolute  term  of  that  equation,  refpcc* 

tiveljr;  which  produces  the  following  Canon,  or  Theorem^ 

for  the  value  of  x,  to  wit,  a  =   — -rr — r-- ^  ,     ,  "^  • 

But  it  appears  to  me  that,  though  we  may  feem  to  gain 
fomething  in  point  of  brevitj  by  uHng  this  very  general 
notation,  we  lofe  as  much  in  the  article  of  pexipicuity, 
which  is  a  matter  of  much  greater  importance.  How* 
ever,  this  latter  refolution  of  the  equation  x^  +  yx^  -♦• 
20*3  +  I55;rjr  =  ic/>oo,  which  is  exprefled  in  Mr» 
Raphfon's  concife  (lyle  and  manner,  and  the  foregoing 
more  explicit  refolution  of  it  in  art.  5,  6,  7,  and  8,  (in 
which  the  reafontngs,  on  which  the  feveral  arithmetical 
operations  are  grounded,  are  diftindly  fet  forth  and  re« 
peatedj  are,  both  of  them,  the  fame  in  fubftance,  and 
are,  as  I  believe,  the  very  bed  method  that  can  be  taken 
for  difcovering  the  root  of  the  faid  equation. 

Of  the  Refgmllanci  of  Mr,  Raphfon*s  Method  of  Refilving 
Numeral  Equations  by  Jppr^mation  to  Sir  Ifaac  I^'ewtoni 
Method  of  doing  the  fame  thing* 

^rt.  |2<  It  has  been  obferved  above  in  art.  2,  tl^at 
Sir  Ifaac  Newton's  method  of  refolving  numeral  equations 

by 
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Iff  approximation  differed  but  little  from  Mr.  Raphibn^5f 
borfa  methods  being  founded  on  the  fame  principle  of 
^onCdering  the  new,  or  transformed,  equation,  (refulting 
A-om  the  fubftitution  of  a  +  z,  or  a  ^  z^  inftead  of  x, 
\n  the  original  equation,)  as  a  mere  fimple  equation,  or 
Begle£ling,  or  omitting,  all  the  terms  of  it  which  involved 
kk  them  any  higher  power  of  z  than  it's  fimple  power  9 
which  reduces  the  refolution  of  all  equations,  of  whatever 
orders,  Co  the  refolution  of  a  fimple  equation,  or^  rather^ 
to  the  refolution  of  feveral  fuccefTive  fimple  equations,  by 
which  we  make  continual  approaches  to  the  true  value  of 
the  root  of  the  original  equation*    In  this  grand  principle 
Sir  Ifaac  Newton's  method  and  Mr.  Raphfon's  method 
pctfcCdj  agree;  and,  in  finding  the  fecond  near  value 
•f  r,  or  in  making  the  fird  approximation  to  the  tTu<; 
value  of  ATy  after  paving  obtained,  by  conjecture,  or  trial, 
or  in  feme  other  manner,  the  value  of  what  has  been 
here  called  a,  or  a  fird  near  value  of  x,  or  the  root 
fought,  there  is  not  the  fmalleft  difference  between  thexn. 
But  in  tiie  invedlgatlon  of  the  third,  and  fourth,  and 
other  following  near  values  of  j:,  there  is  a  liitle  differ- 
ence ill  their  manner  of  proceeding,  whicii  the  reader 
may  be  glad  to  fee  examined.     I  ilnll   therefore  now 
compare  the  two  methods  together,  in  the  cafe  of  a  very 
cafy  equation,  by  which  Sir  Ifaac  Newton  himfelf  has 
thought  proper  to  illuftrate  his  method. 
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A  COMPARISON  BETW^N  SIR  1S^AC  NEWTON'S 
A9^P  MIL  EAPHSON'S  METHOD^  OF  IIES01.VIN0 
NUMERAL  EQUATIONS  BY  APP&OXXMATIPN. 


.jfrt.  13.  Sir.  Uaac  Nrwton's  method,  of  refolvthg 
numeral  ec^uations  by^approximation»  is  .explamed  hy 
hiipfelf  in  his  curious  little  Traft,  intitled,  ^naMs  per 
^quationes  Numero  Terminorum  Inpmtas^  (which  waf 
written  in  the  year  16(^6,  and  communicated  to  Dr.  Ifaac 
Barrqvir,  and  to  Mr.  John  Collins,  and  to  other  learned 
men  6^  that  time,  in  the. year  1669,)  by  an  example j 
Which  is  as  follows':    , 

^ArU  14.    Let  it  be  required  to  refolve  the  cubick 
equation  ;»:'  —  2Ar  =   5. 

Jlcrc,  in  the  firft  place,  it  is  eafy  to  fee  that  ^s  fomc- 
what  greater  than  a^  but  ttiuch  leis  than  3. '  Fori  if  x  i& 
taken  equal  to  2,  we  (hall  have  ix  =  4,  and  x^  =  8,  and  * 
.confequeotly  x'  —  1*  (=s  8  ^— 4)  =  4^  which  is  lefa 
than  5,  or  the  true  value  of  **  —  ix  in  the  propofed 
equation:  and,  if  #f  is  taken  equal  to  3^  we  (hall  have 
^x  =  6,  and  *'  =  27,  and  confequently  x*  —  2x  (  = 
27  —  6)  s=  at  5  whith  is  very  much  greater  than  5,  or 
the  true  value  of  ;r^  —  2:1?  in  the  propofed  equation* 
Therefore  the  trurvAic  of  x  in  that  equation  muft  be 

X  much 


much  left  than  j^  and  a  little  greater  than  2.  Let  tC 
therefore  be  fuppofed  to  be  equal  to  the  quantitT  2  -f  s. 
lit  which  s  denotes  the  unkctoWA  qinnthy  bf  Irwa' w 
vtie  Tnv6  w  X  fefeeedi  2*  '  And'  let  ft  «4*  s*Bb  ^ftubK" 
tuted,  inftead  vtf  V»  iik  Oe  ■:i^M>poi(ed.  e^Kafibii  %*^  •U;  a» 
=  5.    Tbi*  naj  be  done  at  follows : 


.  •    ■  %.r  -■"  t   • 


Since  « is  =  2  -f  i^  we  (hall  have  «'  (s'a)*  +  3  ^ 
W  X  »  +  a'x'ii  *  »  +  «»  =  8 '+  3  X  4  k  1^  ^  3 
>:  2m  -f  '^  ss  '8  +  12s  4-  A»  +  %\  ana  2W  (sr  i 


^  2  «f  is)  ss  4  -)-  Siaif  and  confequentlf  m^'^'TM  (» 
1B  +  lais  4  6m  +  «*  — 4-^tt}  =  4+  lOs -I- An? 
+  x».  But  ir'  -^  2ir  is  s=  '<•  Thiafeforc  4  +  ib«  + 
'6bx  -f  «^  will  alia  lie  =  5,  and  oonfequentlj  (fiibtiiS'* 
Ing  4  (rom  both  fides,)  lois  +  6m  +  z*  will  be  9  i^ 
ind^  (fubtra£ling  6zx  +  2'  from  bo&  fid(B8»)  lok  wiDle 

s=  I  — .  6z2  —  «A    Therefore  2  will  be  =     "*    j"^   » 

10 

=  —  —  i —  =  a.i 9  that  18,  s  IS 

10        ).    10  10 

lefs  than  '-^,  or  o.i,  bj  Ae  quantity  ^^        ► 

Therefore  4r,  or  2  -f  2^  is  left  than  2  +  — >  or2+o.it 
or  2-1,  by  the  faid  quantity  — r^ —  }  whicb»  on  ac- 
count of  tBe  fmallnefs  of  x,  (^hich  is  left  than  '*^>) 
will  be  a  very  imall  quantity  in  compariio9  of  s^  or 
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cf  — -f  and^  i  fortforty  in  copparifon  of  2^  and  con* 


10 


Xcquently  may  be  ncglcfted.  And  therefore  2.1  will  be 
91  fe^id  J^ear  value  of  x^  or  the  root  of  the  propofed 
cqufitign  pe^  —  2;e  =i  5,  Ijhat  will  be  a  little  greater  than 
it's  truqi  yaluei  but  nearer  to  it  than  any  other  number 
Jibat  <;9n|i&s  of  oi4y  two  places  of  figures.  q.  jb.  i. 


>i 


ThiS;  iai Ae  firft  jftcp  of  Sir  Ifeac  Newton's  approxima- 

tipii  to  t]^e  root  of  the  equation  x^  — -  7^  s?  5,  after  the 

j^iupptfpapf  the nun|bcir  2|  by  conje^ure  and  trial,  fOr 

:it'f  %ft  iifatj^oe.     4^4  in  this  firft  ftep  of  the  ap- 

pfPafaiiialipn  Sir  Ifa^^  r  I^e^irton's  and    Mr.   Raphfoi^'s 

lijfltfeods  c;x^^ly  co-in«d^. 


i  .■        4^  .  1     . 


Jirt,  15.  But  in  the  neict  ftep  "^of  the  approximation 
to  the  value  x^  in  the  faid  equation  x^  — -  2;r  =  5^  the 
two  methods  are  fdme what  different  from  each  other^ 
though  the  number  of  neW^  figures  of  the  true  value  of  x^ 
that  are  exaifl  in  the  next  near  values  of  it  refulting  frqm 
'  t>oth  methods,  is  the  fame.  The  difference  between  the 
methods  in  this  fecond  ftage  of  the  approximation  is  as 
follows : 

Mr.  Raphfon  corre£ls  the  value  of  x^  or  the  root  of 
the  original  equation  a-S  —  ajr  ='5,  already  found,  to 
wit,  2.1,  (and  which  is  known  to  be  fomewhat  greater 
than  the  truth,)  by  fubtra^ling  from  it  the  unknown 
quantity  by  which  it  exceeds  x^  and  which  we  may  call  1;, 
^d  fttbftituting  2*1  —  v  inftead  of  x  in  the  faid  original 
equation^  »r3  — .  ax  =  5,  whereby  it  is  transformed  into 

Xa  Mothsr 


mother  cubick  equarion,  in  wbidi  v  will'  be  the  odljr 
unknown  quantity ;  and  then  he  finds  a  near  Talue  of  v 
hj  refolf ing  the  f;iid  transformed  equation  as  if  it  were  . 
only  a  fimple  equationi  or  by  neglcdHng  the  terms  wind 
Involve  the  fqudre  anc!  cube  of'  v,~on  -acebunt' of 'their 
imallnerd,  Jull  as  we  before  negle£led  the  terms  6xs  and 
23  in  the  foregofaig  transfonncd  eqtration  loit  -h  6zz  + 

s'  ss  I  for  the  fame  reafon.  But  Sir  Ifaac  Newton  takes 

...  -  ■       ,  '  • 

no  further  notice  of  the  origihaV  equation  ^  ^  tx  ^  ^^ 
til!  he  ha4  conipleated  the  whole  procefs  of -liis  sfpproU- 
mation;  but^'  7nftead  of  the  faid  oiiginml  eqmddii^  lie 
confiders  the  forttier  trtnsfbrmed  eqtiatiohj  ibsr  -h  frrit 
•f:  z*  sA  ij  wfclch  was  dented^  frMa  it,  aDdinrfefl^atis 
the  value  of  it's  rootj  z^  to  a  greater  degree  of  ex*£lacls 
than  that  to  which  it  was  before  obtained*  And  this  he 
does  in  the  n^anner  foUowizig  a        . 

Since  it  Has  been  feen  that  z  is  lefs  than  C.if  let  tht 
quantity  by  which  o.i  exceeds  it  be  called  v^  fo  that  x 
Ihall  be  =  0*1  -^  i; }  and  let  o.i  —  v  be  fubftitutedi  in- 
Head  of  z  in  the  transformed  equation  icz  -i*  tzz  +  sfi 
=: .4 •     7 his  may  be  dene  as  follows  : 

Since  2;  13  i=  O.I  —  V,  we  (hall  have 

±Si    (=  O.I— VJ*)   =1   0.0 1    —  0.2V  +   a'C', 

tnd  s3   (=  o.iI-^.j3    :=  o.ooi  —  3  X  o.oi  x  v+jxo.xxc^ 

—  v'O  =  0.00 1  —  0.03'y  -f*  0.31-^  *•  v^f 


and  ica  (=  lo  x  O.i  —  c)  =3  i  —  iot, 

find  6^z  (=  6  X  o.or--o.avf-v<i')  =:  c,o6  —  1.2 v  +  6«v, 

an4.  confequently 

lOff 
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'  ■ .  • 

./"       io«  •\  r       1. 00    —  lo.oov  > 

<     +  6««    >  =r  ^    +  o.a6    -»•     1.30U  +  bvv  > 

.  V.  +    «*  y  L  +  o.ooi  —     0.03V  4-  o.zw  — V*  J 


I.061  —   xi.'iyo  +  6.3W  —  v'. 


But   I0»  4-  6;?r«  +  23  Is  =  I. 

Therefore  i.o6r  —  i  if 23V  +  6.3V1;  —  ^s  will  like* 
wife  be  =  I.  And  confcquently  (adding  11.23^  to  both 
fides,)  we  fliall  have  i.oiSi  4-  6.3VV  —  v3  =:  f*  +  11.231;; 
and,  (fubtraftmg  i  from  both  fides,)  we  fliall  have  o.c6i 
4"  6.3W  —  t/3  r=  11.231;,  and  (neglefling  6.3W  and  t;3 
as  inconfiderablc  in  comparifon  of  0.061  and  11.231;)  we 
fhall  have  0.061  =  I1.23V,  or  i  T.231;  =  c.061  j  and  con- 
fcquently (dividing  both  fides  by  ri.23,)  we  fliall  have 

V  (=  -^ =  0.0054.    Therefore  «,  or  0.1  —  i»,  will 

J>e  (=  0.1  —  0.0054)  ==  0.0946,  and  confequently  at, 
or  '2  +  3;,  will  be  (  =  2  +  0.0946) '  =  2.0946. 

Q^    E.    I, 

In  this  manner  Sir  Ifaac  Newton  finds  the  root  of  the 
propofed  equation  a 3  —  2a;  =  5  to  be  equal  to  2. 0946, 
which  is  as  near  the  truth  as  five  figures  can  exprefs  it* 

Art,  1 6,  He  then  cardcj^he  inveftigation  one  ftep 
further,  by  which  he  obtains  the  value  of  .v  exaft  to  nine 
places  of  figures ;  and  for  this  purpofc  he  proceeds  in  the 
manner  following : 

X- 3  The 


« 

310    OBSB&TATIOM8  ON  Ut*  itAPHS0N*8  If  BTHOD  Oif 

The  laft  transfonned  equ^don  was  1 1*239  ss  0.061  -4? 
&3W  —  «3 )  from  wluch  it  follows  thbt  v  is  accurately 

.       -       o.o6f    .   6,fr«  — v»  ^    6.Av  «» '^ 

teual  to +  I  or  0.00  j4  +  '  r  • 

^  11.13  SI.23  .  "^  xi.23       • 

which  is  greater  than  0.0054  aIonc9  becaafe  6.390  is 
greater  than  v3b  Since,  therefore,  v  is  greater  than 
ao054,  let  us  fuppofe  it  to  be  =  0.0054  +  vi  $  '^nd  let 
this  binomial  quantity  be  fubftituted,  infteadof  v^  in  the 
transformed  equation  M.23V  s  o.o6i  +  6.3vo  — tx^ 
or,  rathcTi  in  the  equation  11.239  — *  6.3W  4-  vi  sx 
0.061,  confiding  of  the  fame  terms  as  the  former,  but  in 
wluch  the  terms  involving  the  unknown  quantitj  v  ar^ 
all  brought  to  the  fame  fide  of  the  equation,  and  ranged 
according  to  the  powers  of  v,  be^ning  from  it's  lowei 
power,  or  the  fimple  power  of  t;.  This  nuj  be  done  in 
the  manner  following : 

Since  9  is  s=  0.0054  +  w,  we  (hall  hare 


V9  (s=  0.0054 +W>  =  0.0054^*  +  ?  X  0,0054  X  «l+fB») 

=  o.ooO|Oa9>z6  +  0.0108  X  fv  +  w% 
tnd  V*  (=  0.0054 +wl*  =r  0.0054)'  +  3  X  o,oo54]^  x  w 


4-  3  X  0.0054  X  w*  +  «;*  • 

=  o.ooo»ooo,J57,464  +  3  x  o.coo,oa9|i6  x  w 
+  0.0162  X  «w*  +  fV^) 

ss  0.000^000, 1 5  7,464  4-  0.000^085^   X  «  + 
0.0162    X   w*  +  w'. 


J-L 


fod   21.239  (=  XI.23  X  0,0054 +  «;)  =s,  0.060,642  -t 

11.23   X  '^9 

and  6.399  (=  6.3  X  0.0009029^16  +  0.0168  X  tu  4-  «u^) 
=  0.0001183,708  4-  b.068,04  X  w  +  6.3«^; 

and 


«lld  copfeqiiaitlf  11-23V  —  6.3W  +  v3  will  be  =  ,  ^ 

{0.066,642  +  XI.23  X  w 
—0.000,183,70(8  —  0.068,04  X  w  —  6.3  'X  wai. 
+©•000,000,157,4(^4+0.000,087,48  X  w+o.oi62«>*+«;*] 


:■'  ':  •  '  i  .J 


J 


r   0.060,642,157,464+11.230,087,48  X4tM*OwOi62w*+w«n  ^ 

^1  —0.000,183,708         —0.068,04  X   W       —6.3    X   W*  f 

.  >  ......  ' .  ''■'.'[.-'  ••"  ,  .       ^ 

^  9^,0(59,458,449,464  +  n,i6»,047,48w  -  6a8j8v/»  +  ««»•! 

But  IJ.ajl/  —  6.Jtw  +  f;3  18  s=  o.o6i.  •^ 

Tlierefore  o.o6o»45R|449,464  +  11.160)647948  X  tv 
•«<•  6^838  X  WW  +  ^  will  llkewiie  be  =  0.061 ;  and 
confequentlj  (ftibtrafltng  0.060,458,449,464  from  both 
£de3,)  11 1.162,047,48  Xi«a-—  6.283811;^  +  ci;3  will  be 
r(=?  0.061,000,000,000  ^-^  0.060,458,449,464)  ^  0.000, 
54'9S50)5.36;  and  (negkdiing  the  terms  6.a838Tc;fc;  aind 
f03|  as  inconfiderable  in  comparifon  of  11.162,047,48 
'X<f9,)  we  (hall  have  11.162,047,48  X  ti^  =  0.000,541^ 

"*  '    i  ■  r  1  /  0.000,541,550^556^ 

0.000,048,52.  Therefore  v,  or  0.0054  +  fv,  will  be 
(=  0.C054  +  0.000,048,52)  =  0.005,448,52,  and  2,  or 
0.1  —  v,^^ill  be  (=0.100,000,00  —  0.005,448,58)  = 
^•$ft4»f5i>^>  and  x,  ojt.  +  z,  wf^l  bit  (^  2  +-  0-094, 
551,48)  =  2.094,551,48^;  that  is,  the  root  of  the  pro- 
pofed  equation  xi-^  2»  ;=  5  will  be  =  2.094)^51,48. 

-■s  .  «  X  T  .  •   '  .   1 1  •      t  ■     "^(^g/j. 

This  number  2.p94f 55 i^+S  is  exaft  in  all  the  figures, 

at  will  be  ihe wn  in  a  TuDicquent  ^ticle.  *  ^ 
i><t^.  X  4  Art.  17. 


Jrt.  17.  Hiving  thas  fet  forth  Sir  Kmc  NewtMfli 

jnethod  of  inveftigating  the  root  of  the  propofed  eqiutioii 

Jgl  —  24r  SF  $  to  nine  pltcef  of  figures,  we  muft  .now 

jperfprm  the  fume  thing  by  Mr.  Raphfpn^t  method,  in 

order  to  make  a  comparifon  between  the  neceflfarj  opera>» 

/tiem  of  dM  two  metbodi. 

Now  Mr.  Raphibn's  method  of  approximating  furlfier 
CO  the  root  of  Che  equation  «a.—  24r  &=  5,  after -biTing 

fomfd  it  to  be  «Mial  to  a  -h  oLx  -^ r^ »  off  In  be 

^  10 

^Comewha^b&dian  a*!,  it  tp  put  v  for  the  nnkniNni 

iquantity  bf  which  it  falia  (holt  of  a.t,  and  then  to  loMi- 

-tute  theceGdual  quantity- a.  r  ^  «  in  th^  terms  of  the 

joriginal  equation  4?)  •*-  a^r  ss  5,  whereby  the  (M  eqna- 

.lion  will  be  transformed  into  another  cubick  eqaatton,  in 

:wkich«  t^ill  be  the  only  unknown  quantity;  and  then 

}ie  (lerermtnei  the  value  of  v  by  refolving  the  faid  tranf- 

formed  e^iuatioji  as  if  it  was  a  mere  fimple  equation,  or 

by  negleOtpg  the  terms  in  which  the  fquare  or  the  cube 

of  V  occif]r."   Tl^ts  may  be  done  in  the  manner  fol» 

lp\yin^ : 

fSIncc  X  is  =  2,1  —  11^  we  (hall  hs^ye 
4rv(3  2.1  —  vl*  =  2l]-  — 2  X  2.1  X  V  -f  fce) 

^  4.41  —  4.2V  +  &c, 
|P4  A-3  (=   2.1  -— V  J  =T>ll  -  3  X  271*  X  V  -I-   ft€ 

=  9.2^1  —  3  X  ^41  X  V  -f  &c; 

m  9.261  ^  13.23  X  V-^  *f*» 

m4 
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ttid  7X  (2»  IK  ,2.1  — '  v)    =3   4.2  —  2V» 

and  confcquently  «3  —  ax  (=  9,261  —  13.23  X  v  +  8cc 
—  4-2  -♦-  2t;)  =  5.061  —  IX.23  X  V  &c. 

But  .r3  —  2«  18  s=  5. 

r 

• 

Thcrcfofe  5.061  —  11.23  X  v  8cc,  will  likewife  be 
sr  5,  and  confequently  (adding  1 1.23  X  v  to  both  (ides,) 
wc  (hall  have  5.061  =  5  +  11.23  ^  ^>  ^"^  (fubtraQirtg 
5  from  both  fides,)  we  (hall  have  11.23  X  v  =  0.061, 

and  confequently  v  (  =   -^ —  )  =  0.0054.  Therefore  jr, 

or  2.r  — .  V,  will  be  (=  2.1  — 0.0054)  =  2094.6;  or 
2,0946  will  be  a  third  near  value  of  the  root  of  the  pro- 
jpofed  equation  xi  — »-  ax  =  5.  Q;  fi.  i. 

This  third  near  value  of  jr  is  the  very  fame  with  the 
third  near  value  of  it  obtaiaed  above,  iu  art.  15,  bj 
Sir  Ifaac  Newton's  method/ 

jlrt.  18.  In  this  ftep  of  the  approximation,  by  whidi 
we  obtain  the  number  2.0946  for  the  third  near  value  of 
the  root  of  the  propofed  equation  ;r3  —  2jr  =  5,  the 
principal  difference  between  the  two  methods  feems  to 
confift  in  this,  to  wit,  that  by  Mr.  Raphfon's  method  we 
are  obliged  to  raife  the  two  fir  ft  terms  of  the  powers  of 
>hc  compound  xjuai^tity  2.i  — v,  and  confequently  to 
raifc  .the  po\ijer5  of  the  number  2  I,  which  confifts  of 
4wo  fiu^urcs;  whereas  in  Sir  Ifaac  Newton'3  method  of 
.  x^oceeding,  wc  had  occafion  onl v  to  ra^fe  the  powers  of 

8  ^^ 


Jrt.  17*  Hiving  thas  fet  forth  Sir  Ifaac  NewtMfli 

jnethod  of  inreftigating  the  root  of  the  propofcd  eqiutioii 

Jjr3«-  24r  3?  j  to  nine  pltcef  of  figuret,  we  muft  jiow 

Iperfprm  the  fume  thing  by  Mr.  Raphfpn't  method^  in 

order  to  make  a  comparifon  between  the  neceflarj  opera* 

^tiem  of  die  two  method** 

J 

i  -  .  - 

Now  Mr.  Raphibn's  method  of  approximating  further 
to  the  root  of  the  equation  irS— -  2«  s  5,  after  biTing 

fouird  it  to  be  «Mial  to  a  -f-  oLx  -^        '^.^  ,  or  to  be 

^  10 

iComewha^b&tlian  a.!,  is  tp  ptit  v  for  the  nnknown 

iquantity  bf  which  it  falia  (hoit  of  ^.t,  and  then  to  fiibft^ 

tute  the  refidual  quantity  >  2.r  ^  «  in  th^  terma  of  the 

ivriginal  equation  ^'^2x  z»  5,  whereby  the  f;iid  equa- 

.lion  will  be  Crantformed  into  another  cubick  equation,  in 

.avkich  «  vkill  be  the  only  nnknown  quantity;  and  then 

}ie  clerermtnei  the  value  of  v  by  refolving  the  faid  tranf- 

formed  esiuatiop  as  jf  it  wat  a  mere  fimple  equation,  or 

by  ncgl.cQipg  tU  terms  in  which  the  fquare  or  the  cube 

of  V  occufr   Tljii  may  be  doi^c  in  the  manner  JW- 

lp\yin^ : 

Since  x  is  =  2,1  ^  y,  wc  (hall  haye 

jrr(=  2.1  —  vl*  =  2l]=  — 2  X  2.1  X  V  -f  kc) 
=i  4.41  —  4.2V  +  &c, 

=  9a$i  —  3  X  f 4«  X  »  +  &c; 
-  9161  ^  i^.aj  x' ».  ^  &<, 
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and  2»  (as  1  K  2.1  — '  v)    =»   4.2  —  2Vf 

and  confcqucntly  *3  —  2x  (=  5^261  —  13.23  X  v  +  8cc 
—  4-2  -♦-  2t;)  =  5.061  —  IX.23  X  V  Sec. 

But  xS  —  2jr  is  =  5. 

Therefore  5.061  —  11.23  X  v  8cc,  will  likewife  be 
SSL  5^  and  confequently  (adding  1 1.23  X  v  to  both  fides,) 
we  (hall  have  5.C61  =  5  +  ii.23  X  v,  and  (fubtraQing 
5  from  both  fides,)  we  (hall  have  11.23  ^  ^  =  0.061, 

and  confeqnently  v  (=   -^ —  )  =  0.0054.  Therefore  jr, 

or  2.r  — .  V,  will  be  (=  2.1  — 0.0054)  =  2094.6;  or 
2,0946  will  be  a  third  near  value  of  the  root  of  the  pro- 
pofed  equation  xi  — »-  2x  =  5.  Q;  fi.  i. 

Tliis  third  near  value  of  jr  is  the  very  fame  with  the 
third  near  value  of  it  obtalaed  above,  in  art.  15,  by 
Sir  Ifaac  Newton's  method/ 


jirt,  1 8.  In  this  ftep  of  the  approximation,  by  which 
we  obtain  the  number  2.0946  for  the  third  near  value  of 
the  root  of  the  propofed  equation  a-s  —  2jr  ==  5,  the 
principal  difference  between  the  two  methods  feems  to 
confift  in  this,  to  wit,  that  by  Mr.  Raphfon's  method  we 
are  obliged  to  raife  the  two  firft  terms  of  the  powers  of 
>hc  compound  quafitity  2.i  — v,  and  confequcntly  to 
ralfe  ^he  powers  of  the  number  2  I,  v^hich  confitts  of 
4wo  figures ;  whereas  in  Sir  Ifaac  Newton's  method  of 
.  xyroccediDg,  wc  had  occafion  only  to  raife  the  powers  of 

8  ^^ 


the  compound  quaatitj  0*t  — ^  Vt^n4 'Q9n(eqaai4f  Ift 
xaiTe  the  powera  of  the  puipbcr  ci^  D^Jsioli  .ponfifis  pf 
only  one  figure ;  w^hjs  fomevifiiat  eager  than  to  raUe 
the  powers  of  2.1*  But  both  operations  are  fo  eafj^  that 
the  dtfierence  of  the  hbour  of  performing  them.it  liacdly 
worth  confidering.  And,  with  refpcA  to  the  fimplicity 
pi  conception  in  the  tw9  methods,  Mr.  Raphibn's  oie« 
thod  feems  to  be  preferable  to  Sir  Iptac  Newton's  ^  be- 
caufe  the  former  always  refers  to  the  original  equation 
«3—  2x  =  59  whereas  t^e  latter  mfthod  refers  to  the 
preceedtng  transformed  equation  io»  +  6x»  4-  s)  s  f » 
which  haa  more  terms  and  larger  co>eflicirnts  tha^it  the 
original  equation  «3  —  i;r  =:  5. 

Art.  19-  But  in  the  neit  ftcp  of  the  approximadon  by 
Mr.  Raphfon's  method,  we  (hall  find  the  labour  of  raifing 
the  powers  of  the  value  of  x  already  found,  to  wit,  the 
powers  of  2.0946,  to  be  eonfiderably  pfreater  than  that 
of  ratfing  the  powers  of  the  iaft  preceeding  fupplemetlt 
of  it  according  to  Sir  Ifaac  Newton's  method,  that  fup- 
plcment  being  only  the  decimal  fraftion  0.0054,  in 
vrhich  there  are  only  two  fignificant  figures.  This  will 
.i^>pe|ir  by  performing  this  ftep  of  the  approximation  by 
Mr.  Rapbfon's  method  j  which  may  be  done  as  foJ* 
lows: 

Art.  20.  The  Iaft  near  value  we  found  for  Xy  or  the 
root  of  the  equation  *3  —  2*  =  5,  by  Mr*  Kaphfon's  me- 
fhod,  was  2.0946.  Now  this  near  value  of  x  is  greater 
than  it*8  true  value.  For,  if  wc  fuppofe  x  to  be  =  2.0946, 
wc  (hall  have  x^  (=  2.0946^3)  =  9.189,741,550,536,  and 

2* 
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Ijr  (=:  2  X  2.^46)  =  4.1^92,  and  confeqaently  ^3— i* 
(=9.189,741,550,536-4.1892)  +  5«>Of54ijSSO,53*l 
which  is  greater  than  5^  or  the  abfolutc  term  of  the 
equation  ir3  —  ajir  ==  5 :  and  coiifequently  2.0946  mcift 
be  greater  than  the  true  value  of  the  root  of  the  iaid 
liquation. 

Wc  win  therefore  futipofe  *  to  be  =  2.0946  —  w, 
^nd  fttbftitute  this  refidual  qu^tity  inftead  of  ^r  in  thd 
terms  of  the  equation  x3  —  2*  =  5. 

Now»  fince  j;  is  =  2.0946  —  tu,  we  (hall  have 


XX  (=  a.0946— w)*  =  2.0946 j»  —  2  X  2.0946 x«; 4- &c) 
=  4-387,349*16  —  4.1892  X  w  +  &c, 

aii4  x^  (=3  3^0946-^*  =  2. 0946]*  —  3  X  ^.0946^*  x«;-KSa; 
=  9-»89,74MSO»51^  -^S  X  4-387,349,16 xw4- Ac) 
=  9.189,741,550,^36  -  13.162,047,48  xw  +  &Cf 


$Dd  IX  (s  2   X   2.0946  —«;)=:  4.1892  —  2tCf, 

find  confequently  ;r3  —  oat  = 

{9.189,741,550,536  -  13.162,047,48  X  w  +  5cc   Y 
—  4.1891I  +     2.000,000,00  X  «;  J 

«=  5.000,541,550,536  -  11.162,04748  X  w  +  to. 


But  a3  »-  2;r  is  =  5. 

Therefore  5.000,541,550^536 —  11.162904^)48  X  nu 
'l-  &c>  win  be  =  5 ;  and  confequently  (adfing  iiA'bt^ 
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04.7)48  X  tc;  to  both  fides,)  we  (hall  have  5'0oo,54i,55a» 
536  =  5  -f  11.162,047,48  X  Wt  and  (fubtra£ting  5 
£roin  both  fides,)  0.000,^1,550,536  ^  11.162,047,48 
X  tif,  or  11.162,047,48   X  w  =  0-000,541,550,536. 

Therefore  «.  will  be  (=  2±22t|li:lW36  j  g 

52 ;  and  confcqucntly  ;r,  or  2.0946  —  w,  will  be  (= 
2.094,600,00  —  0.000,048,52)  =  2.094,551,48. 
Therefore  2.094^551,48  will  be  a  fourth  near  value  of  x, 
or  the  root  of  the  propofed  equation  .t3  —  2x  zz  5. 

Q.   E.   I. 

This  fourth  near  value  of  .r  is  tlie  very  fame  with 
the  fourth  near  value  of  it  obtained  above,  in  art  16, 
by  Sir  Ifaac  Newton's  method. 

jfrt.  21.  In  this  laft  ftage  of  Mr.  Raphfon's  approxi* 
mation  to  the  root  of  the  propofed  equation  x3  —  2^  =  ^, 
we  have  been  obliged  to  raife  the  powers  of  tJie  number 
2.0946,  wliich  confifts  of  five  places  of  figures  *,  whereas 
in  Sir  Ifaac  Newton's  way  of  proceeding  we  only  raifed 
the  powers  of  the  decimal  fraction  0.0054,  which  con- 
tains only  two  figni Scant  figures.  But  then  in  that  way 
ci  proceeding  we  were  obliged  to  multiply  v,  or  c.005'4 
+  IV,  into  11.23,  ^"^  '^'^»  ^^  ^^^^  trinomial  quantity 
0.000,029,16  +  0,0108  X  10  +  v\  into  6.3;  whereas 
in  Mr.  Raphfon's  way  of  proceeding  we  have  only  to 
multiply  AT,  or  the  binomial  quantity  2.0946  — ^  «;, 
into  the  very  fimple  co- efficient  2.  So  that,  upon  the 
whole,  the  difference  of  the  labour  of  computation  in 
the  two  methods  is  not  very  CQnfidcrablci  though  it  is 

rather 


1  „ 


tattet  Icfs  in  Sir  Ifaac  Ncwton*«  method  than  in  Mr. 
Itaphfon's.  But  In  point  of  itmplicity  of  conception 
Mr.  Raphfoh*8  method  feems  much  fuperlour  to  Sir 
Ifaac's,  becaufe  It  never  lofes  fight  of  the  original  equa* 
tion  jfi*^  2x  =s  5}  which  Is  to  be  refolved* 

» 

And|  further,  we  may  obferve,  in  favour  of  Mr.  Raph- 
fen*8  method^  that  it  naver  requires  us  to  ralfe  any  more 
than  the  two  .firft  terms  of  the  binomial  and  refiduai 

4uahtitftCf  a  4-  29  and  2*i.r—  v,  and  2*0946  -*  «#» 
whidb  arefubftttuted  infteadol^r  in  the  original  equa- 
tion «r3  —  2;ir  s=  5 ;  whereas  In  Sjr  Ifaac  Newton's  me- 
thod it  is  neceflary  to  raife  the  other  terms  o{  the  bino- 
mial and  refiduai  quantities  2  +  z,  and  o.x  — -t;,  and 
0.0054  4-  nt>  I  which  increafes  the  number  and  intricacy 
of  the  opeifations  of  the  inveftigation.  And  therefore, 
upon  the  whole,  1  confider  Mr.  Raphfon's  method  of 
approximating  to  the  values  of  the  roots  of  fujch  equa- 
tions as  preferable  to  Sir  Ifaac  Newton's. 


■I*A« 


-rf  Protf  of  the  ExaHmfs  of  the  Number  2.094,551,46, 
that  has  lien  found  by  the  foregoing  Methods  of  jtp* 
proxlmation  for  the  Root  of  the  Equation  .r3  —  24f  =  5. 


Art*  22.  It  remains  that  we  prove  the  work  to  hart 
been  rightly  performed,  or  that  we  ihcw  that  the  laft 

tiumbet 
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number  2»09i9SS^»^9  obtained  bjr  both  t^fe  if ctbodi^ 
is  a  Ycrj  nedx  value  of  the  root  x  of  the  proppfed  .e^u- 
tion  jr2  —  2jr  =  5,  and  that  wc  detenmne  to  bov 
aanj  figures  it  is  exad* 

.  ■         .  ••- 

Now  the  plaineff  and  beft  method  of  doing  this  is  to 

fttbftjtute  the  number  a«094, 551,48,  inftcad  of  j^  in 

the  compound  quantity  ««  — ^  air,  in  ovdcr  to  difcover 

%riiedier'fhe  quantity  refulting  fmn  this  fubftitution  will 

•be  greater}  or  lefS)  than  5,  or  the  abfolute  term  of  the 
propofed  equation  «>  "^-ue  ss  5$  and,  if  it  fliatt  ap- 
pearthat  the  fatd  refuk  is  greater  than  59  we  may  coo- 
chide  that  the  faid  number  a  •094^551)48  is  gtnm 
than  the  true  rahie  of  jf  in  the  faid  equation  9  and,  If 
h  fluin  appear  that  the  find  refiik  is  leis-thin  5^  wc 
may  conchxde  that  the  fsud  number  is  lefs  duin'the  true 
taMe  bf  ST.    And,  when  this  has  been  thus  dHUofet^, 

'  %e  JaAstti  in  the  next  place,  endeavour  to  dttcnuiiie 
to  how  many  figures  this  number  a. 094, 551,48  co-ia- 
cides  with  the  more  accurate  value  of  ^ :  and,  for  this 
purpbCoywe  muft,  if  this  number  be  lefs  than  ^r,  in^ 
creafe  it  by  the  addition  of  an  unit  in  the  laft  place  of 
figures  ;  and,  if  it  be  greater  than  x,  we  muft  diminiih 
it  by  the  fame  fmall  quantity,  and  then  fubftitute  the 
new  number  thereby  obtained,  to  wit,  2.094,551,49, 
or  2.094,551,47,  inftead  of  x^  in  the  compound  quantity 
jrs  —  2Jr.  And,  if  it  (hall  appear  that  the  value  of  that- 
compound  quantity  refulting  from  fuch  fubftitution  is 

^greater,  or  lefs,  than   5,   we   may  conclude   that  the 
number.  2.094,551,49^  or  2.094,551,47,  is  accordingly 

greater. 


gf eater,  or  lefs^'than  die' true  vahre  of  x^  in  the  eiqua^ 
(ion  4r^  —  2<^  :=  5,  and  confeqnentty  diat  the  faid  tnK 
VsAae,  18  of  an  intermediate  fnagnitude  between  2«094» 
f5i»49  and  2*094,551,481  or  between  2.094,551,4! 
«nd- 2.094,551^7. 

Now,  if  we  ttd^e  x  =  2.094,551,48,  tre  (hall  ha^  " 

**  =  4-387fi4S»90^>370,l9o,4, 

nid  #>  =9.189,102,942,785,417,810,201,7929   .  ^4 
and  2«  =  4.1899102,96, 

and  confequently 
*»  —  2*  =  4'999>999>982,785^4i7,8io,2oi,79a5 

which  number  is  fomewhat  lefs  than  5,  or  the  abfoliite 
term  of  the  propofcd  equation  x^  —  2;r  =  5.  There- 
fore 2.094,551,48  muft  be  fomewhat  lefs  than  the  true 

Value  of  X  in'Ae  fai(l  ^tutioh.     ' 

•'       •  '  ..    . 

Secondly,  fince  x  is  greater  than  2.094,551,48,  wp 
muft  now  compare  it  with  2.094,551,49,  by  fubftituting 
that  nuniber ,  inftead  of  it  in  the  compound  quantity 

«*  —  2*".    w 

Now,  if  X  is  taken  =  2.094,551,49,  or  2.094,551,48 


+  0.000,000,01,  we  fliall  have  «p'  (=  2.094,^51,48^ 
+  3  X  2.094,551,48)'  X  0.000,000,01")  +  3  X 
2.094,551,48   X  0.000,000,01^*  +  0.000,600,01^1 
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X  O400o^oao,oi  "^^  0^000,000,000}  &g  +  0.00^ 
ooo^Qooi  &c  B  9a99i4^2,94.2,  &c  4-  I3«x6i,437, 
7969  ;^c  X  o.oootOo^)Oi  ,4- .0.000,000,000  &e  4> 
0*000,000,000,  &c  s=  9.189,102,942,  &c  +  o»4po^ 
000,131,  Sec  -f  aooO|COo,oco,  &c  +  0.000,000,0009 
ftc).^9«  189, 103,073,  &ci  and  2^  (=  2  X  2.094^ 
55't49)  =  4*  189,102,98;  and  confequently  «>  —  2x 
(s  9.189,103,07^  &c  —  4*189,102,98)  s=:  5.000^000,09, 
fee  I  which  U  greater  than  5.  Therefore  2.094,551,49 
muft  be  greater  than  the  true  value  of  4P  in  the  equatioa 
••  —  2*  =  5. 


But  it  has  been  ffiewti  that  1*094,55 1,48  U  led  than 
^  fald  thifc  valai.  '    '* 

Therefore  the  true  value  of  <r  in  the  equation  jk*  *^2m 

s=  5,  will  be  of  an  intermediate  magnitude  between 
2.094,551,48  and  2.094,55 1,49}  ^"^  confequently  all 
the  figures  of  the  number  2.094,55 1,48,  which  we  found 
by  the  foregoing  procefles  of  Sir  Ifaac  Newton's  and 
Mr.  Raphfon's  methods  of  approximation  for  a  fourth 
near  value  of  the  root  of  the  equation  4:'  -a.  2^  s  5^ 
are  exa£l«  (^  e.  d. 


^ 
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<y  the  Dijkulij  of  finding  a,  or  the  Firft  Near  Value  oj 
the  Root  of  an  AffeHtd  Equation^  in  certain  Cafes.  - 


jlrt.  23.  There  is  another  difficulty  that  occurs  fomd-^ 
times  in  refolving  high  equations  by  approximation^ 
-whether  by  Sir  Ifaac  Newton's  method  or  by  Mr.  Raph-^ 
fon's;  which  indeed  are  fubftantially  the  fame.  The 
di^culty  I  mean,  is  that  of  finding  the  firft  near  ralud 
of  the  root  fought  (which  we'  hate  csdled  a  m  this  dif- 
courfe,)  to  one,  or  two  places  of  figures^  in  order  tp 
make  it  the  bafis  of  a  further  approximation  to  the  truo 
value  of  the  root  by  either  of  thefe  methods  of  approxt^ 
mation.  Now,  when  the  equation  is  known  to  hare  but 
one  root,  that  is^  but  one  real  and  affirmative  root,  (for 
all  other  roots  are  not  worth  confidering,)  this  difficulty 
will  not  be  great ;  becaufe  it  will  always  be  eafy  to  find 
a  tolerably  near  value  of  the  root  by  conje£tures  and  trialsy 
and  particularly  by  fuppoCng  ;r,  or  the  root  of  the  propofed 
equation,  firft  to  be  equal  to  i,  amd  idly,  tor  be  =  io»  and 
3dly,  to  be  equstl  to  fome  fhort  intermediate  number  be-« 
tween  i  and  10,  confifting  of  only  one  figure,  or,  if  the  root 
appears  to  be  greater  than  to,  by  fappofing  it  to  be  equal 
to  JOG,  or  1000,  and  afterwards  fuppofing  it  to  be  equal 
to  fome  (hort  intermediate  number  confifting  of  two  fip^ 
gures ;  as  was  done  above  in  art.  5,  ii>  finding  the  firft 
Bear  value  of  m  in  the  equation  x^  +  ^x*  +  aox'  4* 


• 
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X  O.00OfO9O»OI  Hr*  OuO0O,O00,OOO,  &G  +  O.OO^ 
OOO^QOOl    &C    e=    9-^^a^^2)9f2»  &<^    4-    ^S*  1619437, 

7«6,  .^c  X  o.oootoo^soi  .4- .0.000,000,000  &e  4" 
O.ooo,coo,oo0|  &c  =  9.189,102,942,  &c  +  9*4p0b 
000,131,  &c  -f  aooO|COo,oco,  &c  +  o.oo0|OO0,oo0s 
ftc).3=^.i8$hi93)073,  &C5  and  2*  (=  a  X  2.094, 
55  M9)  =  4*  189,102,98;  and  confequently  «>  •—  2x 
(99.1 89,1 03,07,810  —  4*189,102,98)  s=:  5.00(^000,09, 
fee  I  which  U  greater  than  5.  Therefore  2.094,551,49 
muft  be  greater  than  the  true  value  of  4P  in  the  equatioa 
••  —  2*  =s  5. 

But  it  has  been  ffiewti  that  l«094,55i,48  U  lefs  than 
^  faid  thifc  valai.  '    '- 

*  ■  •     ■  1 

:         m  •  »  i        *'  ••  •       ■  ..'■■■.'■  •.  '.  .     9 

Therefore  the  true  value  of  <r  in  the  equation  ^  *^2m 

s=  5,  will  be  of  an  intermediate  magnitude  between 
^^4)5S'>4^  ^"^  2.094,551,49}  and  confequently  all 
the  figures  of  the  number  2.094,55 1,48,  which  we  found 
by  the  foregoing  procefles  of  Sir  Ifaac  Newton's  and 
Mr.  Raphfon's  methods  of  approximation  for  a  fourth 
near  value  of  the  root  of  the  equation  4:'  .*»  2^  s  5^ 
are  exa£l.  (^  e.  d. 


ty 
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<>fihe  Difficult  J  of  finding  a,  or  the  Firji  Near  Value  of 
the  Root  of  an  AffeHed  Equation^  in  certain  CafeS.  • 


jlrt.  23.  There  is  another  difficulty  that  occurs  {omU^ 
times  in   refoWing  high  equations   by  approximation^ 
-whether  by  Sir  Ifaac  Newton's  method  or  by  Mr.  Raph*^ 
fon's;  which  indeed  are  fubftantially  the  fame.    The 
difficulty  I  mean,  is  that  of  finding  the  firft  near  ralue 
of  the  root  fought  (which  we'  hare  csdled  a  ia  this  dif* 
courfe,)  to  one,  or  two  places  of  figures^  in  order  tp 
make  it  the  bafis  of  a  further  approximation  to  the  truo 
value  of  the  root  by  either  of  thefe  methods  of  approxt-* 
mation.     Now,  when  the  equation  is  known  to  hare  but 
one  root)  that  is^  but  one  real  and  affirmative  root,  (for 
all  other  roots  are  not  worth  confidering,)  this  difficulty 
will  not  be  great  %  becaufe  it  will  always  be  eafy  to  find 
a  tolerably  near  value  of  the  root  by  conje£tures  and  trials^ 
and  particularly  by  fuppofing  x^  or  the  root  of  the  propofed 
equation,  fir  (I  to  be  equal  to  i,  amd  2dly,  tor  be  ss  10,  and 
jdly,  to  be  equstl  to  fome  fhort  intermediate  number  be-« 
tween  i  and  i  o,  confifting  of  only  one  figure,  or,  if  the  root 
appears  to  be  greater  than  i o^  by  fuppofing  it  to  be  equal 
to  JOG,  or  1000,  and  afterwards  fuppofing  it  to  be  equal 
to  fome  fiiort  intermediate  number  confifting  of  two  fip^ 
gures ;  as  was  done  above  in  art.  5,  in  finding  the  firft 
Bear  value  of  m  in  the  equation  x^  +  ^x*  +  aox'  4* 


I55.vjr  =  10,000.  But,  when  the  equation  conGfts  of 
terms  conne£led  together  partly  by  the  fign  +,  and 
partly  by  the  fign  •«- ,  and  confequently  it  maj^  for 
aught  wc  know,  to  the  contrary,  have  two,  or  tbree^  or 
four,  or  more  real  and  affirmative  roots,  which  may  be 
of  very  different  magnitudes,  the  aforefaid  method  of 
conje£lures  and  trials  (though  by  no  means  ufelefs,)  is 
lefs  expeditious  and  fatisfa£lory  in  afiiding  us  to  find  the 
firft  near  value  of  one  of  the  roots  than  in  the  former 
c^fe  $  and  wc  are  often  puzzled  to  knbw  which  of  the 
roots  it  would  be  mod  expedient  to  begin  to  inveftigatea 
Now,  ia  moft  of  thefe  cafes,  I  believe,  it  will  be  advife- 
able  to  begin  by  invcftigaiiog  the  lead  root,  and  for  that 
purpofe  to  expunge  from  thc>  equation  all  the  terms  that 
have  the  fign  •<-  prefixed  to  them,  and  to  find,  to.  about 
two  places,^  or,  at  moft^  to  three  places,  of  figures,  the- 
root  of  the  remaining  equation.  For  this  root  will  ak 
ways  be  lefs  than  the  lead  root  of  the  original  equation, 
if  it  really  has  (as  it  appears  to  have,)  more  than  one 
real  and  affirmative  root ;  or  it  will  be  lefs  than  the  only 
root  of  the  original  equation,  if  (notwithdanding  the 
aippearances  to  the  contrary,)  it  really  has  but  one  root. 
When  the  root  of  this  fccond,  or  curtailed,  equation, 
has  been  difcovered,  it  may  be  called  a^  and  made  the 
ground-work  of  an  approximation  to  the  lead  root  of  the 
original  equation,  and  the  binomial  quantity  tf  +  2  may 
be  fubftituted  in  the  original  equation  inftead  of  x^  and- 
the  transformed  equation  thence  arifir.g  may  be  refolved- 
as  if  it  was  a  mere  fimple  equation,  agreeably  to  Mr. 
Raphfon's  method  of  approximation  ;  and  the  value  of  a 
thereby  obtained,  being  added  to  Oy  will  give  us  a  known 

value 


Vatue  o{  a  +  9f  or  z  fecond  near  value  of  the  lead^  or 
the  only,  root  of  the  propofcd  equation :  after  which  we 
may  proceed  to  find  the  faid  lead,  or  only,  root  of  the 
propofed  equation  by  a  further  profecution  of  Mr^  Raph* 
fon's  method  of  approximation  above-defcribed,  until^we 
have  determined  it  to  the  degree  of  cxaflnefs  that  we 
think  neceflary.  This  metliod  of  finding  a  firfl;  near 
Value,  tf,  of  the  lead  root  of  a  propoTed  equation  that 
feems  to  have  more  than  one  real  and  affirmative  root,  is 
explained  more  at  length  in  the  third  volume  of  the 
Colle£lion  of  Mathematical  Trafls,  called  Scriptores  l.o^ 
garithmici^  in  my  Difcourfe  on  the  Revcrfion  of  Infinite 
Seriefes  publifhed  in  that  Volume,  in  pages  724, 725,  726, 
727,  &c,  -  -  -  to  page  761 ;  which  pages  will  be  re- 
printed in  the  fubfequcnt  part  of  this  prcfent  Colleftion 
of  Trafts.  And,  with  this  improvement  of  it  in  the  cafe 
of  equations  that  have,  or  feem  to  have,  more  than  one 
real  and  pofitive  root,  I  believe  it  may  fafely  be  affirmed 
that  Mr.  Raphfon's  Method  of  Rcfolving  Affeftcd  £qua« 
tions  is  the  beft  general  method  of  cffefting  that  purpofe 
in  all  equations  above  quadraticks  that  has  hitherto  been 
difcovered* 


End  of  the  Ohfetvations  on  Mr.  RaphfonV  Methad  cf 
RefoMng  AffeBed  Equations  by  Approximation. 


t     m 


An 


An  Explication  of  Simon  Stevin'j 
General  Rule,  to  Extradl  One  Root  out 
of  any  Pofjible  Equation  in  Numbers^  either 
ExaSfyy  or  very  nearly  True. 

By  JOliN  KERSEY. 

BBIVG  THE  TENTH   CHAPTER    OP  THE   SECOND   BOOK    OP 
MS.   KEB8EY*8   ELEMENTS   OF   ALGEBRA. 


Article  I.  pQlTATIONS  falling  under  any  of  the 

forms  in  the  fourteenth  and  fifteenth 
chapters  of  the  fir  ft  book  of  thefe  Elements,  are  capable 
(as  hath  there  been  fhewn)  of  perfe£l  refolucions  in  num- 
bers ;  viz.  the  value  of  the  root  or  roots  fought  in  any  of 
thofe  equations  may  be  found  out  and  exprefTed  exa£tiy, 
either  by  fome  rational  or  irrational  number  or  numbers; 
but  the  perfe£t  refolution  of  all  manner  of  compound 
equations  in  numbers,  I  have  liot  found  in  any  author ; 
and  fince  an  expofition  of  the  general  method  of  Vieta, 
the  rules  of  Huddenius  and  others  to  that  purpofe,  would 
make  a  large  treatife,  and  after  all  leave  the  curious 
Analyft  diflatisfiedi  I  (hall  not  clogg  thefe  Elements  with 

Y  3  '  a  tedious 
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a  tedious  difcourfe  upon  thofe  difficult  rules,  (which 
at  the  bed  are  exceeding  tedious  in  operation,  and  fome 
of  them  uncertain  too,)  but  rather  purfue  my  firft  defign, 
which  was  to  explain  fundamentals,  aind  fuch  rulci  as  are 
certain  and  mod  important  in  this  profound  art.  How* 
ever,  I  fiiaU  lead  die  induftrious  learner  a  few  fteps 
farther  in  order  to  his  undcrftandbg  the  refiilution  of  all 
manner  of  compound  equations  in  numbers,  and  in  this 
Chapter  (hall  explain  Simon  Stevin's  General  Rule, 
which,  with  the  help  of  the  rules  in  the  following  Ele- 
venth Chapter,  will  difipover  all  the  roQts  of  any  poflihle 
equation  in  numbers,  either  exactly,  if  they  be  ratiomiI| 
or  very  nearly  true,  if  irrational. 


QUESTION  I- 

If        •>        «-        <-      aaa  +  26a  is  =  40188,  what 
is  the  number  a  ? 


RESOLUTION. 

This  equation  not  falling  under  any  of  the  three 
forms  in  Seft-  I.  chap.  xv.  book  1.  cannot  be  refolved  by 
any  of  the  canons  in  that  chapter,  and  therefore  according 
to  Simon  Stevin*s  general  method  I  fearch  out  the  num- 
tcr  a  by  trials,  thus,  viz. 

1*1 
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I*  I  fuppofc         •         -  -  -           tf  =   t 

Thence  it  follows  that  ^  -      aaa  =   i 

And         -    .      -  ^  •      a6<i  =  26 

Therefore           •  -  jjj  +  26*  =  ay  j 

Which  27  ought  to  have  been  40188,  butit'stooliftle; 
whereby  I  find  that,  by  fuppofmg  a  to  be  j|  I  did  itot^t 
upon  the  true  number  a  ;  and  therefore  I  make  another 
trial,  in  like  manner  as  before,  viz. 

2.  I  fuppofc        -        -        -        -        tf  =  10 
Thence  it  follows  that      -        -    aaa  «  1000 
And  •  -  -        -    26a  =  260 

Therefore      •        -  aaa  4-  26a  =   1260 

Which  1260  being  yet  too  little,  I  make  a  third  trial, 
viz.  \ 

3.  I  fuppofe  «-  -        •        tf  s=  100 

Thence  it  follows,  that  aaa  +  26a  =  i,oo2«6oo 

Which  J  ,002,600  exceeds  the  juft  refult,  or  abfolutb 
number  40,188  in  the  latter  part  of  the  equation  (irft 
propofcd,  and  therefore  the  true  number  a  is  lefs  than 
100;  but  the  fecond  trial  (hews  it  to  be  greater  th^n  10, 
and  therefore  the  whole  number  which  expreflorh  the 
exa£t,  or,  at  Icaft,  part  of  the  value  of  a,  mud  nccef- 
farily  confift  of  two  chara£lets,  and  confequently  the  firft 
(towards  the  left  hand)  muft  be  one  of  thefe  nine,  i,  2,  f% 
4>  5>  6,  7,  8,  9.    But,  becaufei  by  the  fecond  in<jutry\ 

Y4  lo 
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10  was  found  too  little,  I  now  make  trial  with  2  iov  tho 
firft  figure  of  the  root  a,  viz* 

4.  I  fuppofe        •        •        •        -        tf  =  2o 
Thence  *        -  aaa  +  26a  ss  8520 

Which  refult  8520  being  yet  Icfs  than  the  juft  rcfult 
40,188,  1  make  trial  again,  viz. 

5.  I  fuppofe  -  -         r  tf  =  30 
Thence             -          -      aaa  +  iba  =  27780 

Which  is  yet  too  little  ;  therefore^ 

,    6»  I  fuppofe  -         -         -  J  —  40 

Thence  -  -     aaa  +^  2ba  =>  65,940 

Which  65,040  being  greater  than  40,188,  it  (hews  me 
that  the  true  root  or  value  of  a  is  lefs  than  40 ;  but  \^f 
the  tifih  trial  it  is  greater  than  30,  and  confequcntly  the 
firil  figure  of  the  root  is  3. 

Now  the  fccond  charadlcr  of  the  root  muft  neceflarily 
be  one  of  thefe,  viz.  o,  i,  2,  3,  4,  5,  6,  7>  8,  9 ;  and  be- 
caufe  It  hath  been  difcovered  that  the  true  value  of  the 
root  a  is  greater  than  30,  the  fecond  chara£ler  cannot 
be  o  :  I  therefore  make  trial  with  i,  and  fuppofe  0  =  31, 
which  proving  too  little,  I  make  trial  with  32,  3  i,  34,  &c. 
feverally,  in  like  manner  as  before,  and  at  length  I  find 
34  to  be  the  true  number  a  fought,  by  which  the  equa- 

« 

lion  propofed  may  be  expounded  ;  for,  if  a  =:  34,  then 
confequcntly  aaa  +  26a  =  40,188. 
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Art.  2.  But  if  after  trials  made  (as  before)  the  valae 
of  ay  the  root  fought,  happens  to  fall  between  two  whole 
numbers  chat  differ  by  unity ;  then  trials  are  to  be  made 
^with  the  lefTer  whole  number  increafed  with  i^,  -^  -^^ 
&c.  until  you  have  found  the  value  of  a  in  fome  mixt 
number  confiding  of  a  whole  number  and  fome  certain 
tenth  parts  of  an  unit :  But  if  the  faid  value  of  a  happens 
not  to  be  exprefled  exa^ly  by  the  iaid  lefler  whole  num* 
ber  increafed  with  certain  tenth  parts^  then  you  are  to 
make  trials  with  the  faid  lefler  whole  number  increafed 
with  a  decimal  fraction  having  for  it's  numerator  ^ 
number  greater  than  10,  but  lefs  than  lOo ;  and  for  it's 
denominator  ioo>  as  with  -rVVt  t\)%>  &c*  ^^^  by  proceed- 
ing in  that  manner  you  may  find  the  exadl  value  of  the* 
root  a  when  it's  fraAional  part  is  exa£lly  equal  to  fome 
decimal  fra£lion,  or  elfe  approach  infinitely  near  to  the 
faid  exa£t  value  when  it  is  irrational  or  furd^  as  in  this 
following : 


QUESTION   IL 
If     -     -     -     aaaa  +  50^13  =  i84,638.68or  3  (or. 


i84>63^-i^W^  *,)  what  is  the  number  ai 


RESOLUTION. 

First,  I  fuppofe  «  =  1 5  but  this  proving  too  little,  I 
put  a  =  lOy  this  alfo  proving  too  little,  I  aflume  a  =  1009 
which  after  trial  I  find  to  be  greater  than  the  true  num- 
ber fiy  and  confequently  the  numbers  falls  between  10 

and 
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and  ICO ;  then>  making  trial  with  20, 1  find  it  too  little  i 
Irat  asaking  trial  with  3O9 1  find  this  too  great;  and  there- 
fore the  true  root  m  falls  between  20  and  30*  Again^ 
making  trial  with  2i»  I  find  it  too  great :  but  10  wat 
before  fbond  too  Iktie )  therefore  the  true  root  a  is  be- 
tween 20  and  21 ;  then  I  make  trial  with  20.  i|  -(that  ii^ 
aor^;)  20.2;  20.3,  &c.  and  at  length  find  20.7  to  be 
ibe  true  nvmber  a  fought ;  for  if  ^  =  20.7,  (that  it, 
ao-i^,)  it  will  make  aaaa  +  50a  =  i84>63S.68of  tlit 
equation  proposed  *, 

But  if  20.7  had  proved  too  little,  and  20.8  too  great, 
then  trials  mud  have^  been  made  with  20.7 1^  (that  is, 
.20tV^  i)  20.72  i  -^0.73,  &c.  In  like  manner,  if  20.7  had 
been  too  little,  but  20.71  (that- is,  2ofJ^)  too  great> 
then  trials  mud  have  been  made  with  20  701,  (that  is, 
aoAVcrO  ao-702i  20.703,  &c.  This  will  he  partly  ex- 
emplified in  refolving  the  equation  in  this  following— 

QUESTION   III. 

If  -  -  -  aaa  +  ^oaa  =  1954,  what  is  the  number  a  t 
Jvf.-  '  a  =  8.308,  &c.  found  out  by  trials,  as  before* 

*  This  method  of  proceeding  is  vciy  convcment  for  finding 
the  two  firft  figures  of  the  value  of  ^  ;  but  then  it  will  be  cx- 
|>cdient  (for  the  fake  of  greater  ilifpalch,)  to  have  rccouife  to 
Mr.  Raphfon's  method  of  approximation,  which  will  ufually 
double,  or  nearly  double,  tlie  number  of  fi^^urcs  in  the  value  of  tf 
^t  every  operation.    See  his  AnaJ^fis  ^quationum  Univerfalis. 

Art  3, 
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Art.  3.  When  the  value  of  (a)  the  required  root  of 
an  equation  happens  to  be  lefs  than  unity,  then  trial  is  to 
made  with  -^i  but  if  cbi3  prove  too  ^reat,  then  witk 
liryf  &c.  Now  fup|X)fe  .1  (that  is,  V©)  be  too  great,  but 
•01  {that  is^  X97)  ^00  little ;  then  trial  mud  be  made  with 
.  'Oi  \  «o3  I  .04  ]  &c.  until  you  have  found  out  thegreatefl: 
figure  that  muft  ftand  in  the  (iecond  place  of  the  decimal 
fra&ioQ  expreffing  the  root  fbaght  -,  fuppoGng  then  fuch 
figure  to  be  found  B,  viz.  that  .08  (or  x4v)  i^itrfs,  but  .09 
(or  T-l-c)  is  greater  than  the  root,  trial  muil  be  made  with 
•081,  (that  is,  rl-Q^f)  ^^^^  )  .083  ]  &&.  ais  in  this  fol* 
lowiiig*— 

QUESTION   IV. 

If  -  -  aaa  +  3240a  is  =  269,  what  is  the  number  of 
Afffxu.  -  fl  is  =  .083,  &c.  that  is,  tIIts}  &c# 

Art.  4«  The  preceeding  examples  may  fuSce  to  ihew 
the  ufe  of  this  general  method  when  all  the  terms  of  the 
unknown  part  of  an  equation  are  affirmative,  {vi2.  when 
+  is  prefixed  to  each  term,)  in  which  cafe  there  is  but 
one  affirmative  root ;  in  the  fearch  >\  hereof  by  trials  (at 
before)  if  the  numbers  aflumed  feverally  for  the  value  of 
the  root  fought  do  afcend,  or  become  greater  and  greater, 
then  the  abfolute  numbers  refulting  from  thofe  aflumed 
values  will  likewife  afceiid  ;  and  contrary,  if  the  afiumed 
roots  do  dtfcend  from  a  greater  to  a  lefs,  the  refults  will 
likewife  grv  w  lefs  and  lefs :  whence,  by  comparing  an 
abfolute  number  refulting  from  an  aflumed  root  with  the 
^uft  abfolute  number  of  the  equation  propofod)  you  may 

certainly 
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certainly  know  (tl  the  faid  refult  and  juft  abfolute  be 
not  equal  to  one  another)  whether  you  are  to  take  a 
number  greater  or  lefs  than  that  lad  before  afluifaed. 

But  when  the  unknown  part  of  an  equation  confifts  of 
affirmative  and  negative  terms  mingled  one  with  another^ 
then  the  fearch  by  trials  will  be  more  intricate  and  doubt- 
ful than  before ;  for  fometimes  it  will  be  hard  to  difcem 
whether  a  following  aflumed  root  mud  be  taken  greater 
or  lefs  than  that  which  was  taken  next  before.  More- 
over, a  compound  equation  of  this  latter  kind  may  hap- 
pen to  be  fuch,  that  it  may  be  expounded  by  as  many 
feveral  affirmative  roots  as  there  be  unities  in  the  index 
of  the  higheft  unknown  power,  viz.  a  cubical  equation 
may  be  fo  conflituted  that  it  (hall  have  three  diflferent 
affirmative  roots,  a  biquadratick  equation  four  feveral 
roots  'f  and  fo  of  higher  equations,  as  will  be  (hewn  in 
the  following  Chap.  ii.  But,  in  what  manner  foevcr 
any  poffible  equation  is  conflituted  in  rational  numbers, 
this  general  method  will  always  find  out  one  affirmative 
root,  either  exactly  true,  or  at  lead  very  near  the  truth  ; 
as  will  farther  appear  by  the  following  quedions : 

qUESTION   V. 

If  —  .  -  aaa  —  22aa  +  i^'ja  =  360,  what  is  the 
number  a  ? 

RESOLUTION. 

I.  I  fuppofe  -  -         -         -         a  =   1 

Thence  it  follows  that  aaa  ^  22aa  +  157^  =    136 

7  Which 
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Which  136  is  lefs  than  the  juft  abfolute  number  366, 
and  therefore  I  make  another  triali  viz. 

2.  I  fuppofe         -         -         -         -  tf  =  10 

Thence  it  follows  that  aaa  —  22/7^+157^  =  370 

Which  370  exceeds  the  juft  abfolute  number  360^  and 
therefore  I  conclude  there  is  one  affirmative  value  of  a 
(either  rational  or  irrational)  between  i  and  10,  which 
value,  after  trials  made  with  2,  3,  4,  5,  I  find  to  be  5 : 
this  will  conftitute  the  equation  propofed  \  for  if  tf  =s  5f 
then  aaa  -*  220^  -f  157/1  will  exadly  make  360. 

But  there  are  two  other  roots  or  values  of  a^  to  wit, 
8  and  9,  each  of  which  will  Hkewife  conftitute  the  equa- 
tion firft  propofed  %  but  how  they  are  found  out  will  be 
ihewn  in  Se£l*  9.  of  the  following  Chap.  1 1. 


QUESTION   VI. 

If  •  •  •  -  3200a  —  aaa  =  46,577  (juft,)  what  is 
the  number  a  ? 

RESOLUTION. 

1.  I  fuppofe        •        -        a  =  X 

Thence    -    3200J  -—  aaa  =  3199  (lefs  than  juft.) 

2.  I  fuppofe        -        «        a  -=1  10 

Thence    •    3200^1  —  aaa  s  31000  (lefs  than  juft.) 

3.1 


JJ4'  '^^  Ttum  CltiTPTElt  Ot 

3. 1  firppofe        -        -         tf  =  TOO 
Thence  -  3200^  -*.  aaa  ==  —  6iOfiQO  (lefs  t&itt  juft*) 

Now  becaufe  the  fecond  refult  (or  abfolute  number) 
+  31000  i«  afGrmative,  and  the  hd  ref\i1t  —  ($So,ooo  is 
negative,  I  make  trials  with  numbers  between  10  and  loo 
for  the  vaRrrof  /j;  for,  if  the  equation  propofed  be  poC* 
fiHc,  before  the*  affirmative  refiilts  fall  off  to  negatives^ 
tiiertf  wiH  be  a  root,  or  valnc  of  a,  producing^an  affirm- 
■tir©'  refiilt  either  exaflly  equal,  or  very  near  to  the  juft 
fefiilt  46,577 ;  therefore, 

4*  I  fuppofe        -      -      <i  =  20 
Thenee  -  jaooj  —  aaa  =  y6,ooo'  (greater  Aair  juft.) 

Now  bccaufe  by  taking  20  for  the  value  of  rf,  the  re* 
fuk  56,000  exceeds  the  juft  refult  46,577  ;  but  by  taking 
10  for  rt,  the  refult  310C0  happened  to  be  lefs  than  the 
faid  4^^577  ;  it  flicws  that  there  is  one  aflirmative  root  or 
Value  of  a  between  10  and  20,  which  root,  after  trials 
made  with  intermediate  numbers  (as  in  former  cxamplch) 
uill  be  found  1 5.7,  Sec.  Moreover,  becaufe,  by  fuppofing 
a  =  20,  the  refult  56,000  happened  to  e-.cced  the  juft 
rcfulc  46,577,  but,  by  putting  a  =  100,  the  refult 
—  6800C0  proved  to  be  lefs  than  the  fame  4^>,577,  it 
•fliews  there  is  an  afiirmative  value  of  a  between  ao  ahd 
100,  wi.Ich  value  after  trials  made  will  be  found-  47 :  fo 
that  there  arc  two  afiirmative  roots  or  values  of  a  found 
out,  to  wit,  I  5.7,  Sec.  (or  15/^,,  &c.)  and  47  ;  the  fbrmer 
of  which  wil)  nearly,  and  the  latter  exadlly,  conftitute  the 
equation  propofed. 

jirt,  5. 
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Art.  5.  Flof  imond  it  Beaune  in  the  latter  of  tvn>  fmall 
trestilbs  prKited  in  16599  concerning  the  natare,  confti* 
tution  and  limits  of  equations  *,  ihews  how  to  find-out 
Kmits  within  which  the  roots  of  all  compound  equations 
not  afcending  above  the  biquadratick  kind  are  confined  y 
which  limits,  when  they  may  be  difcovered  without  much 
trouble,  and  are  not  very  wide  afunder,  will  help  to  leflen 
the  trials  in  the  general  method  before  delivered :  As,  in 
the  laft  ExaoaplCf  where 

The  equation propo&d  was  3200^  —  aua  =  461577 

Firft,  becaufe  aaa  mud  be*) 

(bbtrafled  from  nooa  and  1  , 

.  .    ,  ,        }'-'    aaa  to  he  m  2%coa 

IcoLft  a  remainder  equal  ^to  i 

46^77,  it  prefuppofeth        J 

Therefore,   by  dividing! 
,  ,  *'f---<7dr't3  3aoa 

tach  part  by  <f,       -       -      ^  -^  -. 

And  by  exd:a£ling  the<\ 
Cquare-root  out  of  each  part,  y   -   -    -    a  "^  56.5,  &«. 
H ibUojvs.that     •     -    -    J 

A^in,  from  the  equation's 
propofed,  by  traufpofition  it  >  3200a  —  46,577*=  aaa 
ia  evident  that    -    -     -     J 

Whence  it- is  alfo  manifeft    -    •    3200/7  cr  46^577 

And  confequently^  by  dil 

...  i.i_  r---    <2C-i4.5,  &c. 

?tdin^  each  part  by  32C0,    J  ^  *" 

♦  This  tra6^  of  M.  dc  Beaoiie  \i  re-y  cl^ar  ^nd  very  ufcfuL 

It  it  printed  with  Mr.  Schooten's  Commeiit  on  Des  Caxtes> 

Crcometry.  • 
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Thus  it  18  found  that  the  value  of  a  the  root  fought  is 
greater  than  14.5,  &c.  but  lefs  than  56.5,  he.  and  there-^ 
fore  trials  according  to  the  general  method  aforefaid  need 
not  be  made  with  any  numbers  that  are  not  within  thof(» 
limits* 

From  the  premifes  it  is  evident,  that  this  general  method 
finds  not  &  perfed  root  of  an  equation,  unlefs  fuch  root  be 
a  whole  number,  or  elfe  a  fraction  exaftly  equal  to  fome 
decimal  fra£tion ;  or  laftly,  a  mixed  number  compofed  of 
m  whole  number  and  a  perfeA  decimal  (radlion. 


Note.  When  the  co-eflicients  or  known  numbers  muhi'^ 
plied  into  any  of  the  unknown  powers  under  the  higheft, 
(which  mud  have  no  co-efEcient  but  unity,)  are  vulgar 
(not  decimal)  fradiops,  or  mixt  numbers  whofe  fra£lional 
parts  are  vulgar  fradions ;  likewife,  when  the  abfolute 
number  that  folcly  pofTelTeth  the  latter  part  of  the  equa- 
tion propofed  is  a  vulgar  fraAion,  or  a  mixt  number 
whofe  fra£Vional  part  is  a  vulgar  fraction ;  all  thofe  vulgar 
fractions  mud  be  reduced  to  decimal  fradions,  or  elie  the 
equation  mud  be  reduced  to  another  equation  in  integers 
(by  Sedl,  7.  in  the  following  Chap.  1 1.)  before  you  entei 
upon  the  refolution  by  trials  as  aforefaid. 

End  of  the  Tenth  Chapter  of  the  Second  Book  of  Mr.  KerfeyV 
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A  Remark  on  an  Error  in  the  Reafoning  of 
the  late  learned  French  Mathematician^ 
Monficur  Clair  aut,  in  that  Part  of  his 
Elements  of  Algebra  in  which  he 
endeavours  tb  prove  the  Rules^  of  MultipU^ 
cation  laid  down  by  Writers  on  Algebra 
concerning  Negative  S^uantities. 


'T'HERE  is  one  writer  of  Algebra  who  has  treated  the 
fubjeft  with  uncommon  care  and  eleganoe,  and, 
throughout  the  firft  part  of  his  work,  with  great  perfpi- 
cuity  likewife.  I  mean  Monfieur  Clairaut  of  the  French 
Axrademy  of  Sciences,  in  his  Elemens  d*A^gehre  publiflied 
at  Paris  in  the  year  1749.  But  even  this  writer  has  been 
betrayed  into  a  mod  remarkable  inftance  of  falfe  reafon- 
ing, by  his  defirc  of  explaining  to  his  readers  that  which 
in  it's  nature  is  not  capable  of  being  explained  or  under- 
ftood,  to  wit,  the  propofition  **  that^  if  a  negative  quart- 
iity  be  multiplied  by  a  negative  quantity ^  the  produEl  *will  be 
an  afirmative  quantity.^*  This  propofition  he  has  at- 
tempted to  demonltrate  in  the  60th  Section,  or  Article, 
of  his  book,  page  73,  in  the  following  manner  :  He  had' 
already  in  Art.  iii,  page  4,  explained  the  fign  —  to  fig- 
nify  the  fubtraftion  of  the  quantity  to  which  it  is  prefixed 
from  the  quantity  which  immediately  preceeds  it,  in  thefc 
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words:  "  Prenaut  le  caraElere  — ,  qui  fe  prononce  moinSt  . 
four  faire  reffluvenir  que  la  quant'tte  q:i*il  precede  doit  etre 
rettanchee  de  celle  qi^il  fuitT  And  in  Articles  xlii,  xliii, 
xliT,  xfv,  xlv^i,  pages  485.49,  5X),  51,  52,  53^  54,  he  ct* 
plains  the  maaner  of  multiplying  compound  quaotitieSy 
(which  he  calls  da  qudniitii  cainpkxes  Qu  poiynQtMj^  ou 
quatitith  compos ecs  de  pUtfttiirs  termcSy)  by  each  oilier^  and 
cxcmplilics  it  by  the  multiplicptioh  of  the  compound 
quantity  in^c'  —  5^*^  +  Cm^  by  the  compotmd  Vjuatitity 
3ni'  —  ^tc(L  And  thus  far  he  rcafons  juftly  andclearly, 
ufini^  the  fign  —  only  in  the  feiifc  of  his  firft  deluiition 
of  it  in  Art.  iii,  page  4,  as  tlie  fjgn  of  the  fubtra£tion 
of  tlic  quantity  to  which  it  is  prefixed  from  that  which 
j:(KS  before  ic,  in  which  firft  part  of  his  book  he  feems 
to  fuppofe  all  along  that  the  quantities  to  be  (tiktni£ltd 
^re  kTs  than  thofe  from  which  they  are  to  be  fubtraflcd. 
ilut  then,  when  he  has  thus  fliewn  clearly  tliat,  in  the 
multiplication  of  compound  quantities  by  compound 
quantities,  the  rule  holdb  good,  that  —  into  —  gives  +, 
cr  that  thofe  members  of  the  producl  of  the  two  com- 
pound quantities  wliich  ailfc  from  tlie  muhiplicr;tion  of 
any  two  members  of  the  compound  cfuantitics  themfelvcs 
that  are  both  marked  with  the  fign  — ,  will  be  marked 
with  the  fign  -f ,  he  endeavours,  in  Art.  Ix,  page  73,  to 
extend  this  conclufion  to  the  producl  of  two  indepen- 
dent, or  feparate,  negative  quantities,  or  quantities 
which  are  marked  with  the  fign  —  without  being  pro- 
ceeded by  any  other  quantities  from  which  they  are  fub- 
traclcd.     This  Ixth  Article  is  in  thcfe  v/ords  : 

Pour  mus  ajfurer  que  la  muliiplicatton  de  —  par  —  doit 
tcfijours  donr.cr  -f-    au  prcduit^  vo)ons  quelle  lumicre  nous 

fouvons 
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pouvons  tirer  de  la  mtthotle  ghernJe  des  multtplicaticrts  doniiie 
dans  I* Art,  xlv*  Su'tvant  ccttf  mdhide  on  'vo'it  ires  claire* 
ment  que  U  prodttit  d*une  quant tii  u!U  que  a  —  b  ^/7>:  urte 
auire  c  —  d  doit  lire  ac  —  fee  —  ad  -f-  bd  ;  et  on  vJt 
far  eensiqucnt  en  me  me  temp^  qu4  U  terme  bd,  qui  cjl  vivw 
par  la  multiplicntion  de  b  et  de  d,  a  le  figne  4-,  tandis  que 
fes  pr^mfanis  b  nf  d  or.t  le  ft^ne  — .  II  ne  rejie  done  plus- 
qu*  h  J^avotr  Ji^  lorfque  deux  qnantites  ne-ratlvesy  telle!  que 
b  et  d,  ne  feront  precede es  d'nucune  quauilti  pofttve^  leur 
pi^oduit  /era  encore  -h  bd.  Or  cejl  ce  dont  il  ejl  facile  de 
reconnoitre  la  vir'itey  puifque  la  method^  par  laquelle  on  a 
decouvert  que  le  produit  de  a  —  b  par  c  —  d  hoit  ac  — 
be  —  ad  4-  bd,  ne  fpeclfiaht  aucur.e  grandeur  particuliere 
ni  a  2L  ni  h  c,  doit  avoir  encore  lieu  lorfque  ces  quanllics  fnt 
igales  i  zero.  Or,  en  ce  cas-,  le  produit  ae  —  be  —  ad 
+  bd  fi  reduit  i  +  bd.     Done  —  b  X  —  d  efl  =  +bd. 

Now  in  thefe  words  there  is  an  obvious  fallacy.  For, 
though  a  and  c  are  not  particular  numbers,  or  quantities 
which  have  a  fixt  relation  to  b  and  d^  but  ihey  may  be  of 
many  different  magnitudes  with  refpeft  to  b  and  rf,  yet 
they  muft  always  be  fuppofed  to  be  greater  than  h  and  d 
refpeflively.  For  otherwife  it  will  not  be  poflTible  to  fub- 
traft  b  and  d  from  them,  fo  as  to  produce  the  quantities 
a  ^  b  and  c  ^  d\  the  author  not  having  hitherto  j^iven- 
us  any  other  idea  of  the  fign  —  but  that  of  it's  denoting 
the  fubtraflion  of  the  quantities  to  which  it  is  prefixed 
from  thofe  which  go  before  theiA ;  in  order  to  which  it 
is  necefTary,  and  is  conflantly  fuppofed  in  all  the  fore- 
going part  of  the  book,  that  the  faid  quantities,  to  which 
the  fald  fign  is  prefixed,  fhould  be  lefs  than.thofe  that  go 
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AfticU  I.  TN  the  foregoing  Appendix  to  Dr.  Halley's 

Tracl  on  the  Refolution  of  High  Equa- 
tions by  Approximation,  I  have  endeavoured  to  illuftrate 
his  method  by  a  very  full  and  didinft  refolution  of  the  three 
equations  which  he  has  chofen  for  examples  of  it,  and  to 
compare  it  with  Mr.  Raphfon's  method  of  refolving  the 
like  equations,  (which  alfo  proceeds  by  repeated  approxi- 
mations to  the  true  values  of  the  roots  fought,)  by  ap- 
plying the  latter  method  to  the  refolution  of  the  fame 
equations  which  had  before  been  refolved  by  Dr.  H  alley's 
method ;  and  the  refult  of  the  comparifon  was,  that  Mr. 
Raphfon's  method  appeared  to  me,  for  the  mod  part, 
more  convenient  tlian  Dr.  Halley's.  But  in  the  applica- 
tion of  both  thefe  methods  of  refolving  thefe  equations  a 
difficulty  may  fometimes  occur  which  it  will  be  expedient 
to  endeavour  to  remove.  For,  when  the  terms  of  aji 
equation  have  many  changes  of  their  figns  from  4-  to  — 
and  from  —  to  + ,  it  may,  perhaps,  have  many  different 
roots,  (I  mean,  real  and  affirmative  roots,)  of  very  dif- 
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Terent  magnitudes  from  each  other,  and  we  may  find 
ourfchxs  at  a  lofi  to  determine  which  of  thefe  fevcral 
roots  we  ought  to  begin  by,  or  go  /irft  in  purfuit  of. 
1'b'is  difficuhy,  indeed,  will  not  always  occur  in  equations 
c£  this  kind,  bpcaufc  it  will  fomctimes  happen  that  the 
conditions  of  the  problem  from  which  the  equation  is 
derived,  will  point-out  to  us  fome  limits  to  that  root  of 
the  equation  which  is  neceffary  to  the  folution  of  the 
problem,  and  which  therefore  ought  to  be  the  objcd  of 
our  inveftigation  •,  and  in  thefe  cafes  it  is  evident  we  muft 
make  ufe  of  thefe  limits  as  tmr  guides  in  our  firft  con- 
jeflural  approximation  towards  the  value  of  the  root  that 
lies  between,  or  rtcar,  them.  But,  when  the  conditions 
of  the  problems  do  not  afford  us  fuch  affiftancc,  we  may 
be  a  good  deal  puzzled  to  know  which  of  the  feveral 
roots  which  the  equation  poffiWy  may  have,  we  (bould 
endeavour  to  inveftigate  firft.  And  in  thefe  cafes^  I 
believe,  it  will  often  be  found  convenient  to  begin  with 
the  inveftigation  of  fh  Icajl  of  the  feveral  different  roots 
of  the  equation.  The  method  of  doing  this,  and  the 
reafons  for  chufing  to  begin  with  the  leaft  root  in  thefe 
cafes  in  preference  to  any  of  the  other  roots,  will  be  the 
fubjccl  of  the  prefcnt  difcourfe. 

jfrt,  2,  In  many  equations  of  all  <^egrees,  it  is  eafy  to 
perceive  that  they  can  liave  but  one  root,  that  is,  but 
one  real  and  affirmative  root.  F*or,  as  to  negative  roots, 
thev  are  in  truth  the  real  and  affirmative  roots  of  other 
equations  confiding  of  the  fame  terms,  or  members,  as 
the  equations  of  which  they  are  faid  to  be  the  negative 
roots,  but  differently  connefled  with  each  other  by  the 

figns 
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ifigns  +  and  — j  ot  by  ^tUtion  and  fubtraflion:  and,  a$ 
to  impo(Hbl€  rootSy  they  are  n^ere  imiaginary  ^^uantities^of 
u^bich  the  mind  can  form  no  idea  i  and  they  aie  called 
roots  of  the  equations  they  belong  to,  only  bccaufe,,  if 
they  are  fubftituted  in  the  faid  equations  infteail  v£  ^r^ 
they  will  make  the  left-hand  fidf  s  of  the  equation^  b^ 
equal,  or,  rather,  feem  to  be  equal,  to  their  feveral  abfplutc 
terms  refpeftively  ;  or,  in  other  words,  becaufe,  if  tBey 
are  fquared,  and  cubed,  and  raifed  to  the  fourth,  or  fifth, 
or  other  higher,  powers,  and  the  faid  fquares,  and  cubes, 
and  other  powers  of  them,  are  multiplied  into  the  co- 
efficients of  the  fame  powers  of  x  in  the  equa^Iotis  to 
which  they  belong,  they  will  make  the  left-hand  (ides  ot 
fuch  equations  be  equal  to  their  feveral  abfolute  terms 
refpeftively.  But  it  is  impofiible  to  fquare,  or  cube,. or 
multiply,  a  quantity  that  cannot  exift,  or  a  non-cntity  ^ 
and  therefore  all  that  is  faid  about  thefe  impofl'ible  roots^ 
is  little  better  than  fiark  nonfcnfe,  and  tends  only  to 
darken  and  difgrace  the  Science  of  Algebra.  Nor  tan  I 
conceive  the  fmalled  rcafou  for  ever  mentioning  thefc 
roots,  or  indeed  negative  roots,  in  books  of  Algebra, 
uulefs  it  be  to  fupport  the  truth  of  a  favourite  pofition 
concerning  equations  that  has  been  laid  down  by  r.iodern 
writers  of  Algebra,  to  wit,  "  that  every  Algcbraick 
equation  has  as  many  roots  as  there  are  units  in  ilic  index 
of  the  higheft  powers  of  x  contained  in  it ;"  which  pofi- 
tion would,  without  the  admiffion  of  negative  and  iin- 
jioflible  roots,  be  moft  eminently  falfe.  For  many  equa- 
tions of  all  degrees  have  in  truth  only  one  root,  or 
quantity,  really  exifting,  and  of  which  we  can  form  a 
clear  conccptipn^  that,  being  fubftitutcd  indead  of  x  in 
tlvs  terms  of  the  left-hand  fide  of  the  equation,  will  make 
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the  rcfult  of  them  be  equal  to  the  abfolute  term  of  the 
equation.  And  it  is  often  eafy  to  perceive  that  thefc 
equations  can  hare  but  one  fuch  root,  though  their  terms 
may  involve  in  them  the  cube,  or  the  fourth  power,  or 
the  fifth  power,  or  any  higher  powers,  of  the  unknown 
quantity  x ;  of  which  I  will  mention  two,  or  three,  of 
the  moft  remarkable  inftances. 

An,  3.  In  the  firft  place,  when  all  the  terms  on  the 
Icfc*hancl  fide  of  the  equation,  or  that  involve  in  them 
any  powers  of  the  unknown  quantity  Xy  arc  added .  to 
each  other,  or  connefted  together  by  the  fign  + ,  it  is 
obvious  that  fuch  an  equation  can  have  but  one  root. 

Thus,  for  example,  if  the  equation  be  at'  +  36  ;rx  + 
44jr  =  I,  it  is  evident  that  x  can  have  but  one  value. 
For,  if  X  were  to  increafe  from  it's  firft  value,  or  the 
value  which  it  has  when  the  compound  quantity  x^  + 
36  a:*  4-  44;r  becomes  firft  equal  to  the  abfolute  term  1, 
to  any  greater  magnitude,  each  of  the  three  quantities  x*, 
'^b  x\  and  44A:  would,  at  the  fame  time,  increafe  con- 
tinually, or  without  ever  dccreafing,  from  it's  firft  value 
to  a  greater  quantity,  and  confequently  their  fum  x^  + 
36  ;t*  +  44  ;f  would  alfo  increafe  continually,  or  without 
ever  decreafing,  from  it's  firft  value,  or  i,  to  a  greater 
quantity,  and  therefore  could  never  become  a  fecond 
time  equal  to  I. 

And,  in  like  manner,  the  biquadratick  equation  Af*  + 
80*'  -f  1998  AT  +  14,937  a:  =  5000  can  have  but  one 
root.     For,  if  x  were  to  increafe  from  it's  firft  value,  or 

the 
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th6  valde  it  ha$  when  the  compound  quantity  x^  +  80** 
+  1998**  +  14,937  4r  19  firft  equal  to  5000,  to  any 
greater  quantity,  each  of  the  four  terms  **,  80  jt',  1998*% 
and  14,9374;  would  increafe  at  the  fame  time  continually, 
or  without  ever  decreafing^  from  iPs  firft  value  to  vfome 
greater  quantity;  and  confequently  their  fum,  or  the 
compound  quantity  jr^  +  8o;i^'  +  1998  x*  +  14,937  jt, 
would  alfo  at  the  fame  time  iticreafe  continually^-  or 
without  ever  dCcreaCng,  and  therefore  could  never  be- 
come a  (econd  time  equal  to  the  abfolute  term  500a. ; 

And  the  like  would  be  evident  in  any  other  equation 
whatfoever,  in  which  all  the  terms  on  the  left-hand  fide 
of  the  cquatipn,  or  all  the  terms  that  involve  in  them 
the  powers  of  r,  were-  added  to  each  other,  or  connedled 
together  by  the  fign  +•  Therefore  every  fuch  equation 
can  have  but  one  toot. 

^rt.  4.  Secondly,  when  the  term  that  involves  the 
higheft  power  of  k  is  greater  than  the  fum  of  all  the 
other  terms  on  the  left-hand  fide  of  the  equation,  and 
the  excefs  of  the  faid  term  above  the  faid  fum  of  all  the 
other  terms  on  that  fide  of  the  equation  is  equal  to  the 
abfolute  term  of  the  equation,  (as,  for  example,  if  x^  is 
gteater  than  jl^xx  +  44 at,  and  x^  —  36  a;*  —  44^  is 
equal  to  i ;  or,  if  x^  is  greater  than  80  aj^  +  i99$  xm  + 
14,937 AT,  and  A-^  —  %ox^  —  I998jifjr  —  14,9374?  is 
equal  to  5000  0  ^^  equation  can  have  hut  one  root. 
And  this  root  will  be  greater  than  the  value  of  x  that 
would  refult.from  a  fuppofition  that  the  abfolute  term  of 
,•  the  equation  was  equal  to  o.  . 

Thus,  • 
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tbvantat  example,  the  toot  of  the  cub 
«»- —  36**  —  44x=  I  taa&  be  greal 
Tootof  the  equation  «i  ^  jfit*^  — '44'  = 
the  root  of  the  quadtaiick  eqnatioa  xx  — 
=  Oj  QT  XX  —  36*  =  44 ;  and  the  njo 
qtladifttick  equation  **  —  80*'  — *  ippSx* 
3=  5090  will  be  greater  than  the  root  of  1 
**  -r-So**  —  1998  JCJ0  —  14,937*  =■  Oj 
roat:«f  the  Cubick  equfrtion  **  —  i^xx  — 
14,937  ~  o,.or  **  —  SOJf*  — .  1998  jr  te 

Art.  j.  The  truth  of  thefe  ftofitioHs  vrill 
fenn  confidcring  the  manner  in  which  the  f 
fnvolving  the  powers  of  *  In  any  of  thei 
will  incrcafc  while  x  increafes  from  o  ^d  infi 

For,  when  x  is  very  fmall,  all  the  other  ti 
left-hand  fide  of  the  equation,  which  will  in' 
jT*,  &c,  will  be  much  finaller  thaft  .v,  ihc  fail 
X  being  continued  proportionals  to  i  anil  x. 
be  tnkcn  of  fo  fmall  a  magnitude  that  the  pre 
to  k'  Ihall  be  greater  than  any  ratio  of  major 
have  been  alTigned.  Out,  aa  x  increafes,  the 
(which  involve  ;r*,  x',  x*,  &c,)  m-iH  increafe  f; 
and  the  ratio  of  x  lo  x'  will  decreafe  contit 
having  been  a  very  great  ratio  of  majority,  til 
a  ratio  of  equality  »hen  x  is  equal  to  i.  . 
time  all  the  powers  of  *,  to  wit,  *',  *',  ,>♦,  ; 
be  equal  to  each  other  and  co  i.  And,  wher 
further  from  1  to  a  greater  magnitude,  .r*  wi 
than  X,  and  likewifc  than  x^  and  x^,  and  it' 
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In  any  given  portibit'of  time  will  be  greater  than  the 
comemporary  incrcmctit  of  Xy  and  likcwifc  than  the 
contewif^orary  iftcremcnts  of  cithef  of  the  other  powers 
of  *  that  are  lower  than  iffelf,  to  wit)  x^  and  x^.  And, 
by  this  means,  *^,  from  having  bctfh  left  than  either 
14^7  rtr,  ot  1998^^,'  or  80  .r^,  will  gain'  groniid  upon 
them^  and,  at  fome  one  point  of  time;  become  equal  to 
the  fum  of  klf  the  three  together;  and  at  this  time  the 
Gomt^OUnd  quantity' «p*  —  86  x*  —  1998  ;r*  — '  14,937;!' 
will  be  efqu^l  to  o,  and  the  value  of  x  will  he  the  foot  of ' 
the   biquadratick  equation    a*  •*—  8D.r'  —   1998  .r^  — 

14,937  *  *==  ^>  ^^  '^^  ^^^.9^  ^  cubick  equation  x^  f- 
%ox*  —   1998J:  —  14,937.  =   o,   or  ;if3   T-  Hdx^  — 
J998  X  =  I4,937.  -And,  when>jr  increa&s  further  from 
this  value  ad  infinitum^  the  increment  of  ;r*  (which  haa  ^ 
alr^^dy  been  greater  than  the  funv  of  this  contemporary.  ^ 

increments^  of  So  j:%  and  1998  a*,  .and- ^4>93j? -^^  f?  ^^- 
to  enable  a:^,  from  having  been  at  fir(^  lers^.tbai[i  either  oi^i. 
the  three  quantities,  to  become  equal  to  all  the  three  putj^ 
together,)  will  continue,  to  be  greater  tjian  the.  fum  :|0^ .. 
the  three  contemporary  increments  of  thofe  three  quaa-  j 
titles,  80  jr',  1998  x^y  and  14,937  f,  and  in  a  continually- 
increafing  ratio  of  majority.    And  confcquently  the  com- 
pbutrd  quantity  x^  — i  80  x*'  — "  1958  »*  '^-^  '4»937 -^^ 
of  tIKe'  excefs  of  the  fihgle  quantity  x^  ubove'  the  ftwh  of' ' 
the  *ree  quantities  8b :f',  1998-^^,  dnd  i4^V/37'V,  vi^ilF  • 
incrcafc  contirtualty,  or  without  ever  di^crfeafhig,  iibtci  b^' 
ad  infirtitutrty  White  x  increafes  ffo'fnbiiing  equal;  to' tTiif' 
root  of  thfe  cubick  eqiiatioh  x^  — •  80  .t^  ^  i^^SVi^^a 
14,937  ~atf  i/^i^i/m/^  Therefore  the*   faid    compbuFrtl"' 
nuantity^jr*—  8dx»  -^"^998;r'  i-2;i^4t,9^7  F^ri^l^^^t^' 
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feme  one  inftant  or  time  during  it's  faid  increafe  fmm  O 
ad  ttifimtum^  become  equal  to  the  abfolute  tenn  5000^  of 
to  any  other  given  quantity  whatfoever;  but  it  will  be 
equal  to  fuch  quantity  only  once  during  it's  faid  increafe 
from  o  ai  infinitum*  And  confequently  the  equation 
^4  —  %ox^  —  I9?8^*  —  M'PS?"^  =  5000  can  have 
but  one  root,  and  that  root  muft  be  greater  than  the  root 
of  the  biquadratick  equation  x^  —  80  x^  — ^  1998  jt*  -^ 
i4>937'^  ^  o,  or  than  the  root  of  the  cubick  eqaatioo 
*>  — .  80*^  —  19984?  =  14)937*  ^  B.  D. 

And  it  is  evident  that  the  fame  things  will  take  place 
in  any  other  equation  whatfoever,  in  which  the  term  that 
involves  the  higheft  power  of  x  is  greater  than  the  fam 
of  all  the  other  terms  of  the  equation  that  involve  the 
other,  or  inferiour,  powers  of  x^  and  it's  excefs  above 
the  faid  fum  is  equal  to  the  abfolute  term,  or  in  which  all 
th^  terms  on  the  left-hand  fide  of  the  equation,  except 
that  which  involves-  the  higheft  power  of  ►v,  arc  fubtraft- 
ed  from  that  term,  and  confequently  marked  with  the 
fign  — . 

Art,  6.  In  the  third  place,  when  the  term  that  involve* 
the  higheft  power  of  x  in  the  equation  is  added  to  the 
next  term,  or  term  involving  the  next  power  of  Xy  or  to 
the  two  next,  or  the  three  next  terms,  or  any  greater 
number  of  the  terms  next  following  it,  and  their  fum  is 
greater  than  the  fum  of  all  the  remaining  terms  on  the. 
left-hand  fide  of  the  equation,  or  than  all  the  other 
terms  that  involve  the  lower  powers  of  x^  and  the  latter 

fua» 
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Tktti  is  fubtra£ted  from  the  former,  the  equation  Can  Kav^r 
but  oi>e  toot% 

Thus,  for  example,  the  equation  .r*  +  83^'  — 
jqcjSx^''-^  MiQS?*'*^  =  5000,  and  the  eqp^ition  x^  + 
Box^  4-  1998  ;r*^—  14^937  X  =  SOOO,  can  have  but  one 
root  a-piece.  And  all  the  following  equation!  will  have 
but  one  root  a  piece,  to  wit, 


This  will  eafily  appear  from  reafoningsconcerhing  the. 
Inanner  in  which  the  fevcral  terms  involving  the  powers  of 
a;  increafe,and  in  which  the  excefs  of  the  fum  of  the  terms 
invdlvtng  the  higher  p6\lrers  of  x  above  tKe  fiim  01  tbe 
terms  itiVblving  the  lowier  f)owers  of  x  incJreafes,  exa£ll]f 
fimilar  to  the  r^afcnings  ufed  iA  the  foregoing  article* 
And  therefore  I  do  not  think  it  neceSary  to  be  more 
pairticiilar  in  the  proof  of  it. 

Jfri,  ^.  And  there  aire  fome  othet  cafes  iii  which  we 
m^y  be  fure  before-hand  that  an  equation  has  only  one 
real  ^n'd  affirnlative  i^oot,  though  the  Cgns  of  the  terms 
x>ti  the  left-hand  fide  of  the  equation  Ihould  vary  from  + 
to  *—  and  from  *—  to  +  two  or  three  times,  of  oftenef. 
But  thefe  cafes  are  more  difficult  to  diftihguifli  and  afcer-^ 
tain  than  the  three  cafes  befote-mehtioned.  And  theVe'» 
fote  I  (hall  fay  nothing  farther  concerning  them. 

A^a  Art.S. 
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Art.  8.  In  all  the  cafes  above-defcribed.  aod  in  all 
others  where  we  know  before-hand  that  the  equation 
that  is  to  be  rcfolved  has  only  one  real  and  affirmative 
root,  the  bed  way  of  beginning  the  invcftigafion  of  the 
value  of  it's  root,  in  order  to  approximate  further  to  it 
afterwards  by  Mr.  Raphfon's  method  above-men tioned^ 
(rf  the  conditions  of  the  problem  from  which  the  equa- 
tion is  derived  do  not  themfehres  point  out  certain  limits 
of  the  magnitude  of  the  faid  root,  which  will  afford  us 
a  rufHciently  near  value  of  it  to  beg^in  our  approximation 
wuh,  which  they  often  will  be  found  to  do,)  will  be 
that  invented  by  Stevinus,  a  mathematician  o^  Brugef^ 
in  the  Spanilh  Netherlands,  who  fiouriQied  in  the  kegiih 
ning  of  the  lafl  century,  and  died  in  the  year  1633. 
Tliis  method  is  as  follows : 


Since  the  propofcd  equation  can  have  but  one  real  and 

aflirmative  root,  it  is  evident  that  the  whole  compound 
quantity  which  forms  the  left-hand  fide  of  the  equation 
will  increafe  continually,  or  without  ever  decreafing,  at 
the  fame  time  that  x  increafes.  Therefore,  if  we  fubfti- 
tute  any  particular  value  for  .r  in  the  faid  compound 
quantity,  and  \vc  find  that  the  value  of  the  faid  com- 
pound quantity  arifing  from  fuch  fubftitution  is  greater 
than  the  abfolutc  term  of  the  propofed  equation,  we  may 
conclude  with  certainty  that  the  faid  fubftituted  value  of 
te  is  greater  than  the  value  of  x  in  the  propofed  equation, 
or  than  the  root  of  the  faid  equation  :  and,  if  the  value 
of  the  fiiid  compound  quantity  arifing  from  fuch  fubfti- 
tution is  Icfs  than  the  abfolute  term  of  the  eqi^ation,  we 

may 
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ifnay  conclude  with  certainty  that  the  faid  fubftituted 
value  of  X  is  lefs  than  the  root  of  the,faid  equation. 
Let  us  therefore  firit  fubftltute  i  inftead  of  x  in  the  faid 
compound  quantity,  and  try  what  the  refult  will  be  ; 
and,  if  the  refult  is  much  lefs  than  the  abfolute  term  of 
the  equation,  and  coofequently  t  is  much  lefi  than  thie 
true  root  of  the  equation,  let  iis  in  the  next  place  fup« 
J)ofe  AT  to  be  equal  to  10,  or  to  9,  or  to  8,  or  to  7,  or 
fttch  other  number  coniUling  of  one  or  at  mod  two 
figures,   as  we  conje£ture   to  be    neared  to   the    true 
value  of  X  in  the  propofed  equation  ;  and  let  this  fccond 
conje£luraI  value  of  4?  be  fubftituted  inftead  of  x  in  the 
faid  compound  quantity  which  forms  the  left-hand  fide 
of  the  equation.     And  thus,  by  a  few  eafy  trials,  wc 
(hall  foon  find  a  value  of  x  thgt  will  be  true  to  at  lead 
one  figure,  and  without  much  difHcuIty  we  may  find  a 
value  of  it  that  (hall  be  true  in  the  two  firfl  places  of 
figures ;  and  we  (hall  know  at  the  fame  time  whether 
the  faid  value  is  greater  or  lefs  than  the  true  va^ue  of  x 
in  the  propofed  equation  j  becaufe  it  will  be  greater,  if 
the  refult  of  the  fubftitution  of  it  in  the  aforefaid  cooi- 
pound  quantity,  which  forms  the  left-hand  iide  of  the 
equation,  is  greater  than  the  abfolute  term  of  the  equa- 
tion ;  and  it  will  be  lefs,  if  the  faid  refult  is  lefs  than  the 
faid  abfolute  term.     And  from  this  fird  near  value  of  ;r, 
fo  obtained  by  thefe  eafy  trials,  or  fubditutions,  We  may 
begin  our  approximation  to  a  more  exa6t  value  of.  x  iu 
the  manner  defcribed  by  Mr.  Raphfon,  and  which  has 
been  exemplified  above  in  the  Appendix  to  Dr.  Halley's 
Traft.     Nothing  more  therefore  need  be  faid  on  the  fe- 
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'{blution  of  equations  of  this  kind,  which  we  knowbeforq^ 
hand  to  hare  but  one  veal  and  aQrmatiTe  roott 

The  foregoing  method  of  finding  the  two  firft  fignvQi 
of  the  root  of  an  equation  of  this,  kind  is  icrf  fully  il- 
luftrated  by  judicious  examples  by  the  learned  {dn  John 
Kerfey,  in  his  excellent  Treatife  of  Alg^ra»  pubtiflseil 
in  the  htter  part  of  the  laft  century,  in  the  years  167^ 
mnd  1674,  in  two  volumes,  folio,  than  which,  I  believe^ 
there  is  not  a  better  T^xeatife  on  that  fubjeA  to  be  met 
with  *•'  See  Vol.  I,  Book  II,  Chapter  10;  pages  265, 

I 

d66,  267;  which  loth  chapter  is  alfo  reprinted  above  in 
the  foregoing  part  of  this  prefcnt  work,  pagps  3259  326^ 
&c  -  -  -p  338. 

jfr/.  9*  But,  when  we  meet  with  a  cubick,  or  a  blqua^ 
dratick,  equation,  or  an  equation  of  any  higher  ordeff 
in  which  there  are  two,  or  more,  changes  of  the  figns 
+  and  "^-f-  that  are  prefixed  to  the  terms  that  involve  the 
powers  of  Xy  and  in  which  confequently  there  are,  or, 
at  lead,  may  be,  for  aught  we  know  to  the  contrary,  twp 
or  more  real  and  affirmative  ropts,  or  different  values  of  jTj 

*  The  learned  Dr.  John  Wallin,  in  the  Preface  to  the  Latin 
Edition  of  bis  Algebra,  in  the  md  volume  of  the  Calle£lion  of 
all  his  Works  publifhed  at  Oxford  in  the  year  1 693,  ffMcaks  of 
Mr.  Korfey  8  Algebra  in  thefe  words  :  Suafurlm  ut  Lc3or  cM' 
Julat  ex  nfljli-k  (prater  alios  J  Kerfaum  nqftrum-y  qui  duobus 
njoluminihns  integrant  Algebra  iradationetn  exbibu'it,  fuse  qutdfjn 
J$  perfpUue  traditam*  (^uo  nemo  feUcius  quajltones  Di(f  bantams 
ffuc'idavit. 

which 
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which,  being  fubftituted  inftead  of  x  in  the  terms  that 
form  the  left-hand  fide  of  the  equation,  will  make  the 
rcfult  of  them  equal  to  the  right-hand  fide  of  it,  or  it*8 
abfolute,  or  known,  term,  it  is  often  difficult  to  kn^w 
which  root  we  had  beft  begin  to  inveftigale.  And,  if 
we  make  conjeflures  concerning  the  middle  values  of  4r, 
or  if  we  make  conje£lures  concerning  it's  values  in  ge- 
neral ;-^and  the  quantities  we  pitch  upon  for  one  of  it*s 
values  are  greater  than  it's  lead  value  and  nearer  to  one 
of  it's  middle  values  ; — ^and  we  fubftitute  one  of  thefe 
quantities  inftead  of  m  in  the  compound  quantity  that 
forms  the  left-hand  fide  of  the  equation  \ — and  we  find^ 
after  fuch-  fubflitution,  that  the  value  of  the  faid  com- 
pound quantity  thence  arifing  is  greater  than  the  abfolute 
term  of  the  equation ; — we  (hall  not  be  able  to  conclude 
from  thence  that  the  faid  conjeftural  value'of  x  is  greater 
than  it's  true  value;  nor,  vice  verfi^  if  the  value  of  the 
faid  compound  quantity  refulting  from  fuch  fubftitution 
is  lefs  than  the  abfolute  term  of  the  equation,  (hall  we  be 
able  to  conclude  that  the  faid  conjedural  value  of  x  is 
lefs  than  it's  true  value.  For,  in  thefe  equations  which 
hare  more  than  one  real,  and  affirmative  root,  the  com- 
pound quantity  which  forms  the  left-hand  fide  of  the 
equation  will  fometimes  decreafe  at  the  fame  time  -that  x 
increafes,  as  may  be  feen  in  Chap.  X,  pages  71,  72,  Sec 
-  -  -  90,  of  my  DKTertation  on  the  Ufe  of  the  Negarivc 
Sign  in  Algebra.  In  thefe  equations  therefore,  which 
have,  or  feem  to  have,  more  than  one  real  and  affirma- 
tive root,  there  is  often  a  good  deal  of  difficulty  in 
knowing  how  to  fet  about  the  refolution  of  them  by  Mr. 
Kaphfon's  method  of  approximation.     And,  I  believe,  it 

A  a  4  will 
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will  ufually  be  found  expedient  in  thefe  csdes  to  confine  • 

oorfelf  es  to  the  inveftigation  of  the  leaft  root^  or  value 

of  x^  in  the  equation.    For,  from  the  foregoing  reafon* 

i^gt  concerning  the  increaic  of  «  from  o  ad  infoiitump 

and  the  contemporarjr  increafe  of,  each  of  the  tenna  in 

ihe  equation  that  involres  x^  and  the  contemponuy  in* 

creafe,   or  dccreafbi  of  the  whole  compound  quantity 

fhat  forma  the  left«hand  fide  of  the  equation,  it  13  evident 

that  in  the  fir  ft  part  of  the  increafe  of  x  from  o  aditi^ 

M\tum^  or  while  i\,  increafcs  from  o  till  it  becomes  equal 

}o  the  leaft  root  of  the  propofed  equation,  the  fidd  com* 

pound. quantity  will  increafe  with  it  continually,  or  with* 

out  ever  decre^fing,  though  afterwards,  when  x  it  grcMtr 

than  the  faud  leaft  root^  the  (aid  compound  quantity  wiOy 

if  the  equation  has  more  than  one  .real  and  affiimativo 

foot,  foipetimes  decreafe  while  x  increafes.    This  or* 

cumft^nce  will  enable  us  to  make  our  conjeduial  ap* 

proaches  to  the  value  of  the  faid  leaft-  root  of  the  equa«  . 

tion  with  more  facility  and  perfpicuity  than  to  the  other 

roots  of  it,  and  yrill  enable  us  to  conclude  with  certainty 

whether  the  value  we  have  either  aflumed  by  a  conjeQurc, 

or  found  by  any  previous  method  of  inveiligation,  for  the 

aid  leall  root  of  the  equation,  or  lead  value  of  jt,  is 

greater,  or  lefs,  than  it's  true  value.     And  on  this  ac» 

count  I  am  mucli  inclmed  to  think  that  the  Left  way  of 

refolving  an  equation  of  this  kind  is  to  begin  with  the 

invefligation  of  it's  lead  root.    And  the  method  I  would 

recommend  for  this  purpofe  is  a  very  Gmple  and  eafy  oncj 

being  grounded  on  the  following  obvious  propofition  : 


A  LEM- 
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A  leImma. 


Art.  10.  If  there  be  any  equation  involving  feveral 
4Jifrcrent  powers  of  the  unknown  quantity  x  that  arc 
connefted  with  each  other  both  by  addition  and  fub- 
traftion,  or  by1)oth  the  figns  +  and  — ,  fuch  as  the 
equation  x^  —  kx^  +  Ix^  —  mx^  +  nx"^  —  px^  +  qx  =  r^ 
and  there  be  another  equation  that  has  the  fame  abfolute 
term  r  as  the  former  equation,  but  has  only  fo  mznj 
terms  in  the  left-hand  fule  of  it  as  there  are  terms 
in  the  left-hand  fide  of  the  former  equation  conncft- 
cd  together  by  the  fign  +,  which  arc  four,  to  wit, 
a:%  /a'%  /i,r^,  and  qx\  and,  if  the  unknown  quantity 
contained  in  this  fecond  equation  be  called  y^  and  the 
powers  of  y  involved  in  thefe  terms  of  the  fecond 
equation  are  the  fame  as  the  powers  of  x  involved  in 
the  faid  terms  of  the  ilrft  equation  which  are  con- 
ne£led  together  by  the  fign  +  ;  and,  if  the  co-efRcients 
of  the  faid  powers  of  y  in  the  fecond  equation  are  the 
fame  as  the  co-efficients  of  the  fame  powers  of  x  in  the 
firft  equation  ;  and,  laftly,  if  all  thefe  terms  of  the  faid 
fecond  equation  involving  the  faid  powers  of  y  be  added 
to  each  other,  or  conneded  together  by  the  fign  +  :  So 
that  the  faid  fecond  equation  (hall  be  y''  +  ly^  -¥-  ny^  + 
qy  =  r  :— Then  will  tlie  value  of  y^  or  the  only  root  of 
the  fecond  equation  ;>^  +  /)r*  +  ny^  +  yj;  =  r,  be  lefs 
tthan  the  leaft  root  of  the  firft  equation  .r^  — '  kx^  +  /x' 
^—  r.ix*  +  «.v3  —  />A*  -^  qx  —  r. 

DE. 
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DEMONSTRATION. 


If  there  be  two  equations  x''  +  /r'  +  nx*  +  qx  =  r 
+  D,  and  j'  +  i^*  +  ny^  +  ^^  =  r,  in  both  which  the 
terms  which  form  the  left-hand  fides  of  the  equations  are 
conneded  together  by  the  fign  4- »  and  inrolve  the  very 
lame  powers  of  the  two  unknown  quantities  x  and  j 
multiplied  into  the  very  dame  co»efficients  i,  /,  »,  and  ^» 
l>ut*the  abfolute  term  of  the  former  equation  exceeds  the 
abfolute  term  of  the  latter  equation  by  any  gtren  quantity 
called  D,  it  is  evident,  from  art.  3,  that  xT  or  the  only 
root  of  the  former  equation  x^  +  Ix^  H-  ftxi  +  qx  =  r 
+  D,  will  be  greater  than  y^  or  the  only  root  of  the 
latter  equation  y^  -i-  ly^  +-  nyi  +  qy  =  r. 

Now  let  the  three  terms  hx^^  mx\  and  fx*  in  the 
equation  x"^  —  kx^  +  /z^  —  mx^  4-  nxl  — px*  +  ^jr  =  r, 
which  are  marked  with  the  fign  — ,  be  added  to  both 
lides  of  the  ec^uation.  Then,  it  is  evident,  we  (hall  have 
x^  -f  /x*  +  nx^  +  qx  =  r  +  kx^  +  mx^  +  px^;  which 
will  have  the  very  fame  roots  as  the  former  equation 
x'  —  kx^  4-  /.v5  —  rnx^  4-  tjx^  —  />.v*  4-  qr  =^  r,  bc- 
caufe  it  is  only  the  fame,  equation  under  another  form. 
Therefore  the  lead  root  of  the  equation  .r'  4-  M  4-  ''*' 
4-  ^-r  =  r  +  itjk^  4-  ffix^  4-  />.v*  will  be  alfo  the  kaft 
root  of  the  equation  x^  —  kx^  4-  /.rS  —  wx^  4-  «a3  — 
px^^  4-  qv  =  r. 

Let  the  lead  root  of  this  equation  a^  —  kx^  4-  IxS  — .. 
ptx^  4-  fix^  —  px-  4-  jjj"  =  r  be  called  a^  and  it's  other 

roots, 
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roots,  if  it  has  any  other  roots,  be  denoted  by  th^  letters 
*,  <•,  </,  &c. 

Then  it  is  evident  that  the  trinomial  quantity  kx^  + 

,  nh^  H-  px^  will  have  as  many  diflferent  values  as  there  ars 

different  values  of  Xy  or  different  roots  of  the  equation 

A?^  — k\^  +  /*^  —  mx^  +  nxi  —  px^  -^  qx  7=^  r,  ox  o£ 

Jthe  equation  x7  4-  Ix*  +  nxi  +  /y;c  =  r  +  i^^  +  ''w?* 

'  «h  ^jr%  and  will  be  equal  either  to  the  trinomial  quantity 

i  .*  +  ma^  +  pa\  or  to  the  trinomial  quantity  klfi  -f- 

fwi*  +  pb\  or  to  the  trinomial  quantity  ic^  +  iw^  +  fc\ 

or  to  the  trinomial  quantity  kd^  +  mJ*  +  pd\  &c ;  and 

the  equation  x^  -f  /x*  +  nx^  +  ^.r  =  r  +  Ix*  +  mx^ 

+  p^^  will  reprefent  as  many  different  equations,  having 

pne  root  a-piece,  as  it  has  different  ropts,  to  witj  iff,  the 

equation  at'  -4-  /r'  +  /ja3  +  ^^  =:  r  +  ia^  +  pna*  +  pa\ 

which  will  h^ye  only  one  root,  to  wit,  a ;  and.  adly,  the 

equation  sf''  +  Ix^  +  nx^  +  y.v  =  r  +  kb^  -f  mb^  +  ^i*, 

which  i^rill  have  only  one  root,  to  wit,  b  ;  and,  in  like 

planner,  the  equations  x''  +  Ix^  -^  nxl  +  jj:  =  f  -^  ki^ 

+  iwf*  +  ^r%  and  a:'  ^  /;v5  +  /wp*  +  ^.v  =  r  +  iflf*  + 

iwrf*  -f  /i',  &c,  which  have  each  only  01^  root,  to  wit^ 

^,  and  dt  &c,  refpeftivcly.    Therefore,  if  we  fubftitute, 

inffead  of  the  trinomial  quantity  kx^  +  mxf^  4-  px\  any 

.one  of  it's  particular  values,  ka^  +  ma^  -f  pa\  or  i3*  -r 

iwM  4.  j>i\  or  ic*  +  wf*  +  /r*,  or  kd^  +  wJ*  4-  />^*,  &c, 

in  the  equation  a'  -f  /x^  +  tni  4.  ^jr  =  r  +  i^*  +  »»*♦ 

4-  ^x  ,  the  equation  thence  arifing  will  not  have  feveral 

different  roots,  as  the  faid  equation  x^  +  Ix^  +  /i*'  +  qx 

=  r  +  i^A*  +  mx^  4  ^4P*  had,  but  only  one  root,  to  wit, 

that  root  of  the  faid  general  equation  which  was  fubfti- 

Itutcd  infte^ul  of  *  in  )the  trii^omial  quantity  kx^  +  m^ 

.-*•  px\ 

K  Let 
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Let  as  therefore  fuppofe  the  trinomial  quantity  ijfi  + 
i»jp*  +  px^  to  be  equal  to  the  trinomial  quanMty  ka^  + 
ma^  +  /^%  which  is  it's  lead  value ;  and  let  ka^  +  ma^ 
-f  pa^  be  denoted  by  the  letter  D. 

Then  will  ^^  .#-  &5  +  nx^  +  qx  be  =  r  +  D ;  and 
dus  equation  will  have  but  one  root,  which  will  be  equal 
to  a^  or  the  leaft  root  of  the  equation  or'  +  /jt*  +  lur*  + 
jjr  =  r  +  i**  +  mx^  +  ^;r%  or  of  the  equauon  :^  —  i«* 

Bot  it  has  been  obferved  above^  that  the  root  of  the 
equation  jp^  +  /r^  +  nx^  -f-  jrx  =  r  +  D  will  be  greater 
than  the  root  of  the  equation  j''  +  lyS  -|.  njS  -|-  ^jr  =  r. 

Therefore  the  leaft  root  of  the  equation  x^  +  /«'  + 
»jr*  +  yjr  =  r  4-  ^**  +  mx^  H-  /a:-,  or  of  the  equation 
„7  —  ^^*  +  /jt-s  —  iwjp*  +  nx^  —  px^  +  ^JT  =  r,  will  be 
greater  than  the  root  of  the  equation  jp7  -f-  /y  +  nyi  -h 

yjc  =  r ;  or  the  root  of  the  equation  j?'  +  ly^  +  ">^  + 
£j  =  r  will  be  lefs  than  the  leaft  root  of  the  equation 

4.7  —  l^x^  +  /a$  .-i.  fjix*   +  /;^3  —  ^^»  ^  qx  z=z  r, 

0^   E.   0» 


57v  JppikatiGn  of  the  foregoing  Lemma  to  the  Invejl'ignlion 
of  a  near  Value  of  the  Leojl  Root  of  nn  Equation  that  has 
more  than  One  real  and  affirmative  Root. 


Art*  II.  This  Lemma  belnpr  perfeflly  underftood,  I 
would  pfopofe  to  begin  the  rcfolution  of  any  equation  of 

%  tlie 
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tKe  foregoing  form  x^  —  kx^  +  /r'  —  m^  +  nx^  —. 
px^  ^  qx  :=  r,  (or  in  which  there  are  two,  or  more 
c\iz»g€s  of  the  figns,  H-  and  — ,  of  the  terms  that  in- 
yoIfc  the  unknown  quantity  Xj)  by  find&og^  the  fole  root 
of  the  equation  jp^  +  /y*  -^r  ny^  *¥  qy  ^  r^  which  is  de- 
rived from  the  former  equation  by  dropping  all  the  terms 
that  have  the  fign  •*-  prefixed  to  them,  and  by  (iibfti- 
tuting  y  inftead  of  x  in  the  remaining  terms*  This  root 
I  would  find  in  the  nianner  prefcribed  by  Sterinus  and 
Kerfey,  to  about  two  .places  of  figures^and  would  denote* 
it  by  the  fmall  Greek  letter  a^  to  diilinguKh  it  from-^^ 
or. the  true  value  of  the  lead  root  of  the  original  eqtnw 
tion  x'^  i-  hx^  +  Ix^  -*  mx^  +  nx^  —  px^  -J-  ^rr  sss  r, 
or  *^  H-  /*V+  «JI?'  +  J*  =  r  +  kjfi.-^  mx^  4-  px\  or 
of  the. fole  root  of  the  equation  .r^  +  ilr*  +  nx^  +  jjp 
=  r  +  ^fl*  +  mfl*  -f  pa^  5  than  which^  by  the  foregoing 
Lemma,  it  would  necefiarily  be  lefs.  And  this  quantity 
m  I  would  confider  as  the  firft  near  value  of  a,  or  the 
Icaft  root  of  the  equation  x^  —  kx^  -h  Ix^  —  mx^  +  nx^ 
—  px^  +  qx  =s  r,  which  we  are  fecking. 

jirt.  12.  In  the  next- place  I  would  fubftitute  a  inftead 
of:*'  ill  the  compound  quantity  x^  —  kx^  +  Ix*  —  mx* 
•i-  nx\  — '  px*  H-  qx^  (which  forms  the  left-hand  fide  of 
the  equation  *'  — *•  kx^  +  Ap*  —  tnx*^  +  nxB  —  px*  + 
qx  =z  rj)  in  order  to  find  how  far  the  value  of  the  faid^ 
compound  quantity  refulting  from  this  fubftitution,  or 
how  far  the  compound  quantity  a^  —  Jta^  4-  /a*  —  ma^ 
+  na^  —  pok^  H-  yoi  (which  will  neceflarily  be  lefs  than  • 
the  abfolute  term  r,)  will  fall  fhort  of  the  abfolute 
term  r\     And,  if  I  found  that  the  faid  compound  quan* 

tity 


cunfiderablf  iefs  than  the  abTointe  term  t^  as,  for  ex* 
ample,  not  mote  than  two  third  parts  of  it,  I  woolil 
increaTe  (he  ab(cdiiie  term  r  of  the  equation  y  ^  ^  ^ ' 
wf'  ^  ^^  r\ri  the  addition  of  the  three  terms  h^f 
ma^y  and  p§f%  and  wouM  feck  the  root  of  the  new  eqon^  - 
taon  tbeace  ari£ng,  to  wit,  the  ecpiation.y  ^If  4-  nf' 
-f  ff  Bs  r  -f  Itt^  4*  mu^  4-  fi^  to  two  piaoea  of  figintSf 
fa)r  the  method  of  Steranis  and  Kerfejr,:tn  the  fame 
manner  |t  we  had- before  fonnd  the  root  of  Ae  equation 
f  ^  if  ^  nf  -^  ff  ^r^\  and  this  root'I  woold  dsnoie 
bf  die  linatt  GreelL  ktter  C% 

Jht.  I}.  This  qnakitlty  i^  being  the  fote. rtet  <if  thd 
equation  jrv  4-  i^^*  +  ity*  +  fjr  «  r  +  !«•  4-  «**  +^S 
wonld  be  greater  than  a^  or  the  fok  root  of  the  eqnation 
f  4-  If  4-  nf  4-  jjr  =  r,  becaufe  the  abftdate  term 
r  4>  la*  4"  nta^  4-.  /a'  of  the  former  equaition  is  greater 
than  r,  or  the  abfolute  term  of  the  latter  equation.  And 
it  will  be  lefs  than  a^  or  the  fole  root  of  the  equation 
A»  4-  Ix^  +  nj?*  4-  f  JP  =  r  4-  la^  4-  «m*  4-  pa^%  becaufe 
the  abfolute  term  r  4-  i«^  +  mmS  4-  poU^  is  lefs  than  the 
abfolute  term  r  4-  4«*  4-  ma^  4-  pd\  Therefore  it  will 
be  of  an  intermediate  magnitude  between  a  and  n^  and 
will  approach  nearer  to  a  than  the  quantity  m  did^  and 
confcquently  may  juflly  be  called  the  fecond  near  value 
of  d  or  of  the  fole  root  of  the  equation  «'  4-  /r'  ^ 
If*'  4-  ^*f  1=  r  4-  ha^  4-  ma^  4-  pa\  or  of  the.Ieaft  root 
of  the  equation  x^  4-  Ix^  4-  iix3  4-  ^r*  =  r  4-  ***  4- 
*w«^  4-  /^%  or  of  the  original  equation  ;ir^  — *  i^:*  4-  ii»' 
—  jf7X*  4-  nx^  — ^jr*  4-  gar  =  r. 
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.  Jrt.  14.  Having  thus  found  thefc  two  near  valucSf 

a  and  C,  of  n,  or  the  leaft  root  of  the  original  equatioa 
x^  —  kx^  H-  Ix^  —  mx^  H-  nx^  —  px^  +  ^;r  =  r,  by  re* 
Iblving  the  two  equations  y^  +  /^'  +  «y3  +  jy  =  r  and 
yi  +  lyi  +  «Jf3  +  ffl'  =  r  -^  lof  +  wa4  +  /a*  in  the 
manner  prefcribed  by  Stevinus  and  Kerfey,  I  would  de- 
note the  difference  by  Which  the  fecond  of  thefe  neat 
values  of  a^  to  wit,  C,  falls  fhort  of  a^  of  the  leaft  root 
of  the  equation  x'^  —  Ix^  +  /r*  —  mx^  +  nx^  —  px^ 
+  qx  =1  r,  by  the  letter  z,  and  would  fubftitute  C  +  s 
inftead  of  x  in  the  faid  equation,  omitting  all  the  terms 
that  would  involve  in  them  any  power's  of  z  except  the 
(imple  power  of  it,  or  z  xtfclf,  agreeably  to  the  dircftiong' 
of  Mr.  Raphfon  in  his  Analyfis  JEquationum  UniverJaVii 
above-mentioned  I  and  would  refolve  the  new  equatioa 
refulting  from  fuch  fubftitution,  as  a  fimple  equation  ; 
by  which  we  (hould  obtain  a  near  value  of  z,  which, 
being  added  to  C^  would  give  us  the  value  of  C  +  z,  or 
a  third  near  value  of  a,  or  of  the  fole  root  of  the  equa- 
tion x^  +  /r'  +  r;i:3  +  g;r  =  r  4-  kaf^  +  ma^  +  pa\ 
or  of  the  leaft  root  of  the  equation  x^  H-  Ix^  +  nx^  + 
y.t  =  r  4-  kx^  +  mx^  +  /x%  or  of  the  equation  xi  —  kx^ 
+  /r'  —  mx^  +  /i.i3  -s—  px^  +  qx  =  r.  And  then  we 
might  go  on  to  find  a  fourth,  and  a  fifth,  and  other  fol- 
lowing near  values  of  a^  or  the  faid  leaft  root  of  the  . 
equation  x^  —  kx^  +  Ix^  — •  mx^  +  nx^  —  px'  -ir  qx  =  r  , 
by  Mr.  Raphfon's  method  of  approximation,  in  the  manner 
exemplified  above  in  the  Appendix  to  Dr.  Halley's  Tra£l, 
till  we  had  found  it  to  as  great  degree  of  exadnefs  as  we 
defired. 

This  method  of  proceeding  will  be  better  indcrftood 

by 
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by  applying  it  to  the  refolution  of  two  or  three  parti* 
cakur  equations* 


jlm  Exampli  of  the  Refolution  of  a  Culick  Equation  by 

the  Method  above^Jiefcrihti* 


,Art.  15.  Let  it  be  required  to  find  the  leaft  root  of 
the  cubick  equation  x3  —  39**  +  479^:  =»  iftSi. 

Tfiis  equation  has  three  real  and  affirmative  roots,  of 
which  wc  will  now  endeavour  to  find  the  leaft  in  the 
maimer  juft  now  described • 

Tn  the  firft  place,  we  muft  fcek  by  the  method  of  Stc- 
vinus  and  Kerfey,  the  fole  root  of  the  equation  ^3  + 
j^^gy  =  1881  ;  which  will  be  lcft>  tlian  the  leaft  root  of 
the  propofcd  equation  Af.>  —  39.1'^  4-  479^  =  i83i,  or 
flr3  +  479.r  =  iSSi  +  39A*,  or  (if  we  put  a  for  the 
leaft  value  of  a:  in  this  equation,)  tlian  the  fole  root  of 
the  equation  x^  +  479'^*  =  J  881  +  39^*-  ^ovr  the 
fole  root  of  the  equation  ^3  -4-  479J  —  1881  may  be 
found  by  the  method  prcfcribed  by  Stcvinus  and  Kerfey, 
by  proceeding  as  follows  : 

If  jy  IS  =  I,  the  compound  quantity  ^3  4-  479J?  will 
be  (  =  I  +  479)  =  480;  which  is  lefs  than  1881. 
Therefore  1  will  be  lefs  than  the  true  value  of  v- 

Secondly, 
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Secondly;  if  j^  is  =  lo,  the  compound  quantity  y^  + 
Jl^jgy  will  be  (==  i'ooo  +  4790)  =s  5790;  which  i^ 
greater  than  1881I  Theteforb  10  will  be  gteater  than 
Hie  true  value  of  y» 

Thirdly,  (ince  y  is  greater  than  i^  but  Ids  than  lO, 
let  us  fuppofe  it  to  be  equal  to  5.    Then  we  fhall  have 

fi  +  479X  (  =  i«S  +  479  X  5  =  125  +  2395}  = 
2520;  which  is  greater  than  1881;  Therefore  5  will 
oe  greater  than  the  true  value  of  y. 

.  ,       >,  .  '    ■  ■ 

Fourthly^  fince  y  is  lefs  than  5,  let  us  fuppofe  it  to 

be  »=  4»    Then  we  (hall  have  yl  +  479jf  (=  64  +  479 

X  4  =  64  -I-   1916)  =   1980;  which  is  greater  than 

188  f.    Therefore  4  is  greater  than  the  true  value  of  y^ 

•  *  ■  • '  ^ 

But  the  difference  cannot  be  great. 

Fifthly,  fihce  y  is  lefs  than  4,  biit  pretty  nearly  equal 
to  it,  let  us  fuppofe  it  to  be  =  3*8.     Then  we  fhall  have 

f  +  Arl9y  (=  3^^  +  479  X  3-8  =  54-872  +  18:10.2) 
=  1875.072;  which  is  a  little  le($  than  1881.  There- 
ifore  3*8  will  be  a  little  lefs  than  the  true  value  of  «  in 
the  equation  y^  4-  479;^  =  i88i*  This  value  of  jr^or 
of  the  fole  root  of  the  cubicle  equation  j?3  +  479;^  = 
i88i,  is  near  enough  \o  it's  true  value  for  our  prefent 
jpurpofe.  We  muft  therefore  conCder  3.8  as  the  firit 
hear  value  of  tf,  or  of  the  leaft  root  of  the  original 
equation  x^  —  39;r.r  -|-  479*  =  1 881,  or  of  the  equation 
x^  +  4794?  =  1881  +  i^xXi  or  of  the  fole  root  of  the 
equation  xi  -f  479^  =1881  +  39a^  This  firft  near 
value  of  the  faid  root,  or  a^  we  will  denote  by  the  fmall 

Greek  letter  a. 

B  b  Aru  i6* 


■  N 


37Q  9^  TB&SJE^LUTION  OF  £^{UTIOH$^ 

^rA  i6»  Wq  OMift  WW  proceed  to  fio4:the  value  of 
the  fofe  rpQt  jrf  tbc  cquajtio^i  /.  +  479jr  *=  1 88 1  +. 

479 j^  =  i88i  +  39  X  I4.44>  or  /  .4-  41«]r..^'^88« 
4-  563.16,)  or  y*  +  4797  =  2^44.16  by  thp  method  o^ 
SievinoiaadXjsifey.     . 

NbiNTtce  kAvefeeftaJreidftha^-ifjJs  sb  5^  ^«  flnll 
hame  :y^'.'4»'479y  =  ^S^^^  whiUi is:gf«|ter  iba» S444.iiS^ 
Therefore  5  will  be  gitatori.lhao  ihciraetihie  aC  jfu 
But  the  difierence  between  them  will  be  but  &naU  %  (o 
(hat  there.wlk  be  no  ocatGtAi  fb  determine  the  vaYue'^  9 
in  this  equation  to  any  greater  ttegree  of  exaAncfs.  We 
may  theirfbre ^ohfider  5  as  the'  TeCbnd'  near  Value  of  it, 
6t  of  the  ieaft  root  of  the  origfnal  WJuiifion  jr*—  jqir' 
+  479*  =  188 1,  or  of  the  equation  jr*  4-*  479*  = 
1 88 1  4;  39^:*^  or  of  the  fole  rpot  of  the  equation  x*  + 
479;r  ^  i88r  +39^*.  This  fecond  near  value  of  the 
faid  root,  or  J,  \ve  wiil  denote  by  the  fnaall  Greek 
letter  C 

Jri.  17.  Baving  thus  obtained  5  for  the  fecond^  near 
♦alue  of  At  leaft  root  of  the  original  equation  x^  — 
39j:ir>-f-  479*  ~  i88r,  we  may  proceed  to  inveftigate 
the  faid  root  to  a  greatet  degree  of  exaftncfs  by  Mr. 
tlaphfon's  method  of  apprbximation,  by  putting  «  for 
the  difference  by  which  5  falls  fliort  of  the  true  value  ol 
the  faid  lead  root,  and  fubilituting  5  +  s;  in  (lead  of  x 
in  the  faid  equation,  w  ith  an  omiffion  of  all  the  terms 
which  involve  an)  powers  of  a,  except  the  fimple  power 
of  it,  or  3  itfdf     This  miay  be  done  as  follows  i 

9  *  Since 
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Since  i*  is  =5  5  +  ss^  we  (hall  hare 

+  104  4-  kc, 

»d  *»  (=  fT^'  **'  5\*  +  3  ^7^^  K  «  +  &c  =s 

IIS  +  3  X  ^S  X  2  +  *«^)  ==  ^*S  + 
75*  +  «cc, 

and  39xjr  (=  39  X  25  +  ita  +  &c  rt  39  x  2S  +  39 

X  loa:  +  &c)  =  975  4-  a^o*  X  ^  +  &c, 

and  479:r  (=  479  X  s"+T  =  479  X  5  4-479  X  z) 

=  ^395  +  4792* 
and  confequently  x^  —  39**  4-  479*  = 

-    975  -  l^^  -  to: 
+  2395  4-  479* 

r      V-        a^io  +  554%  4-  &c  Y 

^  \  -    97S  -  39<>*  -  &c  J 

=s  1545  +  164*    &c. 

But  x^  —  39J^*  4-  479^  is  =  1881. 

Therefore  1545  +   1642  &c  will  alfo  be  =   1881. 
And  confcquently   1642  will  be  (  =  1881  —  1545) 

=  336,  and  z  will  be  =  ||-   =  2.0  &c. 

Therefore  jp,  or  5  4-  2,  will  be  =s  5  4*  1.0  8ce  ss 
7.0  &c,  or  will  be  greater  than  7,. 

B  b  a  Art.  tSL 
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Jrt.  1 8.  Now  let  7  be  fubftitutcd  inftead  oi  x  ia  the 
compound  quantity  *'  —  39X*  +  479««'>  in  order  to 
difcoTcr  whether  the  refult  will  be  greater,  t)r  lefs,  than 
i88i>  or  the  abfolute  term  oF  the  equation  x^  —  394;^ 
•f-  474?  :s3  liii  I  and  confequently  whether  7  is  greater^ 
or  Je&i  than  the  true  ?alue  of  the  lead  root  of  the  faid 
equation.    By  this  fubftitution  we  (hall  hive  x^  -—  394;^ 

+  479*  ( —T)*  —  ag.x^^T^'  +  479  x  7  =  3+3 

—  39  >  49  +  3353  =  3^9^  —   '9")  =  ^1^5  i 
which  is  lefs  than  i88i.     Therefore  7  is  lefs  than  the 

true  value  of  the  lead  root  of  the  propofed  equation 

x^  -—  39*^  4-  4794:  =  188 1 « 

AtU  19.  Let  us  therefore  fuppofe  x  to  be  a?  7  +  v, 
and  fubftitute  7  +  v  inftead  of  «  in  the  equation 
x^  —  39*-*  +  479jr  =   1881.    And  we  (hall  lave 

XX  (=  7  +  vV)  =  "tI*  +  2X7Xt;-|-&c   = 
49  +  14V  +  &c, 

and  x^  (=  7  +  vV   =^^   +    3X7l'Xv    +    *c 

=  343  +  3    X   49   X   V  +   &c)    = 
343  H-   147   X  V  +  &c, 

and  394:4:  (=  39  X  49  4-  14^  +  ^c  =3  39  X  49  +  39 

X  \\v  +&c)  =  1911  -j.  546  X  V  +&C, 

ani  479*  (=  479  X  7  +  V  =  479  X  7  +  479  X  v) 

=  33S3  +  479^> 
and  confequcntly  x^  —  394fx  +  479*  = 

343 
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»f'      '        343^+  '47   x  'v+  te 

<.•     —  iprx-^  546  XV  —  arc 
V.        +  S3S3  +  479  X  V  +  Ice 

{369^  r».;6a6r.x-v..-h.&c:  V 

=  1785  +    80  X  ^  **t.     ^ 


..  /'•. 


9at  **-r-:c3iK*  >r  .479*-^  ==.  *88i, 

~  "^     *  »  -    ^  - 

Therefore  1785  -I-  80  X  v.&c  vrill  sJfo  be  =  1881. 
And  confequently  80  X  ti  Will  be  (  =  1881  -^1785  ) 

=  96,  anJv^illbc  =r  |-  =s    i.a.    T|icrcfore  ;r,  or 

7  +  V,  will  he  (=  7  +  i.^)  ==  8.2.   . 


-  ^' 


*  ■ 

jtrt.  20*  Now  let  8.2  he  fuhftituted  inftead  .of  x  in 
the  compound  quantity  ap'—  39«*  +  479*>  in  order  to 
difcover  whether  the  refult  will  j>e.ffreater4  or  lefs.  th^n 
i88i|  ^r  the  abfolute  term  of  the  propofed equation 
x^  —  joxAf  -I-  479^  >=  1881,  and  confequently.  whether 
8.2  is  greater,  or  lefs^  than  the  ttue  value  of  the  leaft 
'   root  of  that  equation,        . 


*         ^ 


By  this  fubftitution  we  (hall  have  x^  —  'j^x  +  479^ 

.(=:  8^»  —  39  X  STal?  +  479   X   8.2  =  551-368 

-—  39  X  67.24  +  479  X  8.2  =  55 1 .368  —  2622.36 

+    3927*8  =   4479.168  -^  2622.36;  =s  1856.808  s 

which  is  lefs  than  1881.    Therefore  8.2  is  lefs  than  the 

tfue  value  9£  the  leaft  root  of  -the  equation  ^r'  —  ^^x 

-f-  479Ar  =s  i88i. 

Bb3  Art.%u 


and  *j?(=  b.8f  ^*  =  8T8]*  +  2  X  8.8  X  ^  +  ^9) 

==  77-44  +  17.6  X>  +  &c^ 

and  Jf»  (=  Sl+^l'  =  8^»  X  3  X  Ol*  X  f  +  &<; 

=i:  68^.472  +  3  K  77^44  X  <)  +  &c) 
s  681.472  +  232.32  xp  +  &c, 

and  jqxx  (=  39  X  77.44  +  17.6  X  ^  +  ^c  =  39  X 

77-44   +  39   X    17.6   X   p   +   tic)  =9 
30^0. 1 6  +  6^6.4  :)$  f  +  &Cj 

and  479T  (=  479  x  8T+>  =  479  ^  8.8  +  479  x  f> 

«  4215.2  +  479  ><  >> 
arid  confcquchtly  ap'  —  39;p;r  +  47^  = 

r  631.47*  +  232.31  X  p  +  9fc       '\ 

2     —  3020.16    —  6S6.4    X  f»  —  *c        >  = 

•  V.     +  4215.2       +  479        X   f  +  &c       J 

{4896.672  +  711.32    X   p  +  &c       "^ 
—   3020.16     -*  686.4     X   ^   —  &C        J' 

5=     1 876.5  U     +     24.9a         X     f        &C. 


But  x^  —  39;r;r  +   4790;  is   =   1881. 

Therefore  1876.512  +  24.92  X  p  will  alio  be  t» 
l88i- 

Therefore  24.92  X  9  will  be  (=  1881  —  1876.512) 

^  .go 

=  4.488  i  and  confequflptly  p  will  be  =»  -57—  =  o.v8, 

24.92 

Therefore 
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<  Therefore  ^^  pr  ^^  +.#»  will  be  (  ss  8.8  4*  o.iS) 
^  8.981  or  the  leaft  root  of  the  pcop6(e4  equation  s(i  «-; 
^xjp  +  479A?  =  ipStl  will  be  =?  8.98.  ft.  ^.  ^. 


•  •  •  ' 

yffi.  24.  This  vdue  of  the  faid  le^ft  root  will  be  vety 
little  lefs  than  the  truth.     For,  if  we  fuppofe  «  to  be  =^ 

8.98^  we  fhall  have  xx  (=  STgS)^)   =  80.6ij.04,  and 

x^  (=  8798^^)  =  724-i5V9^<  ?"4  29^^  (=  39  X 

89.6404)  =  3J44-97S}^>  a«^ci479f  (=^  4-79  X.S.gS)  = 
4301.42,  and  cpnfequently  x^  -7  39^^  +  479^:  (p;^ 

724.150,792  —  3144-979^  +  430>-42  =  5025.570;, 
792  —7  3I44.979>6)  =  1880.594,192;  which  is  very 
little  lefs  than  188 r,  or  the  abfolute  term  of  the  propofed 

•     •  •  ' 

equation  ;r'  t"  39''='^  +  479**  =  188 r.  And  confc-- 
quentljr  8.98  muft  be  very  little  lefs  than  the  true  value 
of  flie  leaft' root  of  the  faid  equation. 

jfrt.  25.  §incc_8.98  is  very  little  ^efs  than  the  true 
T^ue  of  a,  or  the  leaft  root  of  the  propoled  equation 
xS  —  39;r;ic  -|-  479 -v  =  1 88 1,  it  feems  reafonable  to 
<^onjediure  that  it's  true  value  may  be  the  whole  num- 
ber  9*  And  fo,  upon  trial,  vire  (hall  find  it  to  be.  Tor, 
if  we  fuppofe  x  to  be  =  9,  ^e  (hall  have  xx'=  81,  and 
;r»  =  729,  and  39^^^;  (=  39  ^  81)  =  3159,  and  479* 
(=  479  X  9)   =  431 1>  and  confequently  x^  —  39*^ 

+  479*  (  =  729  -  3»S9  +  43'.i  =  5^4©  —  .31J9) 
=  188 1.    Therefore  o  is  the  true  value  of  u,  or  of  the 

leaft  root  of  the  propofed  equation  x*  —  39XX  +  479* 

:=   1881.  q.  E.  D. 
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Jpt.  itf.  Hrfing  thus  found  xnt  of  the  MOts  of  the 
cvUrk  equstton  o^  —  '^^mx  +  479^  «  1881,  we  majf  * 
icdoceihe  equation,  to  a  lower  deg#ee»  or  convert  it  inta 
2  quadratick  equation  of  which  the  roots  (hall  be  the  fame 
with  the  remaining  roots  qf  the  faid  cubipk  ^uatioo,  bjp 
proceeding  in  tbc  manner  following  v  ^ 

•  #  .... 

Let  a  be  pnt,  as  before^  for  p)  or  the  leaft  root  of  Ae 
faid  equation  ;  and  let  ^  rcpYefcrit  each  of  the  other  two 
loota  of  it,  if  it  has  two  other  roots,*  of  the  only  rc- 
aaakiing  root  of  it>  if  it  has  but  one  oth^  tbot* 

Then,  fince  ^J*  —  jgja  +  479^  b  ==  1881,  ahd  x*  — 
2S^-»  +  479^  is  alfo  =  1 881,  we  (hall  have  a^  —  ZV^ 
+  479a  =  ;<^  —  39;i".v  +  479.v,.and  copfequentlj  (add- 
ing 39A\v  to  both  fides,)  dh  +  479^. .+  V)'!^^  "**  39^^  = 
jr*  -h  479'^'>  and  (fubtrafting  a'  +  479^  from  both  fides 
of  the  equation,)   39.r.v  —  39^^  =  jrS  —  ^?*  +  479**'  — 

479J,  or  39  X  XX  —  aa  =  at*  —  <73  4-  479  X  x  —  a, 
and  (dividing  bcth  fides  of  the  equation  by  the  refidual 

quantity  x  —  a^)  39  Y.  x  -^  a  —  xx  '\-  xa  ^  aa  -^  479, 
or  39.r  +  39/j  =:  XX  -f-  ^.v  -f  fl^  -+•  479,  and  (fubtraft- 
ingjTAf  -h  tf.v  from  both  fides,)  394:  +  39^1  —  ^*  —  xk 
:=  aa  +  479,  and  (fubtradHng  39^  from  both  fides,) 
39.V  —  ax  —  XX  =  479  -^  aa  —  39^>  or  (becaufe 
#13  =  9,)  39.r  -r-  gx  —  XX  =  479  +  81  —  39  X  9, 
or  2px  —  ix  (  =  560  —  39  X  9  =  560  —  351  ) 
=   209  •,  which  is  only  a  quadratick  equation. 

Q.    £.    F* 

jirt.  27 


^ 
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ApU  vj.r  Tliii  qaadratick  equation,  30^;  —  ;ur  'at  ^09, 
ynW  bave  tMroToOt^,  which  may  be  found  in  the  maimef 
following :  '     *    . 

StiEfira&%dtK  fides  of  tht  equation  30*  —  aror  =  209 


•.I 


from  2^5,  oc  tjipfquare  of  I5»  or  of  -«—  ,  or  of  half  the 

CO  efficient  of;!;  in  the  faid  equation.  And  we  {hall  have 
225  7-r  30*  +  AfA:  (=  225  — T  209)  =  16.  Therefore 
the  fquaft^fWl'l^f'Ihe  tlinofAial  quantity  225  i—  303: 
^  ;>fj)r  will  be  equal  to  the  fquare-root  of  16,  that  is, 
XQ  4.  But  the  trinomial  quantity  225  —••30^  +  xx  has 
two  fquare-roots^  to  .wit,  15  — ^  iT  and  x  —  15,  There- 
fore 15  —  *  will  be  =  4i  and  confequcntly  15  will  be 
=  4  -f*  X,  and  4r^ill  be  =  15  —  4=11.  And  ^—15 
will  ^o  be  3=  4,  atkl  confequently  x  will  be  ra  4  4-  15 
=  i^. .  Therefore  11  and  19  will  be  the  two  roots  of 
the  quadratick  equation  '^ox  ^-^  xx  =z  aop,  and  confe- 
4]uently  will  be  the  middle  and  greateft  roots  of  the  pro* 
pofed  cubick  equation  x^  —  39x;r  +  ^j^x  =^  iSSz. 

And  fo,  ufoh  trial,  we  {hall  find  them  to  be.  For»  if 
^e  fuppofe  AT  to  be  =  11,  we  {ball  have  xx  =  lai,  2xA 
^"=1^3^  and  29^^  (=  39  X  121)  =  471^,  and 
4'/9ir  (=i  4^9  ><  I  r)  =  5269,  and  confequently  x^  — 
39.rjf  +  j^^x  (  =  i33i  —  4719  4-  5269  =  6600  — 
47*ig)  =   1881. 

..■-•■■  •  *  I 

I 

Aiidj  if -we  fuppb{fe  iir  tiD  be  =  19/  we  {hall  have 
A^  :±i  jfii/W  A«  rs  fc8^5J9S' ihd  ^pxx  (=  '39  X  ^6t) 


38a  OV  THE  RBtOLUrrOKTOV  EQVATlONi 

^  14,079,  aiid479x  (=479  .X  19)  =?:  910? «.  and  CMi« 

Ifquemly  *^  —  39^^*  +  ^TQ*"  (=?  ^859  — t  I4»Q79  + 
9101  =  15,960  —  14,079)  =  1881. 

Therefore  both  i  \  and  19  are  roots  of;  the  ^Jfcpokd 
equation  x^  —  394^4^  +  479'^  =  i88i,  and  confequentlj 
the  three  roots  of  that  eqiuuion  are  9^  in,  and  t^ 

.    Q:  |l.  I- 


'II.    '  'I  M  '■,i|.';  i  jj-jjuii. 


Another  Exampli  of  the  Refilution  of  an  Equation  thatf  bj 
the  form  of  itj  or  the  Changes  of  the  Signs  •♦-   and  — ^ 

« 

prefixed  to  ifs  Terms y  feems  capable  of  having  nwrg,  tban^ 
On$  r^al  and.,  ajfitmative  Rooty  hy  tntans^  rf-the  farigoing 
PY^efis  defiribed  above  h  Art.  9,  10,  I  r,  12^  and  jj. 


Art.  28.  Let  It  be  required  to  refolve  the  equation 
xl  —  7;r*'  +  2  0jr*  —  iSS-vx  =  1 0,000  (which  rifes  to 
the  fifth  power  of  x,)  by  means  of  the  faid  proceflcs. 

This  equation  is  of  fuch  a  form  as  to  be  capable  of 
having  three  real  and  afilrmative  roots^  if  the  co-efficients 
of  ^^•*^>  •*•%  ^"d  .v,  to  wit,  I,  7,  20,  and  155,  and  the 
abfolute  term  1 0,000,  are  of  the  proper  relative  magni- 
tudes with  refpeft  to  each  other  for  that  purpofe.  But 
of  thefe  roots,  (whether  they  be  three  in  number^  or 
fewer  than  thiee,)  I  now  propofe  to  inveftigate  pijjy  one 
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THAT  ItAVft  liORft  TiftAK  bUt  koof  ^  jftl 

toot];  and  that  will  be  the  leift  of  them,  if  there  are 
more  'than  one :  and  this  root  I  ihall  denote  bj  (be 
letterio^lj  -.i  •  ••>••-:  •■*-• 

Art.  29.  Now,  fince  x^  —  'jx*  +  ao;r'  —  *$S** 
is  =.  i0j00O,*we  .fhall  have  jrV':l-.20;r'  =:  io,coo  + 
jx^  4-  iSS^^y  ^"^  Confequentl]f  (becaufe  a  is  equal  to 
one  of  the  values  tif  x.  ,to  wit«  the  leaft  irahie  of  it.  if  it 
has  more  than  one  value,)  a^  4r  ioa3  will  be  =  lo^oo 
•+•.7^1*  4-  i^^aa,..  We  muft  therefore  endeavour  to  find 
the  root  a  of  this  equation  a*  +   20 ai  =   10,000  4- 

7^*  +   155  <2^. 

Now  the  root  of  this  equation  will  be  greater  than  the 
root  of  the  equation  y^  4-  20^^  =  10,000,  becaufe  the 
trinomial  quantity  10,600  +  'ja^  4-  I55i?£i  it  greater 
than  the  fingle  quantity  ib,obo.  We  will  therefore,  as 
a  firft  approximation  to  the  value  of  a^  or  the  root  of 
the  equation  a^  +  20fl3  =  10,000  +  ^a^  +  ^SS^^9 
feek  the  value  of  y^  or  the  root  of  the  equation  yS  4-* 
2oy3  =   10,000. 

ArU  30.  Now,  if  we  luppbfc  y  to  be  equal  to  1,  we 
(hall  have  yl  =  1,  and  y^  =  i,*and  2oj^*  (=  20  X  i) 
=  20,  and  confcquently  ^5  +  20;^  (=  i  -f  20)  =  21; 
^hich  is  much  lefs  than  the'  al^folute  term  io,O00* 
Therefore  i  muft  be  much  lefs  than  the  value  of  j^  in  Ac 
Equation  y'^  4-  20>3  =  io,00O. 

Secondly,  if  we  fuppofe  ;?  to  be  =  10,  we  ihall  have 
j/3  =  loooj  and  y%  =b  100,000,  and  20;'3  =  20,000,  and 

>'4- 


f  +  aojr*  (=  100,000  4-  20^000)  =  i2O|0Ot>i  wUc^ 
k  much  greater  than  the  abfoluee  term  io»oook  Tbcre^ 
fore  10  muft  be  much  greater  than  the  value  of  ^  m  tbd 
tquation  ^54-  20^'*  =  10,000. 

•  •  • 

"We  Will  therefore,  in  the  3d  place,  fiippofe  y  t6  b6 
equal  to*^.  And  then  we  fliall  have  y^  ==  125^  ^nd  yf 
=  3»*5>  and  20^*  (=  20  X  125)  ^  2500,  and  /*  -¥ 
2oj^*  ( =  3125  4*  "2500)  a=  5625 ;  which  is  !cfs  than  the 
abfolttte  term  io,cod.  Therefore  5  muftf  be  fefe^iharf 
the  value  of  y  in  the  equation  yS  +  aoj^'  =±  io,oco. 

We  will  therefore,  in  the  4th  place,  fuppofe  jr  to  be 
e<^al  to  6.  And  then  we  fhall  have  7'  =  216,  and 
j5»  =  7776,  and  2cy  (=  20  X  216)  =  4320^  and  con- 
fequently  y^  +  20^  (  =  7776  +  4320)  =  12^096*, 
which  is  greater  than  the  abfolute  term  10,000.  There- 
fore 6  muft  be  greater  than  the  value  of;'  in  the  cquaiion 
jS  4-  20J1*  =  10,000. 

We  will  therefore,  in  tlie  fifth  place,  fuppofe  y  to  be 
equal  to  5.8.  And  then  we  (liall  have  y*  =  195.112, 
and  y'^  =  6563.56768,  and  20;i3  (=  20  X  195.I12)  = 
3902.240,  and  confcquently  ^'5  -i-  2Cy^  (=  6563.56768 
4-  3902.240)  =  10,465.807685  which  is  fomewhat 
greater  than  the  abfolute  term  10,000.  Therefore  5.8 
muft  be  fomewhat  greater  than  the  value  of  y  in  the 
equation  y^  +  2oy^  =  lo,ODO.  But  the  difference  will 
be  but  fmall,  and  confcquently  we  may  confidcr  5.8  as 
the  root  of  the  faid  equation  y^  +  ^oj^^  =  10,000,  and 

as 


THAT  HAVE  MORS  THAN  ONE  EOOT.  38J 

as  the  firft  near  ralue  ot  a  'n^th^  equation  a^  -I-  2oa^  := 
10,000  +  7^1*  +  155^. 

Art^^x*  Lrt  tVrs  quantity  5.8  be  Called  a.  And  let 
us,  for  a  fccond  near  value  of  tf,  find  the  r60l!  6f  the 
equation  y^  4-  loy^  =  ic,ooo  +  7  a*  +  ^Sif***  ^o*" 
this  root  will  be  greater  than  a,  or  5.8,  or  the*  root  of 
the  equation  y^  +  2c>''  =  10,000,  becaufe  the  trinonital 
qtiantity  10,006  +  7«^  4-  >S5**  Is  greater  than  the'fingle 
quantity  10,006;' but  ftVill  biflefs  than  a,  or  the  f dot 
©f  the  equation  a^  4  20^1^  =  10,000  -I-  fa^  -f  ^5i;<»^> 
becaufe  the  trinomial  quantity  10,000  +  7a*  +  '55** 
fe    lefs   thto  the    trinomial    quantity    10,000   -h   *]  s^ 

« 

Now,  fiffce  a  IS  =  5.8,  we  Qiall  have  a*  <=  *S^^)  =  * 

33.64,  and  a*  (='fl\*)  =  1 131.6496,  and  7a*  (=  7 
X  1131.6496),=  7921.5472,  and  is5a*  {=:  155  X 
33'<^4)  =  1850. 20,  and  confequently  10,000  +  7a*  4- 
155a*   (=10,000    +    7921.5472    +    1853.20)     «= 

19,1771.7472.  Therefore  we  fliall  have  y^  +  2hyl  (  = 
10,000  +  7a*  +  1555^)  ^  '9i77'-7472;  of  which 
ecjuation  we  niuft  now  endeavour  to  find  the  ropt. 

An.  33.  Now  we  have  feen  above,  that,  if  y  be  fuj)* 
pofed  to  be  =  6,  the  compound  quantity  y^  +  20yl  will 
t>e  =  12,096;  which  is  Icfs  than  the  abfolute  term^ 
19,771.7472,  of  the  prcfent  equation  y^  +  .20J'  » 
^9>77^'747^-  Therefore  6  muft  be  left  than  the  root 
of  the  faid  equation*  «  ^«> 

Wc 
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f  +  aojr*  (=  100,000  4-  20^000)  =s  i2O|0O(>i  wtik^ 
k  much  greater  than  theabfoluee  term  lo^ooot-  Tbcre^ 
fore  10  muft  be  much  greater  than  the  value  of  ^  in  tbd 
tquation  ^5  4-  20^'*  =  10,000. 

"We  Will  therefore,  in  the  3d  place,  fiippofe  'y  t6  ht 
equal  to*5.  And  then  we  fliall  have  y^  ==  125^  t^nd  'jr^ 
=  3»*5»  a"d  ^0/  (=r  20  X  125)  ±=f  2500,  and  y^  4*' 
2oj^*  (=  3 125  4*  "2500)  =  5625  ;  which  is  !cfa  than  tht 
abfolttte  term  io,cod.  Therefore  5  rauftr  be  fcfs.vthari 
the  value  of  y  in  the  equation  yS  4-  aoj^*  =±  io,oco. 

We  will  therefore,  in  the  4th  place,  fuppofe  jr  to  be 
equal  to  6.  And  then  we  fhall  have  y^  =  216,  and 
•5»  =  7776,  and  2cy  (=  20  X  216)  =  4320^  and  con- 
fequently  v5  4-  20^  (=  7776  4-  4320)  =  12,096; 
which  18  greater  than  the  abfolute  term  10,000-  There- 
fore 6  muft  be  greater  than  the  value  of  y  in  the  equaiion 
jS  4-  20J1*  =   10,000. 

We  will  therefore,  in  the  fifth  place,  fuppofe  y  to  be 
equal  to  5.8.  And  then  we  (liall  have  y^  =  195. 112, 
and  y^  =  6563.56768^  and  2C;i3  (=  20  X  195.I12)  = 
3902. 24O,  and  confcquently  yS  4-  2Cy^  (=  6563.56768 
4-  3902.240)  =  10,465.80768;  which  is  fomcwhat 
greater  than  the  abfolute  term  10,000.  Therefore  5.S 
muft  be  fomewhat  greater  than  the  value  of  y  in  the 
equation  y^  +  2oy^  =  1 0,000.  But  the  difference  will 
be  but  fmall,  and  confequently  we  may  confidcr  5.8  as 
the  root  of  the  faid  equation  y^  4-  ^oy^  =  10,000,  and 

as 


THAT  HAVE  MORS  .THAN  ONE  EOOT.  38J 

as  the  firft  near  raliie  ot  a  'n^th^  equation  a^  -^  2odi  := 
to,ooo  -h  Ja4  +  155^- 

ff 

-rfft.  31.  Lrt  tlik  quantity  5.8  be  Called  «e.    And'Ict 
us,  for  a  fccond  near  value  of  <;,  find  the  r60l!  6r  the 

-  ■  *  '  *  t       _ 

equation  y*  4-  loy^  =  10,000  +  '7a*  +  I5ya*.  Tor 
this  root  will  be  greater  than  a,  or  5.8>  or  the*  root  of 
the  equation  y^  +  2o>''  =  10,000,  becaufe  the  trinomial 
4^amity  10,000  +  fa!^  +  155**  is  greater  than  the'  fingle 
quantity  10,006; 'but  ftVill  biflefs  than  a,  or  the  tdot 
©f  the  equation  a^  ^  2oa^  = '  10,000  -I-  ja^  -f  '5i(^^» 
beeaufe  the  trinomial  quantity  10,000  +  7a*  +  155a* 
fa    lefs   than-  the    trinomial    quantity    10,006  -i-   Js^ 

Now,  fiffce  a  IS  =  5.8,  we  Qiall  have  a*  {=  5^*)  = 

33.64,  and  a*  (=5^*)  =  ^131-6496,  and  7a*  (=  7 
X  1131.6496),=  7921.5472,  and  155a*  {=  JS5  X 
33'<^4)  =  1850. 20,  and  confequently  10.000  +  7a*  + 
155a*  (=10,000  +  7921.5472  +  1850.20)  «= 
19,1771.7472.  Therefore  we  fliall  have  y^  +  2v'";'3  (  = 
10,000  +  7a*  +  1555^)  =  191771-7472;  of  which 
eijuation  we  niuft  now  endeavour  to  find  the  ropt. 

Art.  33.  Now  we  have  feen  above,  that,  if  y  be  fup* 
pofed  to  be  =  6,  the  compound  quantity  y^  +  20)5  will 
t>e  =  12,096;  which  is  Icfs  than  the  abfolute  term^ 
19,771.7472,  of  the  prcfent  equation  y^  +  aoy*  » 
19,77 1.747-i-  Therefore  6  muft  be  left  than  the  root 
of  the  faid  equation.  «  *^ 

Wc 
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Wt  will  therefore  fuppofc  jr  to  be  equal  to  7.  Aiicl 
then  wc  (hall  have  yt  =  343,  nhd  y*  =^  16,807^  ^^4 
confequcntly  2oy^  (=  20  X  343).=  6860,  and  jr*  + 
ao«3  (=  16,807  +  6860)  =  23,667;  vhidi  is  greater 
than  the  abfolutc  term  19,771.7472.  Therefore  7  muft 
be  greater  than  the  root  of  the  equation  y^  +  aojn^  = 

*9i77'-7472- 

We  will  therefore,  in  tlie  next  place,  fuppofe  jr  to  be 
equal  to  6.7.  And  then  we  fliall  have  ^  =  3oo.763> 
and  yt^  =  139501*2$  107,  and  conleqaentlf  209^  (=s  20 
X  300.763)  =  6015*260,  and  jr*  4-  2Cy3  (=  13,5011 
,^25107  +  0015. ?6o)  ==  191516.511071  wbich  isrerf 
little  lefs  than  the  abifolute  term  19,771.7472.  There- 
fore 6.7  muft  be  very  little  left  than  the  root  of  the 
equation  /  -f  2oj3  =  19,771.7472.  Wc  aiajr  thcsefbre 
confider  6.7  as  the  fecond  near  value  of  a,  or  of  the  root 
of  the  equation  a^  +  20a^  =  ld,00O  +  ja^  +  1S5^^^ 
or  of  the. equation  a^  —  ^a*  +  20fl3  —  155^^  =?= 
ic,ooo,  or  of  the  lea  ft  root  of  the  propofed  equation 
**  —  7.r*  -f  20.1 3  —  155-^**  =    loiooc. 

ii 
ue  of  <7,  or  of  the  leaft 

root  of  th^  propofed  equation  x^  —  'jx^  -f  2oji3  — ^ 
i55:rx  «=  10,000,  is  confidcrably  lefs  than  it's  true  value, 
for,  if  wc  fuppofc  X  to  be  equal  only  to  thii  fecond  iicar 
iralue  of  a^  to  wit,  6.7,  the  two  terilis  x^  +  2C;r3  will  be 
lefs,  inftead  of  being  greater,  than  the  two  terms  7^*  -h 
I55x;r,  which  arc  to  be  fubtraGed  from  them.  For; 
upon  this  fuppofition  we  fliall  have  xx  s  44.89,  and 
M%  =  300.763,  and#r*  cr  2015.1121^  and  x^  ±=  I3i50i: 

.251071 
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•2SJO7,  and  7jr^  (=  7  X  loiSAlii)  =  14,105.7847, 
ttiid  aoir^  (is  20  X  300.763)  =  6015.266,  and  I55*x 
{=  155  X  44*89)  =s  6957.95*  and  ;i?5  4.  ao«*  (  s= 
13,501.25107  +  6015.260)  ==  191516.51107*  and  7** 

+  155^^  (**  i4>to5*7«47  +  6957.95)  =  21,063.73471 
which  is  greater  than  199516.51107,  or  mS  +  20;r*. 

Therefore  Jf  muft  be  confiderabljr  'greater  tkin  6.7,  in 
order  to  rriikt  x5  -f-  2ox^  become,  not  only  greater  than 
7a*  +  I55*^>  but  greater  by  an  excefs  equal  to  io,ooo« 

We  will  therefore  fuppofe  ^r  to  be  equal  to  8.  And 
•then  we  (hall  have  xx  :=£  64*  and  .t'  =  5 12,  ind  x*  = 
4096,  and  ^  =  32768,  and  confcquently  7;r*  (=  7  x 
4096)  =  28672,  and  ao^r^  (=20  X  5x2)  =s  10240, 
and  iSS^x  (=  '55  ^  64)  =  9920^  and  x^  —  yx^  + 
2C4f*  —  I55;p.t  (  ==  32768  —  28672  +  10240  —  9920 
=  43^008  ^^  38,592 )  =s  4416  s  which  is  lefs  than 
i  0,000,  or  the  abfolute  term  of  the  propofed  equation 
xS  —  'jx^  +  2oi*  -*-  155*^  =  10,00©.  Therefore '8 
will  be  fbmewhat  lefs  than  the  lead  root  of  the  Add 
equatiom        ^-    '      •      i-   . 


;  f 


We  will  therefore  now  fuppofe  *  to  be  =  8.5*  And 
then  we  (hall  have  ir;r=i  72.25,  and  *'  =  614.125,  and 
OP*  ='5220.0625,  and>*  ss  44370.531255  and  confc- 
quently 7;?*.  ( ==  7,  X  5220.0625)  =  36540.4375,  and 
20*»  (=  20  X  614.125)  =  12282.500,  and  155*4?  (=: 
I J5   X  72.115)   =   1X1^98.75,  and  xS  —  7**  +  20a?* 

—   15s*'  (==  44»370-S3»a5    —   3^>540.437S    + 
12,28^.500  -^  11,198.75  =  56,653.03125  ~  47*7?9- 

Gc  .1875} 
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• 

.1875)  =  8913.84375;  which  18  lefs  Aan  tK^.abfckHtf 
term  io,coo.  .  Therefore  ^.5  will  belcl9  than- -the  Icift 
root  of  th^  propofed  equation  ;r*  r-.  7^"^*  •+ .aojr3  -- 
i^^xx  s=  lo^oco.  But  the  difitsrence  botwecn  them  will 
not.be  great,  becaufe  8913.84375  t8.  not  a^great  deal 
lefs  than  io,ocx>.  Therefore  8.5  will  be  fufficiently  near 
to  the  true  value  of  the  faid  leaft  tObt  to  be  the  ground 
of  ^  further  approximation  to  it  by  Mr.  Rapbibn's  me- 
thod. ' 


r  ...  ...  .     "  ■ 

jfrl.  34*  Let  U8  therefore  (uppofe  ;<r  to  be  =  8^5  +  z. 


Then  we  (hall  have 

XX  (=  8.5 +  «V-  =  S^*  4-  2  X  8.5  X  2  4-  &cj 
s=  72.25  +  17.0  X  z  +  &c^ 

and  x'  (=  SJ+z)'  =  S^'  +  3  X  ^\'  X  a  +  &c 

=  614.125  +  3   X   72.25   X  Jc  +  &c) 
=   614.125  +  216.75   X  z  +  &c, 

and  X*  (=  8T5+?)4  =1^*  +  4  X  T5)*   X  2  +  &c 

=  5220.0625  +  4  X  614.125  X  2  +  &c) 

i  =   5220.0625    +  2456.500    X    2   +    &€, 

and  x5  (=  8.5+2,5  ±=  8T5I5  +  5  X  S^^  X  2  +  &c 

=  44>370-53i25  +  S  X  5^^20.0625  X  z 
+  &c)   =  44>37o-53'25  +  26,100.3125 

X   2    +    &C. 

Therefore 


ft 


THAT  HAVE  IfORB  THAN  ONt  ROOT.  $8/ 

Therefore  ^x^  will  be  (  =  7   X 


^220.0625  +  2456.500  X  «  +  &c  =  7  X  5220.0625 

^  7  X  2456.500  X  «  +  &c)  =  36540.437^5  + 
17195.500   X   z  +  -ftc,  dnd  2ar'  will  be  (=   20  X 

614.125  +  216.75  X  z  +  &c  =  20  X  614.125  +  20 
X  216.7s  X  z  +  &c)  =  12,282.500  +  4335-00 
X  z   +  &p,  and  i^^xx  will  be  ( 5=   155   ){ 

72.25  4-  17.0  X  z  +  &c  ac  155  X  72.25  +  155  X 
17.0  X  z  +  &c)  =  11,198.75  +  2635.0  >C  z  +  ^c, 
and  confequcntly  ;i:^  —  7**  +  20;r'  — ^  ISS^^^-^  will 


I 


44»37o-53**5  +  i6,ioo.jii25   x  z  +  Set 

-  36,^40.4375  -  17,195.500     X  z  -  &c 
+  '12,282.500*  +      4335*00       X  X  +  Bcc 

—  11,198.75'  —      2635.0         >{  «  —  to 

J 

56,6j 3.03x25  +  3o»435*3^aS   X  »  +  &c 


{56,6j 3.03x25  +  3o»435*3»aS   X  »  +  &c    ^ 
-  47»739-i875     -  19,830.500     x  «  -  &c    J 

=    8>9i3«84375  +  10,604.8125  x  %    ice. 


But  xS  —  7V*  +  20*'  ^-^  i^s^^  J*  =  lopob. 

Thcrcfotc  8,913.84375  4-  10,^64.8125  X  z  +  &e 
^iU  alfo  be  =  ib,ooo.   . 

And  confequently  10,604.8125  X  z  will  b^  (  ss 
lojooo  — ^  8,9*3.84375)  ^  1086.15625,  and  z  will 
:     _    1086.15625     _  ^     • 

10^04^8125    ' 

C  c  a  fbcxcfttW 


TJctcforc  8.5  +  2  will  be  (=  8.J  +  otio)  37  8.605 
or  8.6,  and  confcqucntly  x,  or.  the  kaft  root  ot  fhe  pro« 
pofcd  equation  ;«:*—  7«*  +  ?LP^  — '  iss.rx;,f=  ;i(V>oo 
.  will  be,  nearl/p  ^  8*6q»  or  8.d.  . :  %  E«.  u 

-/^r/.  35.  Now  let  8.6  be  fubftitiited  inftcad  of  x  in  the 
compound  quantity  x^  -^  7^:*  +  20*'  —  Ijjjr-r.     And 

we  ftiall  have  ii  (  =  SIS!*)  =  73«96,  and  x3  ss 
636.056,  and  *♦  =  5470.0816,  and  x^  =  47>042-70i>76, 
and  confcqucntly  7**  (=  7  X  5470.0816)  =  38,290, 
.5712,  and  20A"3  (=  20  X  636.056)  =  12,721.120,  and 
iSS'Vx  (=  155  X  73.96)  ,8=   11,463.809  and  **  ~  yx^ 

'+  2CX*  —  155*^^  C=  47P42'70'>7^  —  38t^9<^-57*2  + 
12,721.120  —  11,463.80  =  59,763.821,76  —  49,754. 
«37i2)  =  10,009.450,56;  which  18  a  little  greater  than 
the  abfolute  term  10,000.  Therefore  &.6  muft  be  a 
little  greater  than  the  true  value  of  the  leaft  root  of 
.the  propofed  equation  x^  —  yx^  +  2oa3  -^  155*^  = 
'10,000. 

j^rt,  36.  We  have  now  fccn  that,  when  x  is  =  8.5, 
the  compound  quantity  x^  — *  7^*  4-  20x'  —  ^SS'*  will 
be  equal  to  89r3,84375  ;  and  that,  when  4:  is  —  8.6,  the 
faid  compound  quantity  will  be  equal  to  10,00945056. 
Therefore,  while  x  increafes  from  8.5  to  8.6,  the  com- 
pound quantity  x^  -—  7**  +  20.v3  -*  i^^xx  will  increafe 
from  8913.84375  to  10,009.45056.  Therefore  there  will 
be  fome  point  of  time,  dOring  the  increafe  of  x  from  8.5 
to  8.6,  at  which  the  compound  quantity  x^  —  Jx^  + 
2o.v'  —  I55^;v  will  be  equal  to  10,000,  which  is  of  an 
'  *^  intermediate 
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intermediate  magnitude  between  ^913.843^5  and  10,009. 
•45056 (  orj  ia  othe|[  wordsj  the  root. of  the  e(]uation 
jr»  —  ^x*  +  20*'  —  iss^*  will  Se  of  an  intermediate 
magnitude  between  8.5  ana  8.6.  Sut  k  will  be  much 
nearer j^  ^  ths^n  .to-8.59.l](ecau{e  j^,p99*^S^}^  i^  nudh 
^^ff  ^^  ^913*843:7549  IP,oPo.      .,  . 

"^  ",  ■  I  ■    •  ' .     .  '.s.    •  ■    '    >  .  ■       ■  - 

We  will'thereFore  fiippofe  « to  be  ss  8.6  —  v. 
And  then  we  (hall  have 


t  ••  • 


ani  A^'  (sa  ».6i-w^»  »  «i6l^  —  J  X  llel*  X  V  +  &c! 

s=  636.056  —  3  X  73.96  X  V  +  &c) 

'  =636.056  —  221.88'  X    V    +    &C,      '.  _ 

)     :.:\  >^c'-/  -••    •        ^  :  ) 

jnd  .v*(=s  8.6— v>  r=  0)*~4  X*8J&1'  X  v  +  &p 

=  5470.0816  —  4  X  636.056  X  v  +  &c) 
=  5470.0816  —  2544.224  X  v  4-  &c, 

^nd  x^  (=  8.6-1I5  =fcT6)»  ~  5  X  8^*  X  t;  +  &c 

=  47^042.70176  -^  5  X  5470.0816  X 
V  +  &c)  .=  47,042.70176 -—28350^080 
X  V  +   &c, 

gind  confequcntly  jx^  (  =:  7  x 

547ao8jiD.—  2544.224  X  v  +  6ic  =  7  x 

5470.0816  —  7  X  2544.224  X  V  +  &c> 

=  38,2905712-^  17,809.568  X  V  +  ^c, 

C  c  3  .  and 
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and  to**  (=  20  X  636.056.—^  221.88  X  v  +  &c  = 

20  X.  636.056  —  20  X  22I.8i8  X  V  V&C) 

•  .'  '  '  »■■'  _.*•      ^ - 

•  '•••.'  •         ^^ 

i2}7.2i.i2o  — .453.7-60  X  V  +  &c> 

aad  iSSrj?  (  =   155.  X  73.96— ^  17^2  Xt;  X  Wc- « 

'SS  X  73-9^  "-"  155 'x  17.2  X  t; '+  ike) 
=r  4^1463?  80  —  266^.0  X  V  +  .&€,. 

and  *'  —  7**  +  20**  —  1 55*-^  = 

I.     .•■ii.,     .•        '• 

47,042.70176  —  28,350.^80  ;^  ti  H:  5Rv 
-  38>a96«57i2  +  17,809.568  x  »  —  &c 
+  12,721.120    "—    4,437.^0  '   k  V  +  &c 

r    59*763.821,76  —  32,788.0080  X  'p  +  Sec  1 

""  \  --  49'7S4-37»>2    +  20,475.568     X  V—  ape    J 
=  10,009.450,56  —  12,312.4400  X  V    &c. 


But  x5  —  7**  4-  20a:'  —  iSS*^  is  =  10,000. 

Therefore  10,009.450,56  —  12,312.4400  X  v  wiH 
likewife  be  =  10,000. 

And  confequently  10,009.450,56  will  be  =  lo,oOo 
4-  12,312.4400  X  V,  and  12,312.4400  X  v  will  be  (  = 
10,009.450,56  —  10,000)  =  9.450,56,  and  V  will  be  = 

^  - —   =   0.000,767,5. 
12, 3u. 4400  ''   'V 

Therefore 
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CC^'i         ••^■..i<yr.  t'Ai4.  :  I'll 

Therefore  0.6  — "v  will  be  (=  ft.6  —  0.000,767,5) 
^'^Bi^^ii%ijS%  dtid  coniequdntlj  x,  or  the  faisift  ttot  of 
tfic  piJb^ed  ieqtntW  vr»  —'7**'+  26*'  ^  155**  *=" 
ib}o6bJ^i*ift  tc'  ite  B.599,2321^  -  -  Qt  »•  i.    . 

:w^/r^.dTl&vAlHQ[iber  i'S99^i^S  ikexa^^inOeitfa^K 
aB'itiBifignrc^  or  ^  but  the^aft  'figare  5 .  But'  tl^  t jial . 
dfjatf  kf  fil|(|itutir^:  it  mfteiidlitrf  jr. in  ihp  .comj^und 
qin^  j»*^:-9;.V*f  +"  «Q»lftr7-|5J^AC  would  ho  attended 
^tfaiCgpfdjtlfliaL  of  bl>Qnt9  '  However,  Jt  may  bjp  per- 
foEmed}witfi  H' tplerablei49g^  ^f  ,cxa£^f9,*  though  not 
ivhh  pcrfr£b  qca^^ft)  bydp*  he}p  of  Ipgari^i^i  wi)lK)ttt. 
9pj  gn^jttouble,iia"the  ift^pr  foUpwing ;    -  )    ,;  i    . 

-  The ' logaiidun  o(0. 5199^00^  is  o.934i45S,o,  sand> 
tliclogarijhpi^f  8eS99!30P»<^-W  0^934>463>iA^hU^.c.3j^ 
ceeds  thr  former  ylog^thm;  Jby  0*000,0059 1«  *  Tbe^cfore: 
the  k^nthm  Qf:.8.599,a3a,.5  will  be  of  an  intei^^iate; 
magnitudsifactwcen  0.934,458,0  and  o.934,463»T,and  ite^ 
exce&.akdVe  04934,458,0.  i^.  to, bff  found  by  the  foUowing^ 
proportiftQ,!  tP  wit,  As  8.599,300,0 —  8; 599,aoo,o  is  to- 
8*S99>^3^»5  -"  8.599,290,0,  fo  is  0.934,463,1   — 

m 

0.934,458)0  to  the  excefs  of  the  logarithm  of  8.599,232,5 
above  0.934,458,0,  that  is,  as  0.006,100,0  is  to  0000, 
032,5,  fa  is  0.0909O051I  to  .the  faid  excefs,  or  -as  1000 
^  325,  fo  is  0.000,005,1  to  the  faid  excefs.    Therefore 

the  faid  exccft  win  be  =  3^^^°'°°°'°°^''  =  2f21:^5 

:     1000  JOOO 

s=  0.000^001,6 ;  and  confequently  the  logarithm  of 
8599,232,5  will  be  ('=  0.934,458,0  +  0.000,001,6) 

C  c  4  = 


!    ?. 
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'■       •     '  ,'    '  '  .      '        '      ''■ 

=  0*93fc459>6.    Thcr^forci  tf  *  fee  fi»ppolf d  to  b« 
fcqualto  ?.599,a32,5,th^  logarithm  of  javHl:bie  (=  a 
X  0.934,459,6)  =  I.868j9i9,2,  ^  the.  Jbgjuithm  of 
*»  will  be  {=  3  X  0,934,459,6)  =  2.803,378,9^  and 
the  logarithm  of  x*  will  be  (=  4  X  0.934,459,6)  = 
3*737»838,4t  mi  the  logaritfim  pf  «5  wili:bc.<«  ^  X 
0'93M59f^y  =  4.672,098^.    Th(niefom4«iqirbd^ 
73  946i7^M>  tntl^rs  #ill  b«  sr  635^85,194^ fit  fttd«^ 
Ifrill  be  =  54M.f25,oMjor«iid  ;r5  will  be-^  47^Cf' 
•663104^,4.  ^Therefore  |if*  i^ill  be  (=  7^  K  S468«»iif> 
poo,oJ  it  38,27(J*B75,6ooi0^7*M  icws  will  be  (iss  20 
X  6sy^ 88^,294,1  >  tit  i2J^f?>.to5>?fti^o^*i*.isS'*' 
wiU  be  (=  155  X  73V94^7«B^7>  i=^5  w;4'*«^'?^^ 
and  xi  —  7**  +  2ox3  -r-  15s**  Will  be  (=  47,021.663, 
643,4 —  38i^76-?7Sj^«>»o<  tf  ii,7i7-7^5>**^>o  '-^ 
11,4^1.748,218,5  =  5^$,759'368jP2534  -^  4d*738*623i 
2i8,5J  «i*  io>ooo.745,7bdt'^j'"whS(thexcecdi  10,000,  or 
the  abfolute  term  of  the  p!t>pofcd  equation  j5—  7;r*  + 
2ar*  —  iSS^Tiir  =  10,006,  by  Icfs  than  an  unit,  or  the 
lojoooth  part  of   the   faid  abfolute   tcrim.     Therefore 
8.599,232,5  rauft  be  very  nearly  equal  to  the  root  of  thq 
faid  equation.  ql:  e.  D. 


Jrt.  38.  This  number  8#599,232,5  is  the  only  root 
of  the  propofed  equation  *■* —  7**  +  2o.r'  —  155^'^ 
=  ic,oco.  For,  if  we  (hould  fuppofe  it  to  have  any 
other  root  greater  than  a^  or  8.599,23^,5,  an  impoflible 
coiiclufion  would  follow  from  fuch  a  fuppoCtionj  as  may 
be  fliewn  in  the  manner  following : 

Ux 
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Let  bdctiou  the  other  and  greater  root  of  the  pro— 
pofed  equation  xS^^r^  7**  +  20*^  —-  If^xr  =  ip^QOOp 
It  it  can  have  fuch  other  rpot. 

Thei>  will  the  compound  (juantity  i*  -^  ^h^  +  2oi> 
>*  155^^  be  =s  10,000;  and  confequentjy  it  will  alfo 
be  -equal  to  »^  •»-  7a*  -I-  loa'  —  155^^.  TJipreforc 
(adding  yb^  and  155^^  to  both  (ides,)  wjp  iball.havc 
i«  -h  2c53  =  /!»  +  7**  •!»--  7^*  4-  20fl'.  4-  155W  --f 
.  155^^  ;  and  (fubtra£fing  a^  +  2oaS  from  both  fides)  w« 
ihall  have  b^  —  ^ *  +  2ob^  —  20fl'  =  jb*  — ^  ya^  -|- 

155^^  — ,  155/1/1,  or35-»-fl*  +  20  xT^W^  -u'7   X 

b^  —  a*  +   155  X  bb^^r^aa^  and  confequently  (divide 
Ing  both  fi(Ie8  of  the  equation  by  b  ^-i-  a,)  j^  4-  ^  4- 


La-t 


+  ba*  +  tf*  +  20.  X  ^^^  +  /»/J  +  «4  =  7  X 
**  +  ^^  +  ^tf-  +  ii^  +  155  X  i  +  ^,  or  i*  +  b^a  4- 
iV  +  itf'  +  fl*  +  20i*  +  ao^fl  +  7,oaa  =  7*'  4^ 
7^*a  +  jba^  +  7^3  +  155^  4  155^7.  Therefore,  if  wc 
fubtra£l  7^3  4  155a  from  both  fides  of  this  equation,  wc 
Ihall  have  7A'  +  yb^a  +  ^ba^  +  155*  =  *♦  +  b^a  + 
i*/i*  +  Aa'  +  ac3^  +  2oba  +  /J*  —  ya^  +  20aa  — 
—  155/15  and,  if  we  fubtraft  b*  +  bhi  +  b^a*  +  ba^ 
4*  lobb  +  2C^^  from  both  fides,  we  fliall  have  jb^  H- 
^b^a  +  jta^  +  1554  _  ^4  _  ^3^  _  pa^  _  /,^i  _ 

^obb  —  20*j  =  tf*  —  7^'  4.  2o/jfl  --155/1,  or 


ij)^  —  20^^  4  7^3  «.  M 
—  2ba3   4  7«2W  —  vi3i 


\ 
I. 
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=5  tf*  r-  lai  +  ZOaa  —  iz^a  =        ■    ^  ■ 1  ^^' 

=    — ^ —  ,  or  (if  wc  fubftitutc  B.6  fox  a^  to  which  it 

a  ^ 

id  very  nearly  cqual^) 

t 

j    -  ■     20  X  8.6^      +  7  >^  ^.<563  -  8.6^  I    . 

^    +'7'x  73.96  X  ^  -    73.96W  f 

r  -    636.056  X  i  —  J    ' 


1O9OO0  ^ 

=   -8:6-.=  "<5^7.or; 

1553        —  2pM    '+    7  X  i*  —  *♦ 

—  172.0     X  3  +  60.2W  —  8.6  X  2^  '    •  ' 
+  S'7-72   X  3  -  73-9fiW 

-  6^6.056  X  3  .     ^  ■  -  • 


=  1 162.7,  o^ 

c         673.72     X  3  —  93.96^^  4-      7^3      —  ^*      "> 
"I      -  808.056  X  3  +  60.2  33-8.6x^3  .,    J 

—  1162.7;  that  is,  if  from  the  three  terms  672.72  X 
/  +  60.2  X  i'h  4-  7/'3  we  fubtraft  the  four  terms 
80H.056  X  ^  +  93.96  X  /'/'  +  8.6  X  h^  +  *♦,  the  re- 
mainder will  be  equal  to  1162.7.  But  the  faid  four 
terms  8C8.056  X  3  +  93.96  X  M  +  8.6  X  **  +  i*, 
are  greater  than  the  f;iid  three  terms  672.72  X  ^  +  60.2 
X  /'/'  +  //;',  and  therefore  cannot  be  fubtra£ted  from 
ihcm.   Therefore  the  fuppofition,  from  which  it  followed 

that 


TM  Art  BATB.  MORE  THAV  OWE  ROOT*  3^ 

ih^  the  faid  {our.termt  would  be  lefs.than  the  faid  thr«Or 
tfirtPS)  aod  m^htdbeiiBbtra£led  froxathem,  and  tli^t  tk^.- 
r^aiiider -wottld  bcequal  to  li6^y^^  Qv  the  fuppqtitioi^: 
tb^t  (h^  equadgn  i»*  — jjr^  4-  20»v^  ^^  iss^^  —  10,000 
hfkd  a  fecend  real  and  affirmative  root,  ^y  th^t.:>i^fr 
greater  than  «>  or  ,8^6)  could  not  be  a  true  fup]F>pQtiQn'I 
Wc  irtay  therefore  conclude  that  8.(S>.or  8.599,a32iS#vi»i; 
tbe  only.rooc  of  ^b<L  l^ropofed  equation; i*i---7;p*^  ZP*': 

^T' j^HyfMj.ss.  io;0oo.  _       .      !.9i,.B- p.. 


jptotier  Example  of,  thfRefolutkn  of  an  J^juatioM  tiat^fy^ 
^  the  Form  of  it^  or  the  Changij  ^  ^be  Signs  +  an4.^^ 
•  prefixed  to  tfs.  Terms^  feems  capahU,  of  bavingmc/rtJh^Ai 
One  real  and  nJMkAive  Root^'  hfntedns  tf  the  fhv^k*^}ng 
f^rocejfes  dejcrihei above  in  Art  9,  10,  1 1,  12*,  ahd  13. 


'i 


Art.  jp.  Let .  it  be  required  to  ^refolve  the  ieauation 
«*  +  4j:'  — .  jii^  -1  \ox^  +  5**  —  5**  —  lojTT  —  10^ 

==  J5f  (which  rifes  to  the  eighth  power  of  Xy)  by  means 

.  •       ...  '       ■«'■•'.         ".■■■ 

^f  the  faid  proceflcs. 


■  V 


This  equation  is  taken  from  Sir  Ifaac  Newton's  Aritb' 
metha  Univerfalisy  page  276  of  the  {ccond  editiort,  and 
is  the  bigheft  numeral  equation  mentipned  in  that'lcarned 

'  •  trcatifc. 
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y\+  47'  +  5y^  (=  I  +  4  +  S)  =   10 j  which  id 

'   greater  diaa  the  abfolute  term  5,    Therefore  i   muft 

.  be  greater  ^n  the  true  Talae  of  j^  in  the  equation  j^'  -|« 

We  will  therefore^  In  the  fecond  place>  fuppofe  j  to 
be  =  0.7. 

And  then  we  £ball  have  yy  =s  0.491  ^^  J^  ^  ^-343» 
and  y^  =  0.240^^  and  y^  =•  o.i  68^07,  and  /  =  0.117, 
649,  and  y^  =  0.082,354,3,  ^md  /  =  0.057,648,01, 
and  confequentlj  4/  (=  4  x  0.082,354^3)  =  0.329, 
417,2,  and  $y^  (5=  5  X  0.2401)  =  1.2005,  and  /  + 
4y'  +  5/  (=  0.057,648,01  +  0.329,417,2  -h  J. 2005) 
.  ss  1.587,565,31  ;  which  is  Icfs  than  the  abfolute  term  5. 
Therefore  0.7  muft  be  lefs  than  the  value  of  y  in  the 
equation  y*  +  4;/^  +  5^*  =  5. 

* 

We' will  therefore,  in  ths  3d  place,  fuppofe  y  to  bo 
.,  =  0.9. 

And  then  we  (hall  have  yy  =  0.8  r,  and  y^  s=  0,729, 
and  y^  =  0.6561,  and  y^  ='  0.59049,  and  jr*  =  0.531, 
44fi  and  jr^  =  0.478,296,9,  and  /  =  0.430,467,21, 
and  confequently  4J?'  (  =  4  x  0.478,296,9)  =  1.913, 
187,6,  and  ^y^  (=  5  X  0.6561)  =  3.2800,  and  j?*  + 
Af  +  Sy^-  (=  0.430,467,21  4-1.913187,6  -h  3.2800) 
=  S*623i654,8i }  which  is  fomc^irhat  greater  than  the 
abfolute  term  5.  Therefore  0*9  muft  be  ibm^vcftat 
greater  than  the  root*  of  the  equation  /  -♦•  4/  +*s^* 

»  "5 
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=  5.  But  the  difitrence  will  not  be  great ;  and  cohfe^ 
quently  we  may  conGder  this  quantity  0.9  as  the  firft 
near  value  of  41,  or  of  the  root  of  the  equation  a*  + 
W  +  S«*  —  5  +  o^  +  lOfl*  +  5a*  +  lOtf*  +  lOff^.of 
which  we  are  in  fearch. 


jlrt.  42.  Now  let  a  be  put  for  0.9,  or  the  faid  firft- 
near  value  of  a.  And,  as  a  fecond  near  value  of  it^  let 
us  fcek  the  root  of  the  equation  jr*-fr'4f'  +  Sjr*  =  5  + 
efi  +  lOa*  -f  s<»^  +  lOa*  +  lOa  5  which  will  be  gresfter 
than  O)  but  lefs  than  Si  becaufe  the  fextinomial  quantity 
5+  A*  +  loaJ  +  S»*  +  «oa*  +  io«  is  greater  than 
the  (ingle  quantity  5,  but  lefs  than  the  fextinomial  quan* 
tity  5  +  «•  4-  lo«'  +  $aS  +  loa*  +  IO0* 

Now,  becaufe  a  is  =  0.9,  we  fliall  have  «•  (=  ay)*) 
=  0.531,441,  and  10*5  ^-_  ,Q  j^  0.59049)  =  5-9o49i 
and  5*^  (  =  5  X  o'.'j2())=z  3.645,  and  loa*  (=  10  X0.81) 
=^8.1,  and  ica  (=  10  X  0.9)  =  9,  and  confequcntly 
5  +  a*  +  loa^  4-  503  +  ica*  4-  ioa(x=  5  +0.531,441 
+  5.9049  +  3645  +8.1  +  9)  =  32.181,341  ;  and 
therefore  the  equation  y^  +  4;*^  +  5j>*  =  5  +  «•  4* 
ic«*  +  5^5  -f  ica*  +  ica  will  be  y*  -f-  47'  +  5^*  = 
32.181,3419  or  (negle^ing  the  decimal  fradion  0.181, 

34 '0  y*  +  4>^  +  5>*  ==   3^'     Of  this  equation  we  arc 
now  to  find  the  root. 

jtrt.  43.  Now  let  y  (which  we  know  to  be  greater 
than  «,  ct  0.9,)  be  fuppofed  to  be  ss  1 .2* 


Trt 


en 
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Ttcn  wc  (hall  have  yy  ^  1.44/-  and  ^3  =  1.728,  and 
'y*  =  2«0736,  and  j^*  =  2.488,^2,  and  /  =  2.985,984, 
and\y7  1=  3.583,1 80,8,  and  >•  =  4.299,836,96,  and 
confcqpentJy4/(=r  4  X  3.583,180,8)  =:  i4-332»7a3>*» 
and  Sy^  {=s  5  X  2.0736)  =  10.3680,  and  /  +  4/  + 
\iy^  (=s  4.299,816,96  +  14-33M23>*  +  10.3680)  = 
29.000,540,16  }  which  is  fomewhat  lefs  than  the  abfolute 
term  32.  Therefore  1.2  is  fomewhat  lefs  than  the  root 
of  the  equation  j?*  +  4^^  +  5^*  =  3^.  But  the  differ- 
ence between  them  is  not  great.  And  therefore  we  may 
confidtr  1.2  as  the  fecond  near  value  of  the  root  of  the 
eqnation  #•  +  40^  +  ^a^  =  5  +  a*  +  loa*  +  5^'  + 
.100*  +  io«,  of  which  wc  are  in  fearch* 

\  -  r        • 

.-.     jtrtm  44*  Now  let  S  be  put  for  1.2,  or  this  fecond  near 

.  value  of  the  root  a  of  the  (;ud  equation  a^  +  4^/'  +  5^* 

^=  5  +  fl*  +  loa^  +  ^ni  4-    loa^  +    lo^z.     And  for  a 

thiTd  near  value  of  it,  let  us  feek  the  root  of  the  equa* 

';    tion  /  +  4/  +  5j^*  =  5  +  C*  +  10^5  +  5C3   +    icff' 

,    +  loff ;  which  will  be  greater  than  C,  or  the  root  of  the 

.    equation  /  +  4/  +  5;+   =   32,  of  /  +  ^y^  +  ^y*  = 

5  +  a*  +  ica5  +  ^a}  +  loa^  +   loa,  but  lefs  thail'  a^ 

or  the  root  of  the  equation  a^  +  4^/^  +  5«*  =  5  +'  <*• 

+  10^5  +  5^3  -f  10^*   4-    iQu^  becaufe  the  fextinomial 

quantity  5  +  C*  +  icC^  4.  -C3  -f  10^'  +  ic^  is  greater 

than  the  fextinomial  quantity  5  ^.   a*  +  ica>  -f-  5a^  -f- 

ib«*  -f-  loa,  biit  lefs  than  the  fextinomial  quantity  5  4- 

J    a^  +  lo^j*  -f-  50'  +  ICO*  +  lofl. 

Now,  becaufe  ?  is  =  1.2,  we  (ball  haVe  tf*  (=  1.2*'^) 

'     «   2.985,984,    and    lof^   (=    10    X    im*   =   lb   X 

2.488,32) 
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1^.488,32)  =  24.8832>  and  sO  (=  5  X  TT^lV  =*  5  X 

t.f2%)  =r  g.64o>  and  icC*  (ac  10  X  till*  9=  10  X 
B.44)  =1  14.4,  and  ior(=s  10  X  t.2)  =:  12^  and  con* 
fcqocntly  5  +  C*  +  loC^  4-  fC^  +  icC*  -h  loC  (=  5  + 
«.985,984  +  24.8832  -f  8.640  +  14.4  +  12)  =: 
6^*909,184.  Thierefbre  the  equation  y^  +  4ji^  +  SJ* 
fi=  5  +  C*  +  loC*  +  5^^  +  loC*  +  loC  will  be  /  4- 
4J;'  +  »*  s=  67.909,i84>  or,. nearly,  /  +  4;'  +  SJ* 
ss  ^  This  equation  we  muft  now  endeavour  to  re-«» 
fbhe. 

Art.  45.  Now  let  jr  (which  we  kno^  to  be  gteatcr 
than  C,  or  1.2,)  be  fuppofed  to  be  =  i^.     Then  we 

lba]l  hare  jrjr  (=  ^3]*)  =  1.69,  and  jr'  (  =  l^i*)  = 
2*197,  and  jr*  =  2.8561,  and  j?»  =s  3.712,93,  and  jf*  e: 
4.826,809,  and  y^  =s  6.274,851,7,  and  jr*  =  8.1571 
306,82,  atid  confequently  4/  (=  4  X  6.274,85Jt,7)  := 
26.099,406,8,  and  5>'*  (=  5  x  2.8561)  =  14.28051 
arid  /  -f  4/  +  5j?*  (=  8.157,306,82  +  26.099,406,8 
-f  14.2805)  =  43.537,213,62-,  which  is  lefs  than  the 
abfolutc  term  68.  Therefore  1.3  will  be  lefs  than  the 
root  of  the  equation  y^  +  4^*^  +  5^'*  =  63. 

« 
Now  let  ;;  be  fuppofed  to  be  =  1.4. 

And  then  we  fliall  have  yy  •=  t.96,  and  j?^  =fc  2.744» 
and  J*  =r  3.8416,  and  /  =  5.37824,  and  /  =  7*529,536^ 
and  jf7  ~  10  541,350,4,  and  y^  :=  14.757,890,56,  and 
confequently  4jM  =  4  X  10.541,350,4)  =  42.165, 
401,6,  and  5/  (=  5  X  3  8416)  =   19.2080,  and  >'  + 
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4/  4-  5j^  (=  14*757^890,56  +  4^.i6s,40ii6  + 
19.1080)  =:  76.131^2912,16;  which  is  greater  than  the 
tfbfolute  term  68.  Therefore  1.4  will  be  greater  than  the 
rpot  of  the  cquatfoa  /  rf  jy''  ^  Sf^  «  68.  But  thfe 
difiei-ence  wiliTnOt  be  great.  And  therefore  we  may  con«* 
fiderf  1.4  as  a  third  near  value  of  the  foot  of  the  equation 
i^  +  4a^  +  5a*  =  5  +  «•  +  loa'  +  5^'  4.  io/i^+  lOtf,  or 
as  St.  thii^  near  value  fei  the  leaft  root  (i£  it  hai  more  than 
one  root,)  of  the  equation  x^  +  ^x"^  -h  5**  »  5  +  *• 
4-  icxr»  +  5^'  +  iOJT^  +  10^^  or  of  the  propofcd 
equation  jn?»  4.  4*^  —  *^  —  10^  +  ^x\  ^  g;rS  —  j^o;** 
BOX  ar  r,   ,  I 


^  jfrt.46.  Now  let  1.4;  be  fubflfituted  itJftead  of  4?  in  the 
Compound  quantity  x*  -f-  4*^  ^-*  x^  «^  icar*  +  5;p*  -** 
JJx*'— '  lox^  '^-.  ifo;rj  and  it  will  be  =  14-757>^90>S6  •!• 

4  X  10.541,350,4  —  7-S^9>53^  —  i<^  X  5.37824  '+ 

5  X  3.8416—  5  X  2.744  — .  10  X  r.96  —  10  X 
14  =  i4-757>890f5^  +  42.165,401,6  —  7.529,536 
—  53.7824  +  19.2080  —  13.720  —  19.6  -*-  14  =f 
76.131,292,16  —  108.631,936.5  by  which  it  appears 
that  the'  three  terrtis  x*  +  4*^  +  ^x\  which'  ought  to 
be  greater  than  all  the  (ive  tetms  x^  +  iO;r^  +  ^x^  + 
lo;r*  +  lojr;  and  to  exceed  them  by  the  number  5,  will 
be  lefs  than  the  faid  five  terms.  Therefore  1.4  will  be 
lefs  than  the  value  of  x  in  the  propofed  equation  x*  -h 
4;r^  —  jf*  —  ioj:*  +  ^x^  —  5*'  — *  iojf*  —   lo* 

«=  5- 

-rfr/.  47.  We  will  therefore  fuppofe  x  to  be  =i  1.6. 

Dd  "  And 
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And  then  we  (hall  have  xx  •=•  2.56,  and  x^  =  4.09(1^ 
and  x!^  =  6.5536,  and  x^  =  10.48576,  and  x^  = 
.i6.777,?l6,  and  x'  =  ^6-843,545,6,  and  x*  =;=  42'949» 
672,96,  and  confcquerttly  4^'  {=:  4  X  26.843,545,6)  =s 
107.374,182,41  and  lOA*  (  =  10  X  10.48576)  = 
404.8576,  and  5**  (=  5  X  6.5536)  =  32.7680,  and 
jx*  (=  5  X  4.096)  =  2a48o,  and  io;r*  (=  10  X 
a.56)  =  25.6,.  and.  xa^  (==  10  X  1.6)  =  16,  and  «* 
4.  4^:7  -^  j;^  — i  lOA*  +'  5^*  —  5Ar'  —  ic**  —  lar 
(=  42«949>87*i96  +  107.374,182,4  -  16.777,216  — 
004.8576  -1- -32.7680  —  20.480  —  25.6  —  16)  =i 
183.091,855,36  —  183.714,816;  of  which  quanmiet 
the  latter,  to  wit,  183.714,816,  (which  is  equal  to  ac^  4- 
10*'  +  ^x^  +  lox^  -h  icjr,)  is  greater  than  the  former, 
to  wit,  183.091,855,36,  (which  i»  equal  to  4;'  +  ^x^  -^ 
5x'V)  2nd  therefore  cannot  be  fubtra^led  from  it,  as  it  is 
fuppofed  to  be  in  the  propofed  equation,**  4-  4;c'  —  x^ 
—  104:*  +  5**  —  5*3  —  io;r*  —  lOJir  =  5.  There- 
fore  the  root  of  that  equation  muil  be  fomewhat  greater 
than  1.6. 

Art,  48.  Let  us  therefore  fuppofe  ;r  to  be  =  1.6  +  2, 
and  let  us  proceed  to  invert igate  the  value  of  2  by  Mr. 
Raphfon's  method  of  approximation. 

Then,  fince  a:  is  =  1.6  +  x,  we  (hall  have 

xx  (=  176"+ 2?  =  iTbl-   +   2   X   1.6   X  z  +  &c) 
=   2.56   4-   3.2    X   «   -i-  &c, 

and  A^  (=-  1.6  +  2^'  =  1^61*  +  3   X  T^*  X  2   +    &c 

=   i^V+   3  X  2.56  X  2  +  &c>    = 
4.096   +    7.68    X  2    4-   &c, 

and 
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and  /»♦(=  iT6+z)*  :^  Tek  +  4  x  r?3  x  2  +  &c 

=  1^^  +  4  X  4.096  X  2  +  &c)  = 
6»5J36  +  16.384  X  2  +   fee, 


and*'  (=  i.64-zl*  =   iT6l'  '+  5   X   iT6l*  X  2  -♦-  &c 

=    u6\'    +   S  X  6.5536   X    »   +    &c)  a 
•    io.'48J7<-+' 3^.7686  X  SB +'&c, 

and  x^  (==*  i.6h-sV  =  "i^JSl*  +  6   X   i:6V    X   2   +  ' 
.  &c  =  iT6l*;  4::6  X  10.48576  X  2.+  &c) 
=s  16.777,2 *ffvrh  62.91456  X  2  -h  &c, 

and  x^  (=  1.6+21-^  =  -i^?  +  7  X  i^*  x  2  +  &c 
^    =   iTb)^  +  7X16.777,216  X  2  +  &c) 

=    26.343,545,6     +     117.440,512     X     2 

•  •»■■. 

+  &c, 

and  ;r«  (=  1.6 +  z)^   =  TT^i*  -4-  8  X  7^''  X  2  +\  &c 

=  T6^«  -h  8  X  26.843,545,6  X  2  +  &c) 
=  42.949,672,96  +  214.748,364,8  X  2 
+    «cc, 

and  confcqucntly  4;*:^  (  =  4  X 

26.843,545,6   -H    117.440,512   X  2  +  ^C 
=  4   X  26.843,545,6  +  4  X  117.440,5x2 
X   2   +  &c)  =    107.374,182,4  4-  469. 
^762,048    X  2   -h  iiCy 
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and 
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+  3a  X  X  +  &C, 

/ 

and  lOAT  (=  Io  X  r.6  +  «  =   10  x  1-6  +10  X  %> 

=  16  +  los. 

\ 
Therefore  the  compound  quantity  *•  +  4*'  —  jr*  — • 

lOAf'  +  5«*  —  sjf'  —  10 A-'  —  xcr  will  be  equal  the 

complicated- quantity 
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42.949,672,96  +  ,214.748>364>S  X  a  +  &c 
+   107.374,182,4     +  469.762,048      X  «  +  &c 

—  16.777,2161       —     62.914,56       X  «  —  &c 

—  104.857,6  —  337.680  X  K  —  &c 
+     32.768,0            +     81.920            X  «  +  &c 

—  20.480  —     38.40  X  X  -^  &c 

—  25.6  —     3»  X  a  —  &c 

—  16.  —     10  X  « 

r      183.091,855,36  +  766,430,41^,8  X  »  +  Ac  -^ 
^  S    —183.714,816,00  —  470.994,560,0  X  «  —  &c  J 

=  —     0.622,960,64  +  295.435,852,8  X  z  kc. 


But  the  compound  quantity  x'  +  4*^  —  ^r*  —  lox* 
+  5^4  mm  ^x^  — .  1C4?*  -^  io;r  is  =  5. 

Therefore  295.435,852,8  X  «  &c  —  0.622,960,64 
will  alfo  be  =  5.  And  confequently  (adding  0.622, 
960,64  to  both  Gdes,)  we  (hall  have  295.435,852,8  X  z 
(  =   5    -h   0.622,960,64)  =   5.622,960,64,  aqd  z  = 

5.  ^2,9  c,  4    ^    o.oio;    Therefore  1.6  +  2;,  or  r. 

will  be  (=  1.6  +  0.019)  =  1.619;  that  is,  the  lead 
root  of  the  propofed  equation  x*  +  j^x''  —  x^  —  lor' 
+  Sx^  —  5^:3  —  lox^  —  lOJT  =  5  will  be  1.619. 

<l:  E.  I. 

Art.  49.  This  value  of  x  will  be  pretty  near  the  truth, 
but  will  exceed  it  by  a  very  fmall  quantity.    For>  if  we 

D  d  J  fuppofe 
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fappofe  4r  to  be  =s  1.619,  we  (ball  have  xx  s  2.621,161^ 
and  x^  =3  4.243,659>  and  tt^  ss  6*870,484,  and  afi  = 
II«I23»2I3,  and  jr^  =s  i8.oc8^2,  and  x^  =:  29.1559 
732,  and  X*  =s  47*203,1301  and  confequently  4^^  (=  4 
X  29.155,732)  =s  116.622,928,  and  JO«c^  (  =  70  X 
11.123,213)  .=.  iif*232,l^o,  and  54^  (ss  5  x  6.87O9 
484)  =  34-3SM2to,  and  5^3  (=  5  x  4-243#^59)  = 
21.218,295,  and  lOx'  (=  10  X  2.621,161)  =  26.211, 
610,  and  lox  (  =  10  X  1.619)  =  16.190,000,  and 
*•  +  ^1  mm  afl  ^  |0«'  +  5^1?*  —  ^x*  —  IOJ8*  — 
JO  X  ss 


4:-»03t»3«> 
+  1164622,928     —     18.0089482 

^  111.232,130 

+     34-3SM«>    -     2i.2i8,29j 
^  —    a6.2i  1,610 

—     16.190,000 

198.178,478  —  192.860,517  =  5«317>96ii  which  is 
fomewhat  greater  than  5,  or  the  abfolute  term  of  the 
propofed  equation  *•  +  4^'  —  aj^  —  lox*  +  5^*  — 
Sx^  —  lox*  —  I04?  =  5.  Therefore  i.fcip  will  be 
fomewhat  greater  than  the  true  value  of  x  in  that  equa« 
tion.  (^  E.  D. 

jfrf.  50.  We  will  therefore,  in  the  next  place,  fuppofc 
X  to  be  =  1. 619  —  V. 


And  then  we  (hall  have 
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1.619  —  ti^''  =is  1.619^*  —  2  X  1. 619  X^ 
V  +  fee  ±5  2.621,161  — •^3.238  X  V 
+   &c. 


and  x^  (=  1.619  — 1?;3  rs  1.619)3  —  3   X   1.019^*  X 

V  +  &c  =2  1.619^^  — -3  X  2.62r,ifrr 
X  VL  +  Sec)  =:  4.243,659  —  7.863,483 
X  V   +  &c. 


•» ." 


and  X*  (=  1.619  —  vY  =  1.619^*  —  4   X    1.619^*   X 

v  +  &c  =  1.619V  —  4  X  4.243,659 
X  v  +  &c)  =  6.870,484  —  16.974,636 
X  V  +  Sec, 


and  jf5  (=  1.C19  —  vy  =   1.619,'  —  5  ^    i.ti^*  X 

V  4*  &c  a=  1.619)5  —  5  X  6.870,484^ 
X  V  +  &c;  =  11,123,213  —  34'352> 
420  X  V  +  &c, 

and  ia?*(=  1.O19  -^  vY  =  i.cia*  —  6  X  1.6191*  X. 

V  +  .&Ci  =  1.6191*  —  6  X  11.123,213 
X  V  +  &c)  =s  18.008,482  —  66.739^ 
278   X  V  +  &c, 


5ind  x*  (=  1.619  — vl'  :si  1.019]^  -^  7  X  1.619^*  X 
-    V  +  4fC  z=    1.019!^  ^  7^  X   14,00^,482 
X  V  +   &c)  =  29,155,732—  126.0599 
374  X  V  +   &c, 

D  d  4  and 
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aad  «*  (=  i.6ig  — tA*  if  1.619^*  —  8  X  i,6i9> 

X  4^  4-  &P  ^  TliSIgi*  -7-  '  ^  *9«>55> 
73a  X  V  +  &c)  =x  47.^03,130  — 
a33.245»856  X  V  -h^itcp 

ipd  confequeiidf  4Jr'  (  ss  4  x  2p«x5$f732  —  4    X 

1:^059,374  X  w  +  flee)  =5  116.622,928 
—  504.237,496  X  v  +  &c 

tnd  ioj:'  (a  10  X  ix.X23,2i3  —  10  X  34.352,420 

X  V  +  &c)  =  XI  1.232,130  —  343-5^4» 
200  X  V  +  &c, 

mnd  5**  (=5  5  X  tf. 870,484  —  5  X  x6. 974,636  X 

ff  +  &c)  s  34-352|420  •—  84.873,180 
X  V  +   &c, 

md  5;r«  (=  5   ><  4-243f659  —  5  X  7-8^3f483   >C 

t;  +  &c)  =  21.218,295  —  39*317j41S 
X  v  +  &c, 

and  lojr*  (=  10  X  2.621,161  —  10  X  3.138  X  9 

-i-  &c)  =  26.211,610  —  32.380,000  X 

and  lox  (=s   10  X   X.619  —  10  X  v)  =:  16.190,000 

—    K).0O0,OOO    X    tf, 

and  *•   +  4t»  —  ;r*  —   lOt*  +  5Jr*  —  5**  —  10** 
—  I0.r  =5 
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S  47.^03, 130  —  2zi.2^sfis6  X  V  +  &C 

+  116.622,928  —  504.237,496  X  «  +  &c 

-       18.008,482    +       66.739,278  X    tl    -    &C 

—   111.232,130  +   343.524,200  X   <>   —   &C 

1+     34.3S2,420  —     84.873,180  X  V  +  &c 

^     11.2  8,295  +     39  3n»4i5  X  ^  ^  Sic 

—     ^6.2U,6ia  +     32.380,0^  X  «  ^  &c 

«-     i6. 1909000  +     zo.aoo»ooo  x  v 

{198.178,478  —  822.356,531  X  w  +  &c  Y 
—  192.860,517  +  49i.96q,895  x  «  —  &c  J 


But  the  compound  quantity  ;c*  +  4*^  —  x*  —  lar* 
+  5x*^—  5;c*  —  lojf^  —  lojr  is  =  5. 

Therefore  5.317,961  —  330-39i5f639  X  v  will  alTo 
be  =  5. 

And  confcquently  5.3i7>96i  will  be  =  5   +    330* 
•3?5«639  X  V,  apd  0.317,961  will  be  =  330•39S^639 

X  V-    Therefore  v  will  be  =    —       *^       =    o .  000, 

330-395t^39 

962,3,  and  X.619  -—  V  will  be  (  =  1*619,000,0  — 
0.000,962,3)  =  1.618,037,75  that  18,  Xy  or  the  leaft 
TOOt  of  the  propofed  equation  *•  +  4x^  —  ^*  —  ^ox* 
+  5'*  —  5^^ —  ^^^*  —  lox  =  5  will  be  nearly  equal 
to  x.6i8,Q^37,7«  q.  2.  i, 

Thif 


4tO  OOP  THE  IBaOLXmOlf  OF  t<^ATIOif»* 

This  viluei  X. 6 1 8,037,7,  of  the  Iraft  root  of  die 
equation  *■  +  j^x^  —  «•  —  tor»-f  5**  r-  S>r3  -^  ic^* 
-^  i04r  s  5  isj:  ptohMjp  tXMiBt  iti  the  firft  feven  places 
of  figures  i»6i 8,037. 

A 

\Art.  51.  In*  ordttr  to  difcover  'whether  the  equation 

«^  +  4JrT. —  *^  >^  IOir»  +   54^  — Y-^ ^**  T" 

IQx  =  5  has  any  pther  root  greater  than  x.6x8»o^,  we 
may  proceed  as  follows : 

Let  the  root  already  founds  to  wit,  x-6i8,o37,7,  or 
(negleding  the  three  lad  figures  377,)  1.618,  be  called  tf, 
as  before ;  and  the  greater  root  of*  the  Equation  (if  there 

be  any  fuch  root,)  be  called  b. 

*  ■«■ 

TThen  we  fhall  h^vc  *•  +  4*?.—  >*.—  io*»  +  '5** 

—  5^3  —  loi*  —  lob  =   J,  and  confcquently  =  tf* 

+  .4a'  —  fl*  —   lOu^    +    5rt*  —  5^3  —    lOfl*  —   lOii. 

Therefore  (adding  A*  +  io^5  +  5**  +  lo^*  +  lot  to 

both  (ides  of  the  equation,)  we  (hall  have  I*  +  4*'  + 
jZ*  =r  fl«  4.  4/,7  —  fl*  —  ,0^5  ^  ^^4  —  ^^3  —  iQ^»  — 

—.10^  4-  Z'*^  +  io3*  +  5^3  +  ici*  +  ic*  ^  a*  +4fl^ 
4.  i«  ..^rt*  +  io5*  —  lOfl*  +  5^*  +  5**  —  5^3  + 
loi*  — 'loa"-  +  10*  —  ir^,  and  (fubtradling  fl''+  4/1^ 
+  5^*  from  both  fides,)  i«  —  /i«  +  4*7  —  4^7  +  5/;* 

—  5/1*  =  t*  —  fl«  +  icA*  —  loaS  +  5*«  —  5^  + 
10^*  —  ion*  +    lob  —  icii,   or  *•  —  fl'    4-    4   X 

tf  —  a^    +    r  X  i*  —  «♦  =   4«  — fl«  +   10  X   ^'  —  ^* 

I:  ' :  

+    5    X    ^3  —  a»    +    10   X    A*  — fl"   +  JO    X    *  —  <», 

and  (dividing  both  fides  of  the  equation  by  &  —  a,)  we 
^     -  (hall 
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^«  -  tf»                    bf  ^  af                    l^  ^  a^ 
(hall  have  -r +  4  X  -7 +  5  X    -r = 

*•-/!«  ^$  -  a>  h^  -  fl» 

-r +     10    X     -T -f  5   X     -^r-^ +     10     X 

!•  —  ^s  h  '^  a 

+  10  X   i ,  or  A'  +  **fl  -i-  h^a^  -i-  ^V 

b  "^  a  b  ^  a 


J«~+"^^7+A*fl    +  i3fl»   +  4  «♦  +  4«*   +  a^    +   5    X 


+  4'    +    10    X  M  4-  43^  +  b^d    +  3fl'  4-  a*  4-  5  X 

b  -h  n  +  10,  or  P  +  ah^  +  aH^ 


yi  4-  tf^«  4.  a^h^  4-    a'i^  +    a^b^  +    fl'^*  +    tf*^  +  «^  ^ 
+  43*  4-  4^4*  +  "4«*i^  +  4fl'4'  4-  4fl*i*  +  4«53  +4ij«    V 

+  5^*    +  5^4*  +  5**4  +  5^2  J 

f    4»  +    «^^    +  fl*43    +  a»4*    4-    fl*4    4.    fl« 

4-   io4*   +  loah^  4-  i6a*3*  4-  iotf'3  4-  IO^i♦ 

4-  5^*      +     ^ah    +    5tf* 
I  +  io4     4*  lotf 

L  +  io> 


I 

=1 


and  (fubtrafting  a'  +  loa*  +  5fl*  +   ipj  +    10  from 
both  fides,)  '    ^ 
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+44«  +  4^  +  A^m  +  4^'**  +  4^^  +  4***  +  4«* 

-  5«* 


and  (fubtrafking  from  both  fides  of  this  equation  all  the 
terms  on  the  left-hand  fide  of  it  that  iavplve  the  powers 
of  ^,  and  placing  all  the  terms  that  involve  the  powers 
of  h  on  the  left-hand  fide  of  the  new  equation,) 


=  fl^  +  4^*  —  flS  —  lOfl*  +  j[fl3  —  5^*  —  \ca  —  10, 

or  (if  we  range  the  terms  in  the  feveral  vertical  columns 

on  the  left-hand  (ide  of  this  equation  according  to  the. 

powers  of  <i,) 

10^ 
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+    sat  -^    5fl^*  +iotf^*+  ^3*  .— 4ii^»  —  ab^ 
+  io«'5+  tf'**     —  4tf'*^  —  «**♦ 

-  4tf»3  -  fl**» 

-  a«3 

9s  aj  +  4a*  J—  «*  — •  Ipfl*  +  5^3  —  5^*  •*-  icx? «—  lO. 

'  But  the  oAinomial  qusintity   a^  +  4a^  —  n*  - 
lOa*  +  5^3  —  5^^  —  lOa  —  10  is  =s 

If  ■  -     "• 

~  =      I  o   ="  3-ogo. 

Therefore  the  complicated  quantity 


iioh  +    s^    -  535  + 


will  be  =s  3.090, 

jtrt>  52.  Now  let  1.6 1 8  be  fubdttotcd  in  the  terms  o£ 

this  equation  inftead  of  a^ 

And 
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And  we  IhallliaYe  aa  (=  I,6i8}*)  ss  oAl^^^  and 
tf*  = '4'235,8oi9  and  «^  sa  6.853,j26r  and  «<  » 
11.089,005,  and  a^  s  i7«94a,oio,  and  ay  :c  19>030» 
179,  and  A^  zz  46*970,818,  and  confeqn^ntlf  54  ^s  5 
X  I.618)  =  8.090,  and  50^^  (=;  5  X  2.617,924)  s'. 
13.089,620,  and  100'  (=  10  X  4-235|8oi)  =  42.358^^ 
.010,  and  4a*  (=  4  X  ii.o89>oo5)  ss  44.3561020^  and 
lob  +  ^ab  —  ^ab  +  ica»b  +  a^b  —  4^**  — tf*^  (=r  lot  + 
8.090  X  * — 13.089,620  X  *  +  41. 358,010  X  *  +  6.85Sf 

526  X  *  —  44.356,020  X  *  — 17.942,010  X  A)  =  67.301, 

536  X  *  —  75.387,650"  X  *}  and  loi*  (  =  lo*  X 
a.617,924)  s  26.179,240,  and  4«^  (s  4-  X  ft^s^fiA) 
=  27.414,104,  and  5^—  5^^'  +  lOtfV*  4-  «'£*  ^  4«^^ 

—'41*3*  (=  5A*  —  8.090  X  **  +  26.179,240  X  **  + 

4-235>8ci  X  **  —  27.414,104  X  i*  —  11.089,005  X 
i)  ss  30.415,041  X  i^  —  46.593,169  X  &*)  and  100 
(=:  10  X  1.618)  =  i6.]8,  and  4^1'  (=  4  X  4.235,801) 
=   16.943,204,  and  —  5^'   +  toab^  +  'a*b*  —  4a*b* 

—  a^h  (=  —  5**  +  16.18  X  i*  +  2.617,924  X  45  — 
16.943,204  X  4*#—  6.853,526  X  P)  =  —  28.796,730 
X  ^3  +  18.797,924  X  i3;  and  4^*  (=  4  X  2.617,924) 
c=  10.471,696^  and  lob^  +  ab^  —  ^aH^  —  ii34*  (  = 
10**  +  I.618  X  i*  -<-  10.471,696  X  ^*  —  4.235,801 
X  b^)  =  ii.ei8,ooo  X  i*  —  14.707,497  X  *♦;  and 
4tf  (=  4  X  1.6 1 8)  =  6.472,  and  b^  —  4/74*  —  n'i*  (= 
**  -  6.472,000  X  4*  —  2.617,924  X  *')  =  i*  — 
9.089,924  X  b^  )  and  —  ^*  —  ^ J*  (  r=:  —  4.000,000 
X  4^—  1.618,000  X  A*)  =  —  5.6(8,000  X  b\  There- 
fore  the  left-hand  fide  of  the  foregoing  equation  will  be 
equal    to    the   following  compound   quantity,   to  wit, 

67.301, 
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^7-3">536  X  *  ^  75-3S7»^5o  X  i  +  30415,041  X 
i*  —  46.S93>«<^9  X  *'  —  28.796,730;  X  P  +  18.797, 
904  X  ^*  +  n.6i8,coo  X  b^  — ^4-707,497  X  i*  -fc 
1^000,000  X  i^  r-.  9.q89i924  X  i^—  5.618,000  X  ^* 

—  ^^.  Therefore  tbis  laft  compound  quantity  muft  be 
equal  to  3.090 ;  or,  in  other,  words,  the  fi?e  quantities 
^7.301,536  X  b  +  30.4i5i04«  X  **  +.18.797,924  X 
bi  +11.6  J  8,000  Xb^  +  1,000,000  X  b^  muft  be 
gteater  than  the.  feven  quantities  75.387,650  X  ^  + 
4^93*^^9  X  ^*  +.28.796,730  X  ^3  +  14.707,497  X 
**  +  9-089,924  X  ^5  +  5  618,000  X  i*  +  i%  and  the 
excefs  muft  be  equal  to  3.090.  But  the  faid  five  quan- 
tiries  are,  refpeftivelj^  lefs  than  the  five  firft-quantitles  of 
the  faid  feven  quantities,  and  therefore,  i  fortiori,  muft 
be  lefs  than  all  the  faid  feven  quantities,  and  therefore 
the  faid  feven  quantities  cannot  be  fubtra£ted  from  the 
faid  fiv^  quautitiesj  as  tbe^y  are  fuppofed  to  b.e  in  the  faid 
laft  equation.  And  confcquently  the  faid  laft  equation 
is  impoflible.  Therefore  the  fuppofition  from  which  the 
faid  equation  is  derived,  to  wit,  the  fuppofition  that  tlie 
equation  .v'  +  4*^  —  x^  —  lO^-v*  +  5^4  —  5*'  —  io;ir^ 

—  icr  =  5  has  a  fecond  real  and  affirmative  toot  b, 
greater  than  a,  or  1.6183  muft  be  a  falfe  fuppofition. 
And  confequently  we  may,  at  laft,  conclude  that  1.6 18, 
or  1.618,037,  is  the  only  root  of  the  propofed  equation 

A*    -f   40:^    —  X*  IOA'5   +   5;^   J;c3   —    lOAT*   lOAT 

=  5.  Q^  E.  I. 

jtrt.  53.  This  root,   1.618,  is  pretty  near  the  truth. 
For,  if  we  fuppofc  .r  to  be  «=  1.618,  we  ihall  have 


j^  +  4J^— V  -^  10«»  +  5**  -t-  53r*  —  iw^  -i-^  i6t 
(s«4&97o,8iS  +  4  X  29.03o»i72  -—  <y«j>4J;oi&^ 
10  X  1^.089,005  +  5  X  6.853(526'  —  s  }^  A^^JtsJ^t 
•—  fo  X  ar6i7^924  ~  ip  x.  i;6iJr)  ^  •46I9769B18 
4*  116.1209688  — '  17.942,010—  lJo.89&,oyo''Hh 
34.^7,630  —  21.179^  —  26.1^9^240  — -  'i6.i8dlM)d 

^  i97»359f»36—  i9^37o>305  -  4-^M3M'ii^ 
18  IdTs  than  c,  or  the  abfidote  tenn'oF  the  momJkd 
equation  «•  +^  4*^  — .  ji*  —  l6«*  +  jj'ip*  —  jprSJ  *i-4 
tOA*  *-*  lOAT  =r  5,  bf  only  the  imaB  Jilfaence  bltftVi 
169,  which  is  kfs  than  the  447th  pan  of  the  abfiAnte 
term  5.  Therefore  1.618  muft  be  iboieWhat  lefs  ^Smif 
trot  very  nearly  equad  to,  the  true  vahie  dT  j»  in  the'fiU 
equation.  q.  x.  o. 


I  -     -  .  ■  .      H  > 

»%  .     t'. 


•  it 


A    SCHOLIUM. 


Art.  54.  Wb  have  now  gone  through  the  refbiution 
of  three  equations  confiding  of  terms  marked  with  the 
figns  — ^  and  +  alternately,  (and  which  tberefopeare 
capable  of  having  mott  than  one  real  and  mffim^ve 
root,  if  the  CO -efficients  of  the  j^owers  of. «  i|ad  ^ 
abfolute  terms  of  the  equations  are  of  tefftasM^tdifive 
m^nitudcs}  with  refpeS^  to  eadh  other>  >  that  ^mk  JWy^<' 

7  •  '**  '*'^^  ^-v^**' 


ti^AT  HAVE  MollE  THAK  0N£  ROOf.  4^t 

hf  that  purpofct)  to  wit^  the  cubicle  eqaation  xt  — 
39«*  +  479*  =  1881,  and  the  equation  *'  —  yx^  + 
20Jr>  «^  155^^  =  io,ocO|  and  the  equation  x*  +  4jr^ 
4—  *•  -i*  iar»  +  5i>*  -^  5x*  ^-^  lorjp  -a  lor  =  5, 
by  means  of  the  proceflcl  defcribed  above  in  Art.  9»  10; 
2i»  I9|  and  139  together  with  Mr.  Raphfon's  method 
of  approximation,  after  a  tolerably  near  value  of  the 
leaft  root  of  each  of  thofe  equations,  fomevtrhat  lefs  than 
the  true  \^ue  of  it^  had  been  iirft  obtained  by  thofe  pro^ 
Cffles.  Arid  thefe  procefle^i  have  been  fet  forth  fo  fully 
and  diftin)Qly  that  nothing  more  Is  neceflary,  as  I  con* 
eeivci  to.  be  added,  in  order  to  explain  and  illuftrate 
them.  And  I  have  Jikewife  (hewn,  at  the  end  of  each 
of  thefe  examples,  a  method  of  reducing,  when  fiich  re* 
duAion  is  poflible,  and  of  attempting,  in  other  cafes,  to 
reduce,  the  equation  (after  it^S  leaft  root^  or  it's  only  root,  aj 
has  been  obtained,  to  a  fuiHcient  degree  of  exaAnefs,  by 
means  of  the  faid  procefles  and  of  Mr.  Raphfon*s  method 
of  approximation,)  to  an  equation  one  degree  lower  than 
the  firft  equation,  by  putting  I  for  one  of  it's  other  roots^ 
which  are  greater  tlian  a,  (if  it  has  any  fuch  other  roots,) 
and  dividing  tlie  terms  of  the  equation  refulting  from  that 
fttppofition  by  the  refidual  quantity  ^— 0.  Arid  by  thi^  re-* 
du  Aioo,or  attempt  at  a  redu£lion,  of  the  faid  equation  to  art 
equation  one  degree  lower,  we  can  ufually  difcover  whether 
the  original  equation  has,  or  has  not,-  ady  other  root  than  a^ 
For,  tf  the  equation  obtained  by  this  dtvifion  is  a  poffible 
cfoation  (as  was  the  tia(e  in  the  firft  of  the  three  fore- 
going exampleii^  where!  the  equation  fo  obtained  was  the 
^oadratick  equation  ^ox  ^  jcx  ^  209,  which  is  a 
pofi^c  eqoationt  and  hit  two  roots,)  the  originarl  equa* 
liQii,  (rom  wliich'  it  wm  dtrivedi  will  have  more  rootf 

E  e  '  than 
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than  a^  to  wit,  the  root,  or  roott,  of  tbc  fa!d  fecoii4 
equation,  which  was  derived  from  it  by  meant  oi  .the 
iaid  divifion :  but,  if  the  £ud  lecond  equation  ^appears 
to  be  impoflible  (as  was  the  cafe  in  the  focoiMi  and  third 
of  the  three  foregoing  exampIes,)^  the  originid  cqttationi 
from  which  it  was  derived  by  means  of  the  faad  <^ivifi<H^ 
can  have  no  other  root  than  the  root  a^  which  has  been 
already  found.  And  in  the  former  cafis,  or  when  th$ 
faid  fecond  equation  b  found  to  be  m  pofflUe  one,  i^s 
lead:  root  may  be  found  by  a  repetition  of  the  procefltt 
abovc'defcribed,  together  with  Mr.  RajMoi^s  method 
of  approximation,  iq  the  fame  manner  as  the  leaft  toot 
of  the  original  equation  had  been  obtained  before.  And 
then  the  next  greater ,  root  of  the  faid  fecond  eqnaiiony 
and  the  next  greater  than  that,  and  fo  on^  may  be  found 
in  the  fame  manner,  till  all  it's  roots  are  known  \  whkh 
are  likewife  roots  of  the  ori^nal  equation  Irom  whkh 
the  faid  fecond  equation  was  derived.  And  thus  9^  laft 
ail  the  roots  of  the  faid  original  equation  will  be  ob- 
tained :  which  is  all  that  can  be  de&red  on  the  ful^e£t:. 


Art.  sj.  But  I  am  apprchenfive  that  it  may  be  thought 
that  the  number  of  procefles  to  be  ufcd  in  this  method 
is  too  great,  fo  as  to  make  the  invcftigation  of  the  value 
of  a^  or  the  Icaft  root  of  the  propofed  equation,  a 
tedious  and  troublefome  bufineft.  That  it  is  fo,  in 
Ibme  degree,  I  readily  confefs:  but  I  apprehend  dlat 
this  difficulty  and  tediournefs  are  inherent  in  the  fubjed 
XiiAU  and  infeparable  from  it,  and  that  the  leaft  root, 
or  any  other  root,  of  an  equation  of  the  eighth  degrdtt 
that  has  ail  it's  terms  coitopleat  (as  is  the  cafe  with  thtf 

equation 
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Equation  *•  -4-  4;r^  —  *•  —  lox*   4*   5**  — *  5*^  — 
10**  -^  10*  =   5,)  cannot  be  found,  by  any  method 
iiitherto  diicorered,  with  lefs  trouble  than  was  taken  in 
the  foregoing  inveftigation  of  the  root  of  the  faid  equa« 
iion  at'  +  4*^  —  ;r*  -^  10**  H*   $x*  —  5**  ■—  lo;i:* 
£^  iox  3;  5.     And  it  mud  be  obfenred  that  the  pro-^ 
cefles  by  which  the  near  value  1.6  (which  was  made  the 
bafis  of  the  further  approximation  to  the  root  of  the 
faid  equation  by  Mr.  Raphfon's  method  of  approxima* 
Kon^  wsis  obtained,  though  -they  were  pretty  many  in 
tnimbery  werb  very  fimpk  and  eafy  arithmetical  opera* 
tions.    For  they  were  only  fubftitutions  of  the  feveral 
ihort  numbers   i,   0.7,    cp,    i*2|    1.3,    i.4i   and   i.d^ 
(coniifting  of  only  one  and  two  figures,}  inftead  of  y^ 
and  hj  and  C,  and  x,  in  the  compound^  quantities  j^*  + 
^f  +  5/*,  and  5  +  «•  +  loa*  +  5*'  +  10«*  +   loa, 
and  5  +  C*  +  loC*  -f-  sC*  +   icC»  +   icC,  and  *•  + 
i^i  \^  afi-ii^  lb**  4-  s*^  '^  5*'  —  io»*—  lox.    The 
remaining  part  of  the  inveftigation  of  the  value  df  a^ 
or  of  the'leaft  root  of  the  equation  *•  +  4*'  —  4:^  — * 
lox^  +  5a?*  ^-  Sx^  —  ibx*  •—  10*  =  5,  after  wc 
Kave  obtained  1.6  for  a  near  value  of  it  fomewhat  lefs 
than  the  truth,  is  performed  by  Mr.  Raphfon's  method 
of  approximation,  which  is  fubllantially  the  fame  with'^ 
Sir  Ifaac  Newton's,  and  is  allowed  on  all  hands  to  be 
the  (horteft  and  beft  method  that  can  be  taken  foryOie 
t>urpofe.    I  therefore  concave  that  the  only  anfwecAhat 
can  be  given  to  this  complaint  of  the  tedioufnefs  of  the 
foregoing  method  of  obtaining  the  leaft  root  of  an 
eijuation  of  a  high  degree,  is  that  which  is  faid  to  have 
b6en  given  bf  Euclid,  the  author  of  the  Elements  of 

E'c  a  Geometry, 
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GcotnctTji  to  Ptolemy  PWladclphus,  King  of  Egypt,  ^^heit 
he  made  a  like  complaint  concerning  the  difficulty  of  that 
method  of  arriiring  at  the  knowledge  of  Geometry,  to  wlr^ 
"  T'bat  thtre  ts  nb^ royal  kightanf.  to  the  knowledge  of  G«- 
'*  metry^  and  much  lefs  to^hat  of  the  method  of  refolving  o^ 
•*  equation  of  the  eighth  degree^  cr  of  izny  higher  order.** 

End  of  the  Scholium  hegun  in  Art,  54. 


Art,  56.  In  tlie  foregoing  three  equations  which  m^ 
have  TcrolvcJ  in  the  metnod  defcribed  above  in  art.  1O9 
1 1,  12,  13,  and  14,  in  order  to  illuflrate  the  faid  method^ 
to  wit,  the  Cubicle  equation  x'  —  yjx^  +  479^  =  1881, 
a'nd  the  equation  .v5  -—  7^*  +  2o.v^  —  15  5*^*  =  10,000, 
and  the  equation  .r*  +  4^'  —  jr*  —  lo.i*  +  5.^*  —  5*' 
-*-  I o.i"  —  I o.r  =  5,  the  higheff  power  of  x  is  marked 
with  the  fign  +,  or  the  fum  of  the  bighcft  power  of  x 
and  jhc  terms  that  are  added  to  it  is  greater  than  the 
I'um  of  the  other  terms  of  the  equation  involving  the 
other  powers  of  x^  and  the  latter  fum  is  fubtrafied  from 
the  former  fum,  and  the  terms  that  compofe  it  arc 
<^onfequentIy  marked  with  the  fign  «•  But  the  method 
defcribed  in  art.  10,  1 1,  12,  13^  and  I4,  is  equally 
ufeful  in  inveftigating  the  firft  near  value  of  the  Icaft 
root  of  an  equation  that  has  feveral  roots,  when  the 
highefl  power  of  x  is  marked  with  the  fign  — ;  of  which 
it  may  be  proper,  before  I  conclude  this  difcourfe,  to 
give  an  example.  I  fliall  therefore  now  proceed  to  apply 
this  method  to  the  refolution  of  an  equation  of  this  kind; 
and  the  equation  I  fliall  chufe  for  tliis  purpofe  fliall  be 
the  biquadratick  equation  I4>937^'  — '   1998.V*  4-    8cx* 

8  ^ 
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•—  *^  ==  5000,  which  we  have  already  rcfoWcd  in  the 
formet  part  of  this  volume,  and  -which  refulted  from 
Dr«  Wallis's  Solution  of  Colonel  Titus's  Arithmetical 
Problem  above-mentioned.  This  equation  has  been  aU 
readjr  examined  at  great  length  in  the  former  part  x)f  this 
jrolume  in  the  Appendix  to  Dr.  Halley's  Tf aA  ;  and  it 
lias  been  ibewn  to  have  four  different  real  and  aftrmative 
tootsy  to  wit»  the  numbers  0.350^871  &c,  11.756,44.7) 
794,48oi,744»o22»  i&c,  32.060,290^81  &c,  and  34.6379 
280,  ^c,  of  which  the.  fecopd,  or  lead  bu^  one,  to  wit^ 
i2..756»44i»794,48o^744902!2,  /&C|  was  jnvefti'gated  in 
paj^es  659:66,  671  &c  -  »  -  96,  and  the  •other  .three 
wer^e  inveftigated  afterwards  in  pages  144,  145^  146^ 
&c  -  -  -  175.  And  in  page  161  i(  is  averted  that  the 
firft,  or  lead,  of  thefe  roots,  to  wit,  0.3 50, 9^7^  &c, 
would,  if  computed  to  a  greater  degree  of  fuijk^nefs,  be 
found  to  be  equal  to  o  350,987,045,866,14.  This  leall 
root  I  now  propofc  to  invefligate  by  the  method  above- 
defcribed,  fo  as  to  find  a  firil  near  value  of  it  that  fhall 
be  fufficiently  near  to  it's  true  value  to  be  made  ufe  of  as 
a  ponvepi^nt  ground,  or  bfifis,  of  9  further  approxima- 
tion to  the  faid  true  value  in  the  manner  recpmmended 
by  Mr.  Raphfon ;  and  I  (hall  afterwards,  by  means  of 
Mr.  Raphfon's  method,  continue  the  invefligatiori  of  it 
to  twelve  or  thirteen  places  of  decimal  figures,  but  (lialj 
fay  noticing  more  of  the  other  tbfpe  roots  of  this  equation, 
which  h^ye  been  fufficienily  cpuGderpd  uVitl^t  iotxk^x 
part  pf  this  volume* . 

JrU'^T,  This  leaftroot  of  the  equation  lAi^Zl^  -»• 
1998^:*  +  8cw*  —  X*  =  50CO  is  tl^  .more  .worthy  of 

Ec3  our 
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our  attention  and  of  a  more  accurate  Inyeftigation  than 
hat  been  already  beftowed  on  it»  becaufe  it  ia  of  ufe  in 
the  folution  of  Colonel  Titut's  Problem  .above-^mention* 

cd,  as  well  as  the  fecond  root  x?-?  56144  ir794ff8o»7449 
022»  &c  which  Dr.  Hallqr  has  inveftigated ;  bx  it 
enables  us  (as  we  have  feen. above  in  pa|^  234^  235^ 
and  2361)  to  find  the  fecond  fet  of  numbers^  or  of  values 
of  at  by  and  r,  in  Colonel  Titus's  ProbleiBy  that  wift 
anfwer  the  conditions  of  that  pvohlem)  to  wtt|  the  nam* 
bers  o.4x8»9i9,470,  &c,  3.912 ,a26986<^  tec,  and 
4.o44,884,670,  &c.    This  lead  root  ef  the  fiiid  equation 

'4»937'*  ~  1998^*  +  80-^  —  *♦  =  5000  I  (hall  there* 
fore  now  proceed  to  inveftigate  in  the  method  defcribcd 
above  in  art.  lOy  11%  X2,  13,  and  i\» 


jfn  Invejllgation  of  the  Leajl  Root  of  the  Biquadraiick 
Equation  14,937^?  — ^  19984?^  +  8ox'  — .  ji:*  =  50OO 
by  Means  of  the  Procejfes  defcribed  in  Art.  10,  ll,  12, 
13,   and  14,   and  Mr.  Rafhfon^s  Method  of  Approxi-^ 

mation. 


Jrt.  58.  In  the  firft  place  we  will  feck  the  root  of  the 
curtailed  equation  i4»937J»r  +  So;*:'  =  5000,  or  I4,937j| 
4.  80;?^  =  5000,  which  has  but  one  root.'  And  this 
one  root  we  will  feck  by  conjefturcs  and  trials  made  in 
the  manner  diredlcd  by  Stcvinus  and  Kerfey.  This  maj 
be  done  as  follows : 
"^  Let 
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.  Lef  «•  :firft  ittppofe  jr  to  be  s=  if  ^lad  try  the  efieA  of 
this  fuppofitioQ. 

•  a 

Now,  if  jr  is  =  I,  we  (hall  have  y^  alfo  =s  i,  and 
and  8oy*  (=  80  X  i)  =  80.  Therefore  14,9377  + 
8ojr'  will  in  Aie  cafe  be  (=  141937  +  80)  '=  1S1O17  ; 
which  b  much  greater  than  50^0,  or  the  abfolute  term 
of  Ae  ec^Yxation  14,9377  +  8qy'  =  5000,  Therefore  i 
miift  be  much  greater  than  the  true  value  of  7  in  this 
equation,  or  the  faid  true  value  of  j  mufl:  be 'much  lefs 
than  I".  ■ 


c.  •■' 


■  II    i.-  •-•    ■■• 

jSie^ondly,  fince  j  is  lefs  than  I9  jf  will  be  lefs  than  y^ 

and  ^  will  be  lefs  than  yy^  and,  i  fortiori^  lefs  than  y. 

Therefore  Hoy^  will  be  mueht  leis-  than  i4»9377>  and 

fionfequjemly   i4>9377  alone  will  be  nearly  equal  ta 

'4»937j^>'^  ^^ft  ^^  therefore  to  (it's  equal,)  5000* 

Th^rfbrer  jr  will  be  nearly  equal  to  -^ ,  or  to  0.33. 

^4*937 

Thereforct  (by  the  Lemma  demonftrated  in  art.  10,) 

€.33  (which  is  nearly  equal  to  the  fingle  root  of  the 

(equation  1419377  4*  807'  <=  5000,)  muft  be  lets  than 

the  leaft  root  of  the  onginal  equation  i4>9374r  —  I998x^ 

+  80*'.  s— x*  =  5000,  and  may  therefore,  if  it  is  near 

enough  tp  the  trpe  value  of  the  (aid  leaft  root,  be  con^ 

veniently  made  ufe  of  as  the  ground,  or  bafis,  of  a 

further  approximation  to  the  true  value  of  tlie  faid  leaft 

root  by  putting  at  =  0.33  +  z,  and  fubftituting  0-33  4- a 

inftead  of  x  in  the  terms  of  the  equation.  i4>937'  —^ 

I99&ir^  -{-  8ojir'  —  w^  =  5000^  and  refolving  the  tranC* 

fprmcd  equation  refulting  from  fuch  fubftitution  as  if  it 

£  e  4  were 
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vrere  i  mere  finiple  eqpattoiii  according  to  the  divtftkms 
of  Mr.  Raphfon. 

/r^.S9-  Wc nmft  therefore  iq.thp  next  place  endoa- 
vour  to  difcpver  whether  0.33  is  near  enough  tothe  trui^ 
value  of  x^  or  the  leaft  root  of, the  pfopofe4  fquatioa 

i4»937-«'  •*-  1998**  +  Boy*  -r.**  =  S^W  to  be  fit  tq 
be  ir.^dc  ufe  of  in  t}ils  ipanoef.  Apd  for  chi«  puxpoie 
we  mud  fnbdifute  i(  inf^ead  of  iV  in  the  q^adripoaua| 
quantity  I4,<^37x  -*  ipg^x^  +  3ox*  —  jp*,  and  com- 
pare the  value  of  the  faid  quadrinomtal  quantity  refulung 
from  fuch  fubftitution  with  the  abfolute  term  5000,  to 
which  the  faid  quadrinonnial  quantity  is  equal  in  the  pro- 
pofed  fequatiotr  14,937;^  —  1998**  +  8c;r*  —  *♦  ==  5000. 

Now,  if  ^;iS:=^  0-33f  V«  fcal'  haijc  **  (=  0.3 3I*} 
s=r  0.1089,  «°^  •^^  (=  0.33V)  =s:  0.035,937,  and  *♦(= 
©TJ^)*)  =  0.011,859,21,  and  cohfcqucntly'T4;937*  (= 

Mj937   X  0-33)   -  492$)  2 r,  and  1998*'  (=  1998  >? 
0.1089)  ~   217.5822,  and  Sox^  ( =   80   X   C.035,937) 
^  2.874^960.     Therefore  the  whole  compound  quantity 
I4,937a:  — •  1998^?"  -f  8o.v^  —  .V*  will  be  (=3  4929.21 
—   217.5822   -f    2.874,960  i —  0.011,859,21  ^  4932. 
.0^4,960   —    217.594,059,21)  =  47 '4-490,900,79; 
which  is  coiifiderably  lefs  than   5000,  or  the  abfolute 
term  of  the  propofed  equation   I4,937.v  -^-iggSy*  + 
g^.v3  —  x^  zsz  5000.     Therefore  c.33  will  be  confider- 
ably  Icfs  than  the  true  value  of  Xy  or  the  leaft  root  of 
that  equation  :  and  therefore  it  will  be  expedient  to  form 
another  conjefture  concerning  the  faid  true  value  of  x, 
that  will  be  rather  nearer  to  it.     And,  on  account  of 
the  magnitude  of  rho  difiercncq  of  the  foregoing  refult 

47M- 
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4714.490^00,79  from  the  Afohxte  term -50001  it 
Ceems  nafonable  to  conje&ure  that  the  faid  tme  ^Ta>* 
kie;  will  be  vtrf  nearly  equal  to^^.  0.35;  Wtf  iriU  dwre^ 
Carcfuppofe  ^4r  to  be  equal  la  01351  and  will  fub^ 
ftitate  o«3«  ihOead  of  ;if  in  the  terms  of  th»  duadri^ 
BomiaL  quantity  :i4,937iif  -— '  J|i^8«v*  4-804^  '^^'Sr^,  i& 
order  to  difcover  whether  die^jre(«dt  of  fach  fubffitotioa 
will  be  greater,  or  lefs,  than  the  abfolute  term  50CO9 
and  confequentljr  whether  0.35  will  be  greater,  or  If  ft, 
than  the  true  value  of  x,  ot'thfc  leaft  root  of  the  propoled 
equation  i4i9^^'^  1998^1^  -h:  8b**  *—*♦;== --59^ 
and  Ubpwife  w)iether  the  faid-fe(iilt^will. approach  near 
enough  to  the  faid  abfolute  term  to  make  it  expedient  to 
Ihake  ufeof  o;35-.as-  the  ground^  or  bafis»  of  a  further 
approximation  to  the  ^e  value  of  the  faid  leaft  root  ia 
tlie  manner  recommended  by  Mr.  Raphfon. 

j1rt.iio.  Now;  if  jr  10  =^  0.^/  we  (hall  have  x""  (s 
c^^)  =  0.1225,  aird  x^  (=  o^s]')  =  0'042,87y, 
an4  i*  (=  O.'^I^*)  ='  ono  1 5,006,2 J,  and  confequeotly 
^4*937*  (=  Mf937  X  6.35)  =  5227.95,  and  1998^?* 
(1.  1998  X' 0.1225)  ^  244.7j'5oi  atid  8o;i*  <=  80  X 
0.042,^75)  53,3:4^0,000,  and^^cdtii^quently  i4,937.r  — 
1998^;*  "+  80^'  —  flf*  (=  5i27*95  —  244.7550  + 
3430,000  —  0.0155006,25  =  5231.380,000—  244. 
.770,006,15)  =  4986.609,993,75  J  which  IS  ibmcwhaft 
left  than  5006,  or  the  abTohite  tctm  of  the  equation 

'  HiOil^  "^  iggix^  +  8ox3  —  *♦  ^*  s^o^V'W  tKe 

di(R:rencc  between  them  is  but  fmaR.  ThcreTore  0.35 
vnil  be  fomewhit  lefsthan  the  tfue  vdoe'of  ;r,  or  the 
faid'^fequattc^tl'i  but  the  difference  betweeft  them  wUl  be 

ibuifmall.  (^  £.  I.        ' 

wfr/.  61. 
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Art.  6u  Wc  wtU  ikttMSattnom  take  0.^5  for  die  lbi6$. 
of  a  f»rt^er  apf^oxiinstioA  towirck  die  true  Taliie  bf  ^V 
or  ti^  le^  roo^  o£^  prt pofed e^iatioa,  in  the  manner 
cocommendod  bf  Mr.  RtpUboi  an4  Appofe  xr  to  be  as* 
a.35  f«f  «»:  and  (iibftitule  .tke  &id  binomml  qnantitf  in- 
ftead  of-H»  in  the  temit  of  ;the  faid  equation.  Hub  ipayr 
1^  donein  the  fbUowini;  manner  t . 


)5ince'*^  U  ==  ^'li\'^';*>  ^«  fliap  ^re  «*  (ss 
ajs  +  x^*^  ^035!*  M^  X  0.35  X>  s  i^  ^  «  ^5^* 
+  6.70  X  X  +  &e)''*ii'0,^tls  +  0.70  X  2  +  &C, 

fnd*'  (=:  0.35  +  «V  5?=:  ^^*  +  3  X  0.35V  X  9 

+  &c-  s  oTJ^*  +  3  X  0.1125  X  s 
+  &c  =  0351'  +  P.3675  X  X  4-  &c} 
=  0.042^75  +  0.367s  X  »  +  «rt^ 

and  *♦  (=  oTjJT^*  =a  0.35V  +  4  X  o7^»   X 

z  +  &c  =  0.35I*  +  4  X  0.042,875 
X  «  +  &c  =  0.35V  +  0.171,500  X 
a  +  &c)  =?:  o.oi  5,006,2 jf,  +  0.171,500 
X  X  +  &c. 

Therefore  14,93 7 a?  will  be  (=  14,937  X  0.35  +  « 
=  M»937  X  0.3s  +  14,937  X  «)  =  5227.95  + 
14>937«»    and  1998.V-  will  be   (=    1998   X 

0.1225  4-  0.70.x  a  -f  &c  =   1998  X  0.1225  -»-  1998 
X  0.70  X  «  +  &c)   =  244.7550  .+    1,398.60  X  z\ 

V)4 
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^4  80^  will  be  (=  80  X  fo.042,^75  4- 0-3675  X«+^c 

«  80    ^   0.042,875    +    80    X   0.3675    X   JB    +   &C)  ta 

^430,000  -jh  29.4000  X  2  +  &c ;  and  confequently 
^c  ^de  qu^drinomial  quantity  I4>937*r  —  rgjiS**  ♦ 
tiojt^  ~  .t^  wiU  be  e.qual  tP  tbp  fpUpwinr  t^ktt^U^ 
CnsEnt^ty,  to  witj 


f       $^7.95         +  14,937  '^  ^  y 

J      -.  '244-7$59  r  1393.60  X  %  7*  te      j^' 


3430,000       ^h      ^94000  X  «  +  Ac 

0^015,006,^5   --        p.  1 7 1,500  x» 


-Ac      /* 

^8cc     I 


5231.380,000^00  4-  I4t96640o»ooo  >c  ^  ^  &c    *% 
2^.770,006,25  T    11398.771,300  X  n  ^  &c    J 

=s  4986.609,993,75  f  l3»567-6^8iS,9^  ><«*«• 

Bat  d^e  quadriiYpmial  qu;uitit7  ;4»937^  -—  ipp&r^  -f- 
jJo*f  —  x^  is  =  500a 


•  •^•• 


Therefore  the  quantity  4986«6o9.993,7J  +  '3>S^* 
•.628,500  X  z  &c  will  alfo  be  =   5000.    And  confe* 
qucritiy  13,567.628,500  X  2  wilhbe  (=  5000.000,000,00, 
—  4986. 609,P9 3,75)  =  13.390,006,25,  and  2  will  be 

13.500,006,25       .  ^r  r««  -. 

^"  i3;56?.6.8.50o  >  =  0'^o,9S6,9.  Therefore  *,  or 
0.35  +  2,  will  be  (=  0.35  +  0.000,986,9}  =  0,350, 
986,9,  or,  very  nearly,  0.350,987 ;  that  16,  0.350,987 
will  be  another  near  yalue  of  ^r,  or  the  leaft  root  of  the 
propofed  equation  14,937;!?  ~  ?998Jf*  +  80*'  —  x* 
s  5000,  that  will  be  much  nearer  than  0.35,  or  it's  laft 
oear  value,  to  ^t's  true  value.  ^  <2;  IK.  )U 

iff/.  ^2. 


.t  .r 
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jbrU  fn*  Now,  in  order  to  difcover  how  near  this  laft 
number,  0.350,987,  will  approach  to  the  true  value  of  x^ 
or  the  leaft  root  of  the  propofed  equation  1 4,93 V^r— 1998^6* 
•f  8o4H|  «-•  x!^  =s  500C,  and  like  wife  to  difcover  whether  it 
yrUl  be  greater,  or  lefs,  than  the  faid  true  value,  let  0.350^ 
987  be  fubftituted  inftead  of  x  in  the  terms  of  the  qua^ 
drinomial  quantity  14,937'X^  —  1998^1*^  4-  8ox<  -<-  x^^ 
This  may  be  done  as  follows  | 

j    ■  ■  -•  -  ■    \ 

.If  Atis-jss  0.350,987,  w;e  fliall  have  x*  =k  0^.12;, 
IV»87,4^69,  wid  *»  =  o,p43,238,746, 338,954,803, 
add  x^  =  0.015,176,237,861,270,729,440,561,  and  con- 

jfeqnently  M»937*  («  Mi937  X  o-3SOf9*7)  «  5»42- 
692,8i9,  and  199J5**  (=  1998  X  0^23,191,874,169) 
==  246.137,364,589,662,  and  8c*^  (=  80  X  0.043,2389 
74<5>33*>9S4»8o3)=  3.4S9i099>707ili<}*3®+»240.  There- 
fore the  whole  quadrinomial  quantity  I4,937x—  1998^?* 
+  86a*  —  X*  will  be  (=  5247.692,819,  —  246.137, 
364,589,662  +  3.4S9>o99»7o->i  16,384,240  —  0.C15, 
176,237,86^270,729,440,561  =  5246.151,918,707, 
116,384,240  —  246.152,540,827,523,270,729,440,5^0 
=  4999-999j377>879>593>»^3i5io>559>439»  which  is 
Icfs  than  5000,  or  the  abfolute  term  of  the  equation 
'4»937***  r"  1998^:"  +  Soat^  —  »v*  =  5000.  Ihcre- 
fore  0.350,987  is  lefs  than  the  true  \'^luc  of  ;r,  or  the 
lead  root  of  that  equatioiv  q^  e.  i. 


jirt,  63.  We  will  therefore  now  put  x  =  c.350,987 
+  s,  and  fubftitute  this  binomial  quantity  inftead  of  * 
in  the  propofed  equation  14,937^  -^  1998^*  +  8oaB  — 
.r*  =  5CC0,  and  refolvc  the  transformed  cqoutxon  thence 

arifing 
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arifing  in  the  manner  prefcribed  by  Mr.  Raphfon,  fl 
order  to  obtain  a  (till  nearer  value  of  x,  or  the  lead  root 
of  the  (aid  equation,  than  0.350,987.  This  may  be 
done  in  the  manner  following : 

Since  a?  is  =  0.350,987  +  Zj  we  (hall  have  ;t*  (= 
0.350,987  +  a)*    ==    0.350,9871*  4-   2  X  0.350,98]^ 

X  2  +    &c  =  0.350,987)*  +  0.701,974  X  %  +  &c) 
=5  0.123,191,874,169  +  0.701,974  X  2  +  &c, 

and  *•  (=   0.350,987  +  2^3  =  .0.350,98713  +  3  X 
.     0.350,987V'  X  z  +.  &c   =   0.350,987V 

«  « 

+  3  X  0.123,191,874,169  X  z  +  &C  =3 

a 

0.350,987)3  +  0.369,575,622,507  X  z  + 

&c)    =   0.043,238,746,338,954,803   +; 

p.369,5  75,622,5 07  X  s  +  &c, 

and  »♦  (=  0.350,987  +  z]  ♦  =  0.350,9871^  +  4  X 

0.350,98713  X  2  4-  &c  =  0.350,987V 
+  4  X  0.043,238,746,338,954,803  X  2 

+  &c  =  0.350^987;-^  4-  o.i72,954i985» 
355,819,212  Xz  +  See)  ==  0.015,176,2^7, 
861,270,729,440,561  +  0.172,954,985, 
3SS>8i9i2i2  X  z  4-  &c. 


Therefore  14,937;^  will  be  (=  14,937  X  0.350,9874-21 
~  Hf937  ^  o-350>987  +  H>937  ^  2)  ==  5242.692, 
819  4-  X4193725 

and 


.• 


■    ,  L_ 
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IBid  1998^:^  will  be  (=s  19911   ^ 

o.it3,i9i,<74,t69  +0.701,95^4  X  *  +  i4 
=  1998  X  o.t23>  1 91,874,169  +  1998  X 
0.701,974  X  z  +  8ccj  =  24df.  1 37,364, 
589^662  +  14624544,052  X  t;  +  &C; 

« 

l&d  8qv^  will  be  (ss  80  X  0.04 3^238^74^38^54,80  j 

+  80  X  0.369,5755021^507  X  «  +  &c) 

049,860,560  X  t  +  &ci 

ihct  cohfequenttjr  the  whole  quadrtnbmial  quantity 
*4»937^  -^  1998  ;r*^  +  SoJtJ  —  j?*  Will  be  equal  ttf 
die  ibUowing  compound  quantity,  tb  wit^ 

5242^692,819  +  Uf^ll  ^  * 

-246.i37>364,589,66i  ^  I40i.j;44i052  x  k  -^  te 

+    3-4i;9)09iS^707»"6,384,240  +     a9-566>049,86o456o  x 
—    ox?i5,i76,237,86i,i7o,729,44o,56i  »  +  &c 

-  o.i72,954,985>35S,8i9,2iixa5-»-&cJ 

5246.151,918,707,116,384,240 

-f   14,966.5/: 6,049,806, j;6o,  X  «  +  &c 
-246.i52,540,827,S23,270,7a9,44O,,56i 

—  1402.717,006,985,355,819,111  x«  — &c 

=  4999-999>377>879?593^i«3iS«o>S59*439  -***  *3»S63- 
•849,042,815,204,180,788  X  z  &c» 

But  the  quadrinomial  quantity  I4i937*  <r  X99S«^  + 

80.t3  —  ;i^  is  =i  5000. 

•thercfbt* 
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Therefore  the  quantity  4999-999»377>^79»S03»*»3>S»^ 
JS9»439  +  13*563 -8491042,8 15,204,180,788  X  ^  «rc 
will  alfo  be  =  5000;  and  confequentljr  the  quantity 
13,563.849,042,815,204,180,788  X  z  8cc  will  be  =3 

r         5ooo.oooyOoo^co,ooo,ooo90oo,oop»ooo      "^ 
\     -  4999-999.377»879»593.»i3i5io,SS9»439      J 

=S  0.000,62  2,1  20,406,886,489^0,  j6t, 

.„  ,  0.000,622,120,406,886,489,440,561, 

and  %  will  be  =  .0  ^  «     oa  '     =* 

13,563.849,042,815,204,180,788 

X).ooo,ooo,045 ,866,06  &c.  Therefore^,  or  0.350,987 
+  z,  will  be  =  0.350,987  4-  0.000,000,045,866,06  &c 
=  0.350,987,0451866,06  &c.  <^  £•  i« 

jfrt.  64.  This  value  of  x  difiers  from  the  number 
0*350>987,o45,866,i4  (to  which  I  had  aflerted  in 
page  161  that  the  lead  root  of  the  equation  I4,937x  — - 
19984?^  +  8o;ir'  —  4r^  :i=  5000  would  be  found  to  be 
equal,)  in  the  13th  place  of  decimal  fradionsi  fo  that  I 
muft  have  made  a  flip  in  one  of  the  two  calculations  by 
which  I  obtained  thefe  numbers  in  that  phcc  of  fig^ures. 
But,*as  this  difierence  of  the  two  numbers  occurs  only  ia 
the  13  th  figure,  we  may  fafely  conclude  that  the  fir  ft 
twelve  figures  0.350,987,045,866,  of  the  number  0.3509 
987,045,866,06,  that  has  juft  now  been  obtained  by  the 
foregoing  inveftigation,  which  are  the  fame  in  both  cal- 
culations, will  be  exaA. 

£nd  of  the  General  Method  of  inveftigatifig  the  Two  or 

Three  Firjl  Figures  of  the  Lenjl  Root  of  an 

Equation  that  has  more  thi^n  One 

Real  and  Affirmative  Root. 
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J  Specimen  of  Viet  a' s  Method  of  refolving 
Algebrdick  Equations  of  any  Order  by  Afi^ 
Jifoximation ;  containing  an  Example  of  the 
Refolution  of  the  Equation  a?*  ^  ^x*  -¥ 
500A:  =  7,905,594,  /which  is  the  Suhjedl 
of  the  I  sth  Problem  of  his  Difcourfe  upon 
this  Subje&J  according  to  his  Method. 


Article  I.  TN  the  foregoing  part  of  this  Volume  of 

Trafts  I  have  endeavoured  to  explain  and 
illuftrate  the  three  feveral  methods  of  refolving  Afie£led 
Algebraick  equations  by  approximation  that'iiave  been 
given  us  by  Sir  Ifaac  Newton,  Mr.  Raphfon,  and  Dn 
Halley,  and  have  compared  them  with  each  other,  in 
order  to  enable  my  readers  to  judge  of  their  feveral 
merits,  and  determine  to  which  of  them  they  will  give 
the  preference.  This  comparifon  has  been  made  between 
Mr.  Raphfon's  and  Dr.Halley's  methods  in  the  Appendix 
to  Dr.  HaJley's  Tra£l  on  this  fubjeft,  which  forms  the 
Second  Traft  in  this  colFeftion,  and  extends  from  page  25 
to  page  183.  In  this  Appendix  I  have  refolved  each  of 
the  three  equations  which  Dr.  Qalley  hsis  brought  as 

F  f  2  example! 


43^    A  IFBCIMtN  OF  triBTA^S  MBTtfOD  Qt  tfi/M^tlHC^ 

examples  of  his  method  of  refolutipm  to  wit9ji|c.cubi(k 
equation  jc*  —  t^x*  +  ^  =  350,  and  the  blquadfiif* 
tick  equation*  *♦  —  3^*  +  75*  sx  ipjOoo  and  I4«937'^ 
—  I993.r^  +  Sda;*  *-  f^  "^  5<>^f  in  two  different  ipaft- 
nersy  to  wif,  firft,  in  the  manner  preTcrCbed  hj  Ifu 
IiaUey».and|  iecocuUj^  in  the  manner  ptefcribcd  bji.Mr* 
RiLphfon,  that  the  advantages  and  dKadvantages  of  .^ach 
method  maybe  tlie  mgrcapparent :  ai|d  I  have  fiated^my 
reafons  for  thinking  thaC|  in  inoft  cafeSf^  Mr.  Raplifan's 
•method.  dcCerves  to  be  preferred  to  Dr.  HalkyV  ^  And  1 
have  compared  Sir  Kaac  Newton's  method  of  reCohttioa 
with  that  of  Mr.  Rajibfon  in  theTraft  imiltcd  <^.0^ 
fffvatioM,  pn  Mr^  Rgphfon^s  Method  cf  rrfUymg  ^eQii 
Equations  of  all  Degrees  hy  Approximation^^  which  extends 
from  page  279  to  page  323 ;  in  which  Tra&  I  have  jit- 
folved  the  only  equation  that  has  been  brought  by  §iiT 
Ifaac  Newton  as  an  example  of  his  method,  to  wit,  the 
cubick  equation  x^  —  2x  z^  5,  in.two  different  manocrsy. 
io  wit,  firft,  in  the  manner  prefcribed  by  Sir  Ifaac  New-^ 
ton,,  and,  fecondly,  in  the  manner  prefcribed  by  Mr. 
Raphfon  \  and  have  compared  ihe  methods  with  each 
other  in  the  fcvcral  procefles  of  them,  ftcp  by  ftep,  and 
mentioned  myrcafons  for  concluding  that  Mr.*Raphfpn-s 
method,,  though  it  differs  but  Lttle  ft om  Sir  Ifaac  New- 
ton's, yet  dcfcrves,  in  fome  degree,  to  be  preferred  to  k. 
And,  as  in  all  thefe  three  n^thods,  of  Sir  Ifaac  Newton, 
Mr.  Raphfon,  and  Dr.  Halley,  it '%»  prefuppofed  that  the 
calculator  is  already  able  to  find  the  value  of  ,^7,  (or  the 
lirft  near  value  of  at,  or  the  root  fought,)  to  a  tolerable 
degree  of  exadncfs,  (or  to  within  one  hundredth  par^ 
or,  at  Icaft,  to  within  one  tenth  part,  of  the  trujj  yaluc 

of 
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pf  Xf)  eidier  by  conjefture  and  triaf,  or  otherwifey  whidi 
firft  near  value,  n,  it  to  be  made  the  groand,  or  bafo,  of 
a  further  approach  to  the  true  value  6f  at  by  their  ieveral 
methods  of  approximation  i—^nd,  as  neither  of  thoft 
eminent  writers  has  given  his  readers  any  dire Aions  at 
to  the  manner  of  finding  fueh  fir  ft  near  value;— *I  have 
endeavoured  to  fnpply  this  defed  by  re -printing  the 
loth  Chapter  of  Mr.  John  Ketfey's  excellent  Treatife  oif 
Algebra,  in  which  that  clear  and  eafy  writer  has  fet-forth 
and  iUudrated  by  examples  the  general  method  given  us 
by  3tn>on  Stevintis,  (the  FleMlih'Vfathematician  of  the 
former  part  of  the  laft  centuryi)  for  that  purpofe:  and 
to  this  method  I  h^ve  fubjoined  a  little  iDf^pfbvemeht  of 
my  own,  which  will  be  of  ufe  in  fome  particular  cafeS| 
which  knight  otherwife  create  fonie  doubt  and  per^ 
plexity:  I  me^n  thofe  cafes  in  which  fome  of  the  tcfins 
which  involve  the  powers  of  x  in  the  equation  itc 
piariced  with  the  figh  -|-^  and  others  of  them  are  mnjcei 
with  the  fign  —>,  and  in  which  it  is  confeqnently  often 
probable  that  the  equation  that  is  to  be  refohed  msty 
have  more  than  one  real  and  affinha'tive  rbot  j  in  all 
which  cafes  the  improrement  here  alhided-tb  will  enable 
us  to  find  a  quibatrty  that  will  ^Tways  be  ]efs  than  ther 
leaft  of  the  feyert)  diffettht  rdot^  of  the  equation,  if  it 
has  more  than  one  fuch^l^^t,  or  than  the  only  root  of  it, 
if,  notwithftanding  the  appiiarane^  to  the  contrary,  It 
(bould  have  only  one  (\sch  root)  and  frpm  this  qqamity 
(which  is  always  lefsthan  the  tru^  ^Tu^  of  the  (aid  IeaA| 
or  only,  root,)  we  may  make  gradual  approaches,  by 
3tevinus*s  method,  or  otherwife',  to  the  fdid  true  value, 
t}l\  ifc  txc  come'  near  enough  to  it  to  m^ke  it  expedient 
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to  proceed  afterwards  to  greater  degrees  of  exaAnefs  hf 
Mr.  Raphfon's  method  of  approximation.  And  m  thf^ 
hft  Traft  I  hare  likcwife  (hewn  how,  When  the  leaft,  or 
only,  root  of  the  propofed  equation  has  been  fo  difcoTer-« 
ed,  we  nray,  if  the  eqtrafion  has  no  other  root  befideS 
that  which  has  been  fo  difcovered,  determine  with  cer^ 
fainty  that  it  has  no  other  root,  and,  if  it  has  one  or 
Ipore  other  roots,  rednce  the  equation  to  another  equa- 
tion one  degree  lower  than  the  former,  which  will  in- 
volve the  faid  other  root  or  roots  of  the  firft  equation  f 
after  which  ire  may,  by  performing  the  Kke  proceflcs 
with  refpe£l  to  the  feeond  equation,  at  kift  obtain  the 
talues  of  all  the  feveifal  roots  of  the  faid  iirft  equatioo^ 
to  as  great  a  degree  of  eza£lnefs  as  we  pleafe.  And  tht9 
feems  to  be  aH  that  is  neceflary  to  be  done  towards 
making  this  method  of  rcfolving  equations  by  approxi- 
mation, according*  to  the  dircflions  given  us  by  Mr. 
Raphfon,  quite  complcat.  I  therefore  now  hope  that, 
after  the  careful  perufal  of  all  the  foregoing  Trafts  con- 
tained in  this  volume,  the  reader  will  find  himfelf  per- 
fc^Tlly  maflcr  of  Mr.  Raphfon's  method  of  refolving  high 
afledled  equations  by  approximation,  and  will  be  able  to 
apply  it  readily  to  the  ri'folution  of  any  Algebraick 
equation  that  may  be  propofed  to  him  ;-^to  contribute 
to  which  was  the  principal  objefl  I  had  in  view  in  pre- 
paring tliefe  difcourfes  for  the  prcfs.  I  might  therefore 
here  with  propriety  put  an  end  to  this  volume.  But,  as 
there  is  another  method  of  rcfolving  all  equations  by 
approximation,  which  was  invented  by  the  celebrated 
Vieta,  above  a  hundred  years  before  the  publication  of 
Mr.  Raphfou^s  and  Dr.  lhlk'\\s  methods,  and  which  was 

generally 
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gcilcrally  adopted  and  praaifed  by  the  ableft  Mathema- 
ticians of  thofe  timeS)  and  particularly  by  Mr.  Oughtredj 
Dr.  Pell,  and  Dr.  Wallis,  though  it  has  fince  beeii  aban- 
doned pn  account  of  the  gtcater  facility  of  the  methods 
of  Sir  Ifaac  Newton,  Mr.  Raphfon,  and  Dr.  Halley ;— * 
I  conceive  that  it  will  be  agreeable  to  the  readers  of  thefe 
Tra£^s  to  be  made  acquainted  with  the  principles  oo 
which  it  is  grounded,  and  the  manner  in  which  we  are 
enabled  by  it  to  inveftigate  the  valile  of  the  root  of  any 
equation  whatfoerer.     And  for  this  reafon  I  fliall  now 
proceed  to  lay  before  the  reader  a  fpecimen  of  this  me- 
thod, by  refolving  in  the  manner  prefcribed  by  it  one  of 
the  affe6)ed  equations  which  Vieta  himfelf  has'exhibited 
as  an  example  of  it :  but  in  doing  this  I  ihall  not  adopt 
that  writer's  language,  or  phrafeology,  becaufe  it  is  no\i^ 
grown  fo  obfolete  that  the  ufe  of  it  would  only  tend  tol 
increafe  the  difficulty  of  underftanding  the  method  it^ 
felf. 

jlrt.  a.  The  equation  I  (hall  feleflk  for  this  piirflofe  Is 
that  which  is  the  fubjcft  of  the  1 5th  rrobletn  of  Victa's 
Difcourfe,  intitled,  "  De  NumerofH  Potejiatufn  AdfeBaruni 
Rrfoluthney*  in  pages  208,  209,  and  210  of  Schooten's 
irdition  of  his  works  publifhed  at  Leyden  in  the' year 
1646,  and  which  is  exprefled  as  follows  in  his  notation  % 
to  wit,  iQC  —  5C  -h  5C0N  =  7,905,904.;  thit  is^ 
"  the  produfl:  of -the  multiplication  of  the  fquare  (Q) 
of  a  certain  unknown  number  (N)  intb  the  cube  (C)  o£ 
the  fame  numbet,  being  firfl  diminifhed  by  fubtracling 
from  it  5  rihies  the  cube  (C)  of  the  faid  number,  and 
being  then  increafed  by  adding  to'  tKe  remainder  of  the 
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f^id  fttbtradion  500  times  the  f^id  number  (N^  ii^fidif  > 
and  the  refuk  bpuig  fuppoDed  to  be  tx^u^,  to  the  givten^ 
or  known,  number  719051504  ;  it  is  reqvir^  to  find  4he 
faid  number  (N)  itfelf."  This  problem,  if  e^prefled  ia 
our  prefent  more  convenient  Algebrjiick  noution,  wiU^ 
if  we  put  X  for  the  unknown  number  fougbti  be  as  fol- 
lows :  "  If  *'  —  5^*  +  ^QOa  be  —  7»905»504t  it  is  re- 
quired to  find  the  nun^ber  4; "  .  We  wiU  therefore  now 
endeavour  to  fliew  in  what  manner  Vieta  proceeds  to 
find  the  faid  number  .r,  or  the  root  pf  the  equatiod 
x'  —  5*'  +  5C0X  =  7>905iS04- 

^ru  3%  The  trinomial  quantify  **  -^  S**'  +  SCOjt, 
(which  forms  the  firft,  or  left-hand,  Ode  of  the  equation 
*:•  —  5^*  +  ^ocr  =:  7,905,504)  is  called  by  Vieta  au 
nffeBed  Jjftb  power  of  x,  }n  contra-diftin£lion  to  the 
fmgle  quand^y  x*  which  he  calls  the  pure  fifth  power  of  :i\ 
and  he  calls  the  faid  trinomial  quantity  by  this  name  of 
an  ifffeHed  fifth  power  of  x^  becaufe  the  quantity  xS^  or 
the  pure  fifth  power  of  .%*,  occurs  in  it,  but  is  intermixed 
Y'ith,  and  oJfeEled^  or  altered  in  ifs  magnitude^  bj^  the  twp 
terms  5;r'  and  socjr,  which  invplve  t^o  lower  powers 
of  Xj  of  which  the  former  tprm  5^^  is  fubtrafled  from  4f% 
and  therefore  tcncjs  to  difpinifli  it,  and  the  latter  term 
500^  is  added  to  x\  ^nd  therefore  tends  to  increafe  xt. 
And  Vieta's  manner  of  inveiligating  the  value  of  ^  iu 
the  faid  trinomial  qu<|ntity,  or  affefled  $ftb  power  of  a, 
to  wit,  x^  —  5jr^  +  500;^,  when  the  faid  fifth  power  is 
fuppofcd  to  be  equal  to  the  known  number  7,905,504,  i$ 
fimilar  to,  and  derived  from,  his  manner  of  invcfligatui^ 
the  value  of  x  in  the  pure  fifth  ppwer  of  x,  to  mt,  |}ie 

fingle 


.  At<yBBitAicK  ^<uritiow«  n  ivncfttUfirAm.  441 

fingle  quantity  jt',  when  the  faid  pure  fifth  poWer  r>f  st^ 
or  the  fingle  quantity  x^^  is  equal'  to  the  fame  Knowii 
number  'f)9O5t504';  or,  in  other  words,  his  manner  of 
refohring  the  afiicAed  Equation  x^  —  5**  +^' 5o6;r  == 
7,905,504  is  fimilar  to,  and  derived  from,  his  manner  of  - 
refolving  the  pure  equation  xS  =  7,905,504,  of. of  ex- 
trailing  the  fifth  root  of  the  known  number  7)905,564. 
Therefore,  in  order  to  underftand  Vieta's  manneir'  6i  iti-^ 
veftigating  the  value  of  x    in    the  alF^ded  equatioA^ 
«»  —  5.r*  -♦-  50OX'  =  79905,504,  wc  muft  firft  confidcr 
his  ipanner  of  inveftigating  the  value  *  of  :r  in  the  pure 
equation  x^  =  7>905i504,  or  his  manner  of  extrafling 
the  jth  root  of  the  number  7,905,564.    Now  his  mai^r 
ner  of  extrading  this  5th  root  is  as  fcmows : 


■j. 

...  » 


.;;";■     ..  '.'■T»"<i'ti.>  •  ■    -^ 


Tie  Extraffion  rfihe  Frfth  Root  ofibt  Hmnher  7,905^)04, 
4Ke$ir4ing  to  Vittds  Mitbod  of  Ittvjiigaihk 


11     '    I  iiifif       If 

Art.  ^.  We  muft  firft  compare  the  given  iwnnbcfr 
7,905,504,  (of  whiehwe  ar^  reqtiire^^  to  find  the  '^thi 
root,)  withthe  fiftK'pclw«ei'6f  the'nbhibet  10,  in  or^V 
to  determine  whether  ihb  faid  jftHlWr,  which  we'ait 
(iBcldagi  will  be  greater,  or  lefs,  tfaila  lO,  "     '  ~  '''     ' '    '; 

T  •  •  •  ^ 

^iMbw  tb«ffifft  p&lf^tf  tqh  too^boa;  wfitch  is  miieti 
Itfft'  than  the  ^Wjtd  lituibef'  ^^^^id^:    Tb^refcnre  10 

will 
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Iriil  be  lefs  than  the  fifth  root  of  the  faid  given  number^ 
or  the  faid  fifth  root  will  be  greater  than  lo. 

I 

We  muft  neit  compare  the  giten  number*  ^1905,^04 
with  the  fifth  power  of  the  number  100,  in  order  to 
determine  whether  the  faid  fifth  root  of  7,905,504,  which 
^e  are  feeking,  will  be  greater,  or  lefs,  than  loc. 

Now  the  fifth  power  of  100  id  io,ooto,ooo,ooo,  which 
U-much  greater  than  the  given  number  7 ,905, 504. 
Therefore  100  will  be  greater  than  the  fifth  root  of  the 
faid  given  number,  or  the  faid  fifth  root  will  be  lefs 
than  100. 

* 
We  therefore  now  know  that  the  faid  fifth  root,  which 
We  ttre  fecking,  is  greater  than  lo,  but  lefs  than  100. 

But  the  higheft  figure  of  every  number  that  is  greater 
than  10  but  lefs  than  100  muft  be  a  figure  in  the  place 
of  tens,  and  muft  be  either  I,  a,  3,  4,  5,  6,  7,  8,  or  9 
in  the  place  of  tens,  and  confequently  muft  be  equal  to 
either  10,  or  20,  or  30,  or  40,  or  50,  or  60,  or  70,  or 
80y  or  90. 

Therefore  the  higheft  figure  of  the  number  which  is 
the  fifth  root  of  7,905,504,  will  be  a  figure  in  the  place 
of  tens,  and  will  be  either  i,  2,  3,  4,  5,  6,  7,  8,  or  9 
in  the  place  of  tens,  and  confequently  will  be  equal 
either  to  10,  or  20,  or  30,  or  40,  or  50,  or  60,  of  70, 
or  80,  or  90. 

Further^ 
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Further,    the  number    7,905,504    is, greater    than 

3,700,000,  or  than  3a  X  100,000,  or  than  i»5  X  ]o|% 
but  lefs  than  24)300,oQp,  or  thari  243  X  100,000,  or 

than  3)5  x'ic\^  Therefore  the  fifth  root  of  71905,504 
will  be  greater  than  the  fifth  root  of  3,200,000,  or  thart 
2  X  10,  or  than  20-,  but  it  will  be  lefs  than  the  fifth 
root  of  24,300,000,  or  than  3  X  10,  or  than  30.  There- 
fore the  higheft  figure  of  the  number  which  is  the  fifth 
root  of  7>905^SC4  will  be  a  2  in  the  place  of  tens,  and 
will  reprefent,  or  fttind  for,  20.  And  thus  we  have 
found  the  firft,  or  higheft,  figure  of  the  fifth  root  of 
^,905,504,  which  we  are  feeking.  c^  e.  i. 

Art.  5.  Now  let  a  be  put  for  20,  and  z  for  the  un* 
Known  remaining  part  of  the  ffth  root  of  75905,504. 

Then  will  a  +  2  be  =    v^5  (7,905,504,  and  confe- 
quently  «  +  s)'  will  be  =  7,905,504, 


But  a  +  2)'  is  =  a5  -f.  5a*2  -f-  loa'z*  +  lOc'a' 
+   5^2*  +  aj5. 

'Therefore  a^  4-  5^a  +  IOtf*«*  +  lOtf'a*  4-  ^a^^ 
•4-  z'  will  be  =  7,905,504  ;  and  (fubtra£ling  aS  from' 
both  fidcsy)  5^42  +  icfl'af-  4-  100*2*  +  5/72*  4-  a*  will 

be    =    7,905,504   -*•  fl5    (=    7,905,504   -1015    = 

7»9-5»504  —  3»^^^>^^^)   ==  4>705»5o*^  which  Vieta 
calls  the  Refolvend.     Therefore  5^*2  alone  will  be  lefs 

than  4,705,504,  and  confequentljr  2  will  be  lefs  than 

^^-^ — - — ,  or  than  ■    ■    jL     ,  or  than         '  \^  ^-^  ^ 
5"  5X2U*  5^  160,000 

or 
7 
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or  than  yo?,;o4     ^^  ^j^^^      g  ^^     ^^  ^.^j  ^^^^^^ 

800,000  '  -^ 

iore  fuppofe  z  (which  we  know  to  be  left  than  5.8 
&C|)  to  be  =  5)  and  will  fubftitute  5  inftead  of  2  in 
the  quinquinomial  quantity  ^a^z  -4-  10^32^  +  iQa^w^ 
-h  Saz'^  +  z\  in  order  to  difcpver  whether  the  ra* 
lue  of  that  quinquinomial  quantity  refulting  from  fnch 
fiibftiturion  will  be  equal  to,  greater  than*  or  lefs  than^ 
4)705,5049  and  confequently  whether  5  will  be  equal  to^ 
^cater  than,  or  lefs  than,  the  true  vahieef  %• 

Now,  if  a  is  =  5,  we  (hall  have  z*  ^.  25^  and  z^  s? 
125,  and  z^  =  625,  and  z'  =  3125,  and  confeqoently 

yi*z  -f  lOtf'z-  +  lOfl'z*  -f-  s^z*  4-  z5  (=  jfl*  X  5  + 
iOtf3  X  25  +  ipa*  X  125  +  5a  X  625  -f-  3125  =  5 
X  i6o,oco  X  5  4-  10  X  8000  X  25  +  10  X  400  X 
J^?5  +  5  X  20  X  6zf  +  3125  =  800,000  X  5  + 
8c,ooo  X  25  +  i^ooo  X  125  -f  ICO  X  62^  +  312^ 
=  4,000,000  +  2^000,000  +  500,000  +  62,500  4- 
J125)  =  6,565,625.  Thi3  number  is  greater  than 
-  4>7O5>504«  Therefore  5  niufl  be  greater  than  z,  or  z 
(which  we  before  knew  to  be  lefs  than  5.8  &c)  will  not 
only  be  lefs  than  5.8  ^c,  but  alfo  lefs  than  5. 

Let  us  therefore  in  the  next  place  fuppofe  a  to  bq 
n  4,  and  try  the  cffc6\  of  that  fuppofition. 

Now,  if  z  is  ^  4,  we  (hall  have  z*  =  i6,  and  jc5  = 
64,  and  2*  =  ?56,  and  z*  =  1024,  and  confequently 
5.1^2  +  loa^z^  4-  iOfl-2^  4-  5^2*  4-  2*  =  5/?*  X  4  4- 
10/3  X  16  +  10^*  X  64  -f-  ^a  X  256  +    1024    (  =    S 

X 


ALOtfiRilClt  EQUATIONS  fiT  APP&pXIMAl[*KMr.     449 

X   160,000  X  4  +,  10  X  8000  X  x6  -»-  10  X  400  X 

64  +  5  X  20  X  256  -h  1024  =  800,000  X  4  + 
80,000  X  16  -h  4000  X  64  +  100  X  256  +  1024  se 

3,200,000  +  1,180^00  4-  256,000  +  25600  +  1024) 
=^  4,762,624.  This  number  is  alfo  greater  than  4,705, 
504,  though  not  in  any  gveat  proportion.  Therefore  4 
m^tt.  he  fomewhat  greater  than  z,  or  m  muft  be  lefs 
tKsln  4>  >S  well  as  lefs  tfaan^  5^8'  8ic  and  5«  We  will 
therefore  in  the  next  place  iuppofe  s  to  be  ss  3,  and  try 
the  eSe^  of  that  fuppofition* 

Now,  if  z  is  =  3,  we  (hall  have  aJ*  =  9,  and  xi  =  27, 
and  «♦  =i=  81,  and  z*  =  243,  and  confequently  5^42  4. 
lOflr^z^+r  iba^z^  +  5^72!*  +  aJ  =  5/1*  X  3  +   lOa^  X 
9  4-  lOfl*  X  27  +  5fl  X  81  +  243  (=  8co,ooo  X  3  •♦•' 
Si&jobo  X  ^  4-  4000  X  27  4-    100   X   81   +   243  =. 
2#400,obo  4-  720,000  +  108,000  +  8,100  +  243)  s= 
3)236|343.  This  number  is  lefs  than  4,705,504*  Ther^- 
fore  3  is  lefs  than  9,  and  confequently  z  (though  lefs 
than  4,)  is  greater  than  3.    Therefore  the  firft,  or  hignefty 
figure  of  the  value  of  z  will  be  a  3  in  the  place 'of 
units.    Therefore  tf  +  s  will  1^  greater  thap  a  +  3,  or 
20  4-  3»  ®^  23*  t»it  Icfi^than  tf  «f  4i  or  20  +  4,  or  24  j  . 
and  therefore  23  will  be  the  two  higheft  figures  of  the 
value  of  /I  4-  z,  or  of  the  fifth  root  of  the  propofcd 
number  719051504.  <;(^  s.  z. 

Jrt.  6.  If  njore  figures  of  the  value,  of  the  fifth  root 
of  7,905,504  arc  wanted,.wc  muft  proceed  as  follows : 

When  z  is  =  3,  or  a  4-'  z  is  =  23,  we  have  fecn  that 
the  quin^juinomiaf  quantity '5a*z  -|-  iCfl'z*  +  i?ii^zi  4. 

^«iz* 


I' 
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or  than  I'l^il^     or  than  c.8  &c.    Wc  will   there* 

800,000   '  -^ 

i'ore  fuppoie  z  (which  we  know  to  be  left  than  5.8 
&Cj)  to  be  =  5)  and  will  fubftitute  5  inftead  of  2  m 
the  quinquinomial  quantity  ^a^z  -4-  10^32^  +  lOa^m* 
+  5^*^  +  2%  in  order  to  difcover  whether  the  rz^ 
lue  of  that  quinquinomial  quantity  refulting  from  fuch 
fiibftiturion  Djrill  be  equal  to,  greater  than*  or  lefs  than^ 
4>7^5>5^4»  3°^  Gonfequently  whether  5  will  be  equal  to^ 
^cater  than^  or  lefs  than,  the  true  vahie  of  %• 

Now,  if  a  IS  =  5,  we  (hall  have  z*  =?.  25,  and  z^  s? 
125,  and  z^  =  625,  and  z'  =  3125,  and  confequently 
yf*z  -f  iotf'«*  +  loa'z^  -f-  5tfz*  4-  z*  (=  5^*  X  5  + 
iotf3X  25  +  19a*  X  125  +  $a  X  62s  +  3125  =  5 
X  i6o,oco  X  5  +  10  X  8000  X  25  +  10  X  400  X 
J^?5  +  S  X  20  X  62^  +  3125  =  800,000  X  5  + 
8c,ooo  X  25  4-  4000  X  125  -f  ico  X  62^  +  312^ 
=  4,000,000  -f"  2,000,000  +  500,000  +  62,500  + 
3125)  =  6,565,625.  Thi^  number  is  greater  than 
4,705,504.  Therefore  5  mud  be  greater  than  z,  or  z 
(which  we  before  knew  to  be  lefs  than  5.8  &c)  will  not 
Qnly  be  lefs  than  5.8  ^c,  but  alfo  lefs  than  5. 

Let  us  therefore  in  the  next  place  fuppofe  z  to  bq 
z=  4,  and  try  the  effect  of  that  fuppofition. 

Now,  if  2;  is  ^  4,  we  (hall  have  «*  =16,  and  jc3  = 
64,  and  z*  =  ?56,  and  z*  =  1024,  and  confequently 
^a^z  +  10^2^2*  4-  lOfl-z'  +  5^2*  +  z^  =r  5^2*  X  4  + 
Ipj3  X  16  +  10^*  X  64  -f-  5.1  X  256  +    1024    (  =    5 

X 
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X   160,000  X  4  +,  10  X  8000  X  x6  +  10  X  400  X 

64  +  5  X  20  X  256  -h  1024  =  800,000  X  4  + 
80,000  X  16  +  4000  X  64  +  100  X  256  +  1024  se 

3,200,000 -f  i,i8o^oo  +  256,000  +  25600  +  1024) 
=5  4,762,624.  This  number  is  aifo  greater  than  4,705, 
504,  though  not  in  any  gveat  proportion.  Therefore  4 
m^^  be  fomewhat  greater  than  z,  or  s  muft  be  lefs 
thsln  4>.^  well  as  lefs  tfaan^  5^8'^c  and  5«  Wc  will 
therefore  in  the  next  place  fuppofe  s  to  be  s:  3,  and  try 
f he  effeft  of  that  fuppofition. 

Now,  if  z  IS  =  3,  we  (hall  have  ai*  =  9,  and  2j3  =s  77, 
and  «♦  ^  81,  and  z^  =  243,  and  confequently  $a^z  -f 
ttahi^'4^  iba^z^  +  Shz*  +  aJ  =  5/1*  X  3  +   lOa^  X 
9  4-  lOfl*  X  27  +  5fl  X  81  +  243  (=  8co,ooo  X  3  •♦•/ 
86,060  X  9  4-  4600  X  27  4-    100   X   81   +    243   =, 
2#400,o6o  4-  720,000  +  108,000  +  8,100  +  243)   s= 
3)236|343.  This  number  is  lefs  than  4,705,504^  Tber^- 
fore  3  is  lefs  than  »,  and  confequently  z  (though  lefs 
than  4,)  is  greater  than  3.    Therefore  the  firft,  or  higlieft, 
figure  of  the  value  of  z  will  be  a  3  in  .the  place  "of 
tinits.    Therefore  a  +,«  will  Ijie  greater  thap  a  +  '3,  or 
20  4-  3»  ®r^3>  but  Icfi^  than  a  +  4^  or  20  +  4,  or  24  j 
and  therefore  23  will  be  ihe  two  higheft  figures  of  tlic 
value  of  tf  4-  z,  or  of  the  fifth  root  of  the  propofcd 
number  7,905,504.  q^^.  i.         ^, 

^rt.  6.  If  more  figures  of  the  value  of  the  fifth  root 
of  7,905,594  arc  wanted,  we  mufl;  proceed  as  follows : 

When  z  is  =  3,  or  a  4-2:  is  =  23,  we  have  fecn  that 
the  quinijuinomiarquantity  '^a^z  -|-  iCfl'z*  +  i?fl'2i  4- 

t;az^ 


l^ 
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Saz*  +  »5  1$  =  3,236,343.  But  a^  is  (=  *2o\0  =3 
3,200,000.  Therefore  «*  +  5^**  +  lo^'*-'  +  lOa'a^ 
^  Saz*  +  2s»  will  be  =  3,200,000  +  3>23*>343  = 
6,436,343;  that  is,  fl  +  al  S  or  23^^  will  be  = 
6^3^>343- 

Now  let  a  denote  23,  inftead  of  20 ;  and  let  z  be  put 
for  the  difference  between  23  and  the  true  value  of  the 
5th  root  of  the  propofed  number  7j9C5,504, 

Then  will  a  ■i-~z\^  be  =  7,905,504. 


Put    rt  +  zl*    is    =    fl*   +  5/I*X   +    lO/z'z*   +•   I0fl*23    + 

Therefore  a^  +  ^a'^z   +    lOtf.'x'    +   lo/7'»3    4.    5<ia* 
•f  aS  vill  be  =  7,905,504. 

— \ 
But  n'y  or  2vS  i«  =  ^3436,343. 

Therefore  6,436,343  +  S^^z  +  iz^a^z^  +  ica'z^ 
+  5.;;3-^  4.  a^  will  be  =  7,905,504;  and  confc- 
qnciitly  tiie  quinnuinomial  quantit)  5/2*2  +  iga^s"  + 
J..:  :3^  +  5.72-^  4-  -'  will  be  =  7,905,504  —  6,43^,343 
-z  i,.;69,it  1.  Therefore  5.:^'*^,  or  the  firft  term  of  the 
laid  quinquinomial  quantity,  will  be  lefs  than  i,469,i6lj 

and  coiiftqucntly  z  will  be  Icfs  than      *       — ^,  or  than 

i,'(K)f'6i  .  1,4^.9,161  1,469,161 

-^^r— ,   or  than    — —  's —  >  or  than ^ , 

5x71*  5X^79>S4l  JO';>9»^^5 

or  than   i.c:. 
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We  wUl  therefore  fuppofe  2  to  be  =  i,  and  will  fub-^ 
ilitute  I  inftead  of  z  in  the  quinquinomial  quantity 
ga*z  +  Va^  +  loa*2'  +  5^  z*  4-  z*  (which  18  cqu4 
to  1,460,161,)  in  order  to  dilcovcr  whether  the  refult  , 
will  be  equal  to,  greater  than,  or  lefs  than,  i,469,j6r, 
and  confequently  whether  1  will  be  equal  10,  greater  than, 
or  lefs  than,  the  true  value  of  z  in  the  faid  equation  ^a^z 
+  io^v3a*  +  icuW  +  5fl3J*  +25=:  1j4^9,i6i,  or  the 
true  excefs  of  the  5th  root  of  7,905,504.  above  the  num- 
ber 23. 

Now,  if  2  IS  =?  r,  we  flijill  have  $a*z  +  lOa'a*  + 
ica^z^  +  5^2*  +2*  (=  S^*  X  I  +  lou^  X  I  +  lOa* 
X  1  +  S^  X  I  +  I  =  5^*  +  lOal  +    lO/j*  4-  5/1   + 

I  =  5  X  7^*  +  10  X  I]l'  +  ic  X  7^-  +  5  X  23  4- 
1  2=  5  X  279,841  +  10  X  I2,l6y  +  »o  X  529  -f-  J 
X  23  +  I  =  i>399?20s  +  121,670  4-  5290  4-  115 
4-  i  )  =  j,526,2«i.  This  number  is  greater  than 
1,469,151  ;  and  confequently  i  is  greater  than  the  true 
value  of  z  in  the  faid  equation  5^*2  -h  10/2^2*  +  iCii^xJ 
4-  5^2*  4-  2*  =  1,4.69,  61,  or  than  the  excefs  of  the 
fifth  root  of  7,905,504  above  the  number  23.  This  alfo 
might  have  been  concluded  from  what  was  flicwn  ia 
art.  5,  to  wit,  that  this  fifth  root  would  be  lefi  th^n  241 
though  greater  than  23. 

We  will  therefore  now  fuppofe  2  to  be  =  0.9,  an4 
will  fubftitute  0.9  inftead  of  2  in  the  quinquinomial 
quantity  ^a^z  +  lOa^z*  4-  loa^zi  4-  5^7s*  H-  2'  ^whicl^ 
is  equal  to  1,469,161,)  in  order  to  difcover  whether  the 
refult  will  be  equal  to,  greater  than,  or  lefs  than,  1,469,^ 
l6r,   and  confequently  whqtlier  0.9  v^riU  be  equal  to, 

greater 


-  k 
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greater  than,  or  lefs  than,  the  trae  Tilac  of  s  in  the 
ikid  equation  5tf*«  +  iOfl*a*  4-  lOaW^  +  $€%^  +  s^  = 
1,469,161,  or  the  true  excefs  of  the  fifdi  root  of  7,$K>59 
504  above  the  number  23. 

Now,  if  2  18  =  0.9,  we  (hall  have  9*  ^  aSi,  and 
s'  =  0.729,  and  s^  =  0^561,  and  z*  =z  0.59o,49« 

Therefore  ^a^m  will  be  (=  5^*  X  0.9  =  5  x"23\*  X 
©•9  =  5  X  279,841  X  0.9  =  ii399>^os  X  0.9)  = 
1,259,284.5,  and  loa^z*  will  be  (*  10  X  tf3  x  0.81    = 

10  x"23|3  X  0.81  =  10  X  12,167  X  0.81  =  121,670 
X  a8i)  =s  989552.70,  and  ioa-ziwiH  be  (=  10  X  a* 

X  0.729  =  10  X  Tp**  X  0.729  =  10  X  529  X  0.729 
=  5290  X  0.729)  =  3856.4x0,  and  5«s^  will  be  (=5X 
^3  X  0.6561  =±  115  X  0.6561)  =  75-4515,  and  con- 
fequentlj  the  whole  quinquinomial  quanritf  Sa^z  + 
4-  lOflV  -h  io^j'z3  +  5^2*  +  2$  will  be  (  =r  1,259, 
284.5  +  98»55^-70  +  385^  4»o  +  75  4515  +  0.5Qo,49) 
=  ii3^*)7'^9'65i,99;  which  is  Icfs  than  i,4r>9,T6c. 
Therefore  09  will  be  lefs  than  fhc  true  Value  of  z  in  the 
equation  5^*^  +  io^'jb*  -f-  io<i*«*  -♦-  5/i«*  +  z^  = 
1,469,161,  and  confequently  z  will  be  greater  than  0.9, 
fhotigh  lefs  than  1.  Therefore  0.9  will  be  the  firft,  or 
higheft,  figure  of  the  true  value  of  a;,  and  confeqUently 
23.9  will  be  the  three  firll,  or  higheft,  figures  of  the  value 
of  a  +  55,  or  of  the  fifth  root  of  the  propofed  number 

7>9^5»5^4-  ^  E-  J- 

^ri»  7.  If  more  figures  ftill  of  the  true  value  of  the 
fifth  root  of  7,905,504  are  wanted,  we  muft  now  put 
a   =   23.9,  and  a    +    »  =    VM  7,90^,504,  and  conf<t^ 

quently 


qucntly  a  +  «* »  =  71905,504,  or  «*  +  $a*z  +  loaV 
+  lOflV  +  5fl«*  +  a*  =  7,905,504;  whence  it  will 
follow  that  the  quinqikinomial  quantity  5a*«  +  lOa'x*  + ' 
I0fl*23  +  5tfjg4   +   i'  will  be  =   7,905^504  —  fl»  sa 

7,905,504  —23^5  (=  7,905,504  -  [23  +  0.9]*  = 

7j905>5o4  —  23I*  —  S  X  231*  X  0.9  -r  10   X  ijl* 

X  0.81  —  10  X  ajl*  X  0.729  —  5  X  23  X  0.9 

-*  o.59o,49  =  7j9o5»5o4  -^  ^^  -^  i>3<Si,769  =?: 
7,905,564  —  6,436,343  -^1,361,769.651^  =11469* 
161  —  19361,769.65 1 /)9)  =  I07,39i>348,bw  There- 
fore $a^z  alone  will  be  lefs  than  107,391  •348,01,  apd, 

cbifcquentl/a  will  be  lefs  than  f5Z!2?^M£i,  or  than 
i22!39Ijg^     ,,  ,ha^      »^7>39^?4B,ox        ■  ^^   ^^,^ 

107,391.348,01  ^^  ^^  ^ '^  jj^^^  Therefore  the  firft, 
1,631,404.3205'  •    ^ 

oY  brgheft,  figixte  of  the  true  vaTue  of  a  muft  be  cidier 
0.06,  that  is,  6  in  the  fecond  place  of  decimal  fradi4>n9( 

or  fome  lowet  figure ;  and.  if  the  value  of  the  qdtjtfijdlr ' 

■'•'•■•  .   . 

xromial  qu^tity  5^2  +  roa'a*  +  ioo*&*  +  54t4  +  a* 
ftfultmg.  from  the  fubftitutlon  of  p.o6  init's  tclrnis  in— 
ftca4  of  «,  (hall  be  equal  to,  or  lefs  than,  ioy,3$t  .34<'3^'V 
(the  abfolute  term  of  the  laft  equation  5/7^  4-  ioahsi*  + 
I0fl*«3  +  5^*^  +  a*  =  107,391.348,01,)  the  faid 
fraction  0.06  will  at  the  fame  tinie  be  cither  extf£By  ieqlial 
to,  or  lefs. than,  the  true  value  of  z,  and  in  the  latter  cafe 
the  figure  6,  in  the  fecond  place  of  decimal, fr^^ions, 
will  be  the  firfty  or  higheft,  figure  of  the^faid  tru;  value 

G  g  •  '       of 
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bj  putting  a  for  the  ptvt  of  the  foot  thtt  is  already  iiU 
covered^  and  M  for  the  unknown  remainder  of  ity  and 
proceeding  in  the  manner  that  has  been  defcribed  in  the 
foregoing  articles  i  every,  new  proccTs  of  the  computation 
giving  us  a  new  figure  of  the  faid  root. 

l■^  I  J  111    u     1  %    I 

A    S  CH  OLIU  M. 

Ill     I 

Jh^.  8.-.7HIS  method  of  extraAing  the  fifth  root  of 
the  number  7»905,504  is  perfeAly  juft  and  accurate^ 
but  is>  as  we  have  feen,  attended  with  a  great  deal  of 
labour.  And  this  has  induced  the  Mathematicians  of 
the  latter  part  of  the  laft  century  to  look-out  for  eafier 
methods  of  obtaining  the  fame  end.  And  in  this  they 
have  been  remarkably  fuccefsf ull|  partly  by  means  of  the 
noble  invention  of  Logarithms!  (found  out  by  Lord 
Napier  in  the  year  16x4,  and  brought  to  great  perfedion 
by  Mr.  Henry  Briggs  in  the  yeu  16241)  and  partly  by 
9|r.  Raphfon*s  and  Monfieur  de  Lagny's  methods  of 
extraAing  the  roots  of  numbers  by  approximation.  Tor 
by  the  common  Tables  of  Logarithms  we  may  find  any 
root  of  a  given  number  exa£t  to  five  places  of  figures 
with  rery  little  trouble,  without  making  ufe  of  the  pro- 
portional parts  that  are  fet  down  in  thefe  Tables;  and 
by  the  help  of  thofe  proportional  parts  we  may  obtain 
thefe  roots  to  two  figured  more,  that  is,  to  feven  places 
of  figures,  or,  at  leaft,  to  fix  places  of  figures.  Andf 
when  we  have  by  this,  or  any  other,  means  found  the 
root  of  a  number  exa£t  to  any  number  of  figures,  we 

G  g  a  may, 


45^  A  SP£Cliyt£M  OP  TIETA's  MEIfHOD  OF  R£86LV2KO 

may,  by  only  one  application  of  the  expreffion  given  us 
hj  Monfteur  dt  Lagny  ior  finding  a  more  exa£i  value  of 
1X9  find  twice  as  many  more  figures,  or,  at  leaft,  twice 
as  many  more  figures  wanting  one,  of  the  faid  root,  a*: 
we  had  before  obtained  by  means  of  the  Table  of  Lo- 
garithms, or  in  any  other  way;  fo  that,  if  the  root 
already  foimcl "  f  by^  means  "Of  *T*e-  Tabic  of  -  Loga- 
rithms, or  otherwife)  was  exa£l  to  five  places  of  fi- 
gures, we  may  find,  by  that  expreffion  of  Monfieur  de 
Lagny,  ten  more  figures^,  or,  atJeaft,  sine  more  figures, 
of  the  faid  root,  that  will  be  all  exa£b.  Of  this  I  will 
now  give  an  exaiiiple  in  the  cafe*  of  the  fifth  root  of  the 
number  7,905,504,  which  We  have  juft  nowextradled 
by  the  method  of  Victa,  and  of  which  we  have  found 
the  firft  four  figures  to  be  23.96. 

The  Extra£2ion  of  the  Fifth  Root  of  the  fame  Number, 
7,905,504,  by  Means  of  the  Expreffion  given  by  Monfieur 
de  Lagny  for  that  Purpofe. 

jirt,  9.  Monfieur  de  ^agny's  general  expreffion  for 
the. value  of  any  root  of  a  given  number,  when  a  firft 
near  value  of  the  faid  root,  that  is  lefs  than  it's  true  va- 
lue, has  been  already  found,  is  as  follows ;  If  the  given 
number  be  called  N,  and  the  mi\i  root  of  the  faid  num- 
ber be  required  to  be  found,  m  being  any  whole  number 
whatfoeverj  and  /i  be  a  firft  near  value  of  the  root 
fought,  that  is  Icfs  tlian  it's  true  value  j  the  more  accu- 
rate value  of  the  faid  ;;/th  root  of  the  number  N  will  be 


very  nearly  equal  to  o  + 


Now 
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Now  let  it  be  required  to  find  the  fifth  root  of  the 
number  7)905i50d*>  And  let  it  be  fuppofed  that  we 
have  already  found,  (either  by  a  Table  of  Logarithms, 
or  in  fome  other  way,)  that  the  three 'firft  figures  of  thb 
6fth  root  are  23.9« 

■  •       •        •  * 

Then  v^iH  N  be  =  7*905,504,  and  m  will  be  =  5, 

and  a  will  be  =  23.9,  and  a     will  be  (=  23. 9I')  =3 

7,798,11 2.651,99,  and  N  —  a'  will  be  (=  7,905,504  — 
7,798,112.651,99)  =   107,391.348,01,  and  2a  will  be 

(=  2  X  23.9)  =  47.8,  and  2a  X  N  —  fl"*  will-  be  (  = 
47.8  X  107,391.348,01)  =  5>i33i3o^-434>878.  And 
f »  —  I  will  be  (=  5  —  i)    =  4,  and  i«  +  i  will  be 

(?=  5  +  i)  =  6,  and  iw  — il  X  N  will  be  (  =  4   X 

7,905,504)  =  31,622,016,  and  »f  +  1I  X  a^  will  be 
(=  6  X  7>798,ii2.65i,99)  =  46>788,675.9ii,94,  and 


m^i)  X  N  +  m  +  i)  X  a    will  be  (=  31,622,016  + 
46,788,675.911,94)  =  78,410,691.911,94.    Therefore 


24f   X   N  —  fl* 


,  will  be  =  i^>'33»3Q6t434>878 

;;rrii  x  n  +  «+ ii  x  a-  78,410^691^1,94 

a*  X  N  •—  a^ 
Tz  0.065,466,9.   Therefore  a  + 


iw— nxN  +  w+i)  X  ^ 
will  be  =  23.9  +  0.065,466,9,  or  23.965,466,9}  that 
is,  the  fifth  root  of  the  number  71905,504  will  be  very 
nearly  =  23.965,466,9.  q.  e.  i. 

Gg3  n» 
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Tie  Extra&ion  of  the  Fifth  Root  of  tbo  famt  Number^ 
7,9051504,  by  Mean^  of  tbf  Etfprefim  given  bj  Mr. 
Raphjon  for  that  Purfo/e. 

Art.  10.  Mr.  Raphfon'^  expreffion  for  the  ^oajd  near 
f  alue  of  the  urth  root  of  the  pumber  N  a  f  -f      Z^i  * 


which  in  the  prefect  cafeU  =  23.9  4-  W£3tfS2i:=^^ 

;?z?Jl;!tt<  =  *>9  +  ^-^i^)  =  ^3.9658.   There- 
1,031,404.3:105 

fore,  according  to  thsa  exprtffion  given  na  by  Mr.  Raph^ 

fon,  the   5th  root  of  the  number  7>905^5P4  ia  ac 

23*9658.  .<t  *•  '• 


This  value  of  ^sfh9^S^5^  agrees  with  the  former 
value  of  it  found  above  by  Monfieur  de  Lagny's  more 
accurate  exprei&on,  to  wit,  23. 96 $,466,9,  in  the  five 
firft  figures  23.965,  which  therefore  mjuft  be  exa£i :  and 
confequently  this  fimple  expreffion  of  Mr.  Raphfon  has 
given  us  two  new  figures  of  the  root  fought^  to  wit,  th^ 
two  figures  0.065,  exactly. 

Of  the  Refemblance  between  Vieta^t  Method  of  extraEiing  the 
faid  Fifth  Root  of  71905,504,  and  Mr.  Raphforis  Method 
of  extroEttng  it. 

Art.  XI.    Though,    according  to  Victa^s  method  of 
proceeding  in  the  extra£tioa  of  thefc  roots,  we  obtain 

but 
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but  one  new  figure  of  the  root  by  every  new  procefs  of 
the  inTeftigatlon  (which  makes  the  extra£lion  of  a  root 
to  ten  or  twelve  placet  of  figures  by  this  method  intop 
lerably  laborious,)  yet,  in  truth,  each  procefs  of  the  in- 
veftigation  would,  if  we  continued  the  divifion  of  the 
known  number  that  is  equal  to  the  quinquinomial  quan* 
tity  5J*«  +  lOfl^K*  +  iofl*«*  4.  jtfc^  4.  a',  or  to 
7>9^59504  *""  ^S  (which  known  number  VieU  calls  tbf 
nfolvend^)  to  more  than  one  figure  in  the  quotient,  give 
US|  at  leaft,  as  many  new  figures  of  the  root,  wanting 
one  figure,  exa£l  as  there  are  figures  in  tf,  or  the  part  of 
the  root  that  is  already  known.  Thus,  for  example,  in 
the  laft  procefs  of  the  foregoing  inveiligadon,  if  we  had 
continued  the  divifion  of  the  laft  dividend,  or  rrfolvend^ 
107,391.348,01  by  the  divifor  54%  or  1,631,4049 31059 
(in  art.  7, j  to  two  figures  in  the  quotient,  (which  would 
have  been  the  two  figures  0.065,)  we  (hould  have  ob» 
tailed  the  fifth  figure  of  the  true  value  of  a  -f  «,  or  of 
the  5tb  root  of  79905,504,  to  wit,  0.005,  as  well  as  the 
fourth  figure  of  it,  to  wit,  0.06,  and  we  might  have 
concluded  that  23.965  was  the  value  of  the  faid  fifth  root 
to  five  places  of  figures,  inftead  of  concluding  that  23^96 
was  it's  value  to  pnly  four  places  of  figures.  And  this 
obfervation  m^y,  perhaps,  have  been  the  ground  of  Mr* 
Raphfon's  very  fimple  ^ni^  i)fefull  method  of  extrafling 
the  roots  of  numbers  by  approximation,  (which  I  have 
fet  forth  and  explained  in  pages  508,  509,  and  510  of  a 
Tra£^  publiflied  in  the  ye^r  1795  in  a  brgc  volume  in 
oAavo,  containing  Mr.  James  BernouiU's  Poctrine  o| 
Permutations  ^ud  Combinations,  and  other  ufefu^Il  tra£la 
on  mathematical  fub|e£ls,][  the  very  fame  operation  of 
^ivifioQ}  with  the  £une  dividend  aud  dixi(orj^  which  it 

Gg4  tcte 
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here  performed  in  one  of  the  proceffes  of  Vieta*t  methoi[ 
of  extra£Ung  the  roots  of  nambers,  being  performed 
wl{f\  in  Mr.  Raphfon's  method  of  extrafiing  them,  but 
nvith  a  continuation  of  the  divifion  to  more  than  one 
figure  in  the  quotient,  and,  in  general,  to  fo  many  fi- 
gures, wanting  one,  as  there  are  figures  in  a^  or  the  part 
of  the  root  that  is  already  known.  But  in  the  foregomg 
inveftigation  of  the  fifth  root  of  the  number  7,905,504, 
(contained  in  art.  4,  5,  6,  and  7,)  I  have  adhered  ftri^ly 
to  Vieta*8  method  of  proceeding,  by  which  only  one  new 
figure  of  the  root  is  obuined  by  each  new  proccfs  of  the 
inveftigation  i  becaufe  the  only  reafon  for  my  exhibiting 
ii\  the  foregoing  articles  this  example  of  Vieta's  method 
of  eztra£iing  the  roots  of  numbers,  or  reiblving  equa- 
tions involving  only  pure  powers  of  an  unknown  quan« 
tity,  was  to  )ay  a  foundation  for  the  more  ready  appre- 
henfion  of  his  method  of  proceeding  in  the  extraAion  of 
the  roots  of  afFeflcd  powers  of  an  unknown  quantity,  or 
in  the  refolurion  of  afFefted  equations.  I  therefore  (hall 
now  endeavour  to  explain  his  method  of  refolving  the 
above-mentioned  affefted  equation  of  the  fifth  order,  to 
wit,  x^  —  5;!?^  +  jooAf  =  75905,504, 


yf  Refolution  of  the  AffeFled  Equation  x^  —   5a3   +   5004? 
~  7>905>504  'W  i^f  Manner  prefcrihed  by  Vieta. 


Art*  12.  Vieta  begins  his  refolution  of  this  afFe£led 
equation  by  obfcrving  that  it's  root  muft  be  nearly  equal 
to  the  root  of  the  pure  equation  .v*  =  7,905,504,  which 
has  the  fame  known  quantity,  or  abfolute  term  7,905, 
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504,  as  the  faid  affe£bed  equation  :  and  he  thence  con- 
cludes that  the  firft,  or  higheft,  figure  of  the  value  of  9 
in  the  faid  afie£ted  equation  will  he. a  figure  in  the  place 
of  tens,  and  will  be  a  2,  and  confequently  will  be  equal 
to  20  \  becaufe  the  firft,  or  highefti  figure  of  the  value 
of  X  in  the  pure  equation  »'  =  799P5»504,  or  the  firft» 
or  highcftf  figure  of  the  fifth  root  of  the  number 
7,905,504,  is  a  figure  in  the  place  of  tens  and  is  a  2, 
and  confequently  is  eq^al  to  20 ;  as  we  have  feen  in  the 
foregoing  inveftigation  of  it.  Vieta  then  fubflitutes  10 
inftead  of  x  in  the  trinomial  quantity  ;r'  «^  5.ir'  4-  50O4? 
(which  he  calls  the  fifth  power  of  x  afie£led  by  the>fttfaf 
trajiion  of  5  times  the  cube  of  a?  from  it,  and  by  the 
addition  of  500  times  the  firft,  or  fimple»  power  of  x^ 
or  500  times  the  unknown  quantity  x  itfelf,  to  it,)  in 
order  to  difcover  whether  the  refult  of  fuch  fubftitutioa 
will  be  equal  to,  greater  than|  or  lefs  tfaan|  tlie  abfolutc 
term  7,905,504. 

Now,  if  X  be  ftippofed  to  be  =  20,  we  fliall  have 
x^  =  8000,  and  *'  =  3,200,000,  and  jx*  (=  5  X 
8000)  =  40,000,  and  500.r  (=  500  X  20)  =  10,000. 
Therefore  ;r*  —  5^^*  +  Kpox  will  be  (=  3,200,000  — 
40,000  +  10,000  -~  3,200,000  —  30,000)  =  3,170,000, 
which  is  lefs  than  7,905,504,  or  the  abfolute  term  of  the 
propofed  equation  x^  —  5*'  +  500J?  =  7,905,504,  or 
than  the  true  value  of  the  trinomial  quantity  4?*  —  5** 
+  500:ir  in  that  equation.  And  hence  he  concludes 
that  20  muft  be  lefs  than  the  true  value  of  x  in  that 
equation,  and  that  the  faid  true  value  will  be  fom^  num* 
))eF  greater  than  20|  but  lefs  than  30* 

Art.  I3# 
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Jtri*  13.  This  condufion  will  be  coafirmed  bj,  fe« 
toadly^  (Vippofing  »  to  be  s  30^  and  fubftituting  30 
inftcad  of  4r  in  tbe  trinomial  quantity  x^  —  54:*  4*  500m* 
For^  if  X  it  =3  301  we  (jball  have  xl  s  27,000,  and 
«*  =5=^  34i3o^009»  and  5jr*  (=1  5  X  27*000)  =  I35»000| 
«iid  5QQ;r  (=s:  500  X  30)  :a  159000,  and  confequently 
««  ««  54r^  ^  50o»  (  =   24,300,000  —  135,000  + 

%SjfiOO  s    24,300,000  <-«  120,000)    s  24,180,0004 

which  is  much  greater  than  7a905,504«  Theicfbre, 
vhilt  ;r  incrcafes  from  20  to  30,  the  trinomial  quantity 
«*  «»  fx^  -f  5Q0jr  will  increafe  from  3,170,000  to 
S4«x8q,ooo  I  and  confequently  there  muft  have  bees  a 
poial  of  lime,  during  the  increafe  of  x  from  20  to  30, 
ai  wlttch  the  £»id  trinomial  quafttity  will  have  been  ex-^ 
«Qty  equal  to  aay  quantity  greater  than  3,1 70,000  and 
left  than  94,1 80,000,  and  confequently  to  the  quantity 
71^5,504,  or  the  abfolme  term  of  the  equation  jr'-«^ 
^x^  -^  5001:  =  7»9o5,504  ;.  or  there  will  be  fome  quan« 
%x%Y  greater  than  20,  but  lefs  than  30,  that,  being  fub*« 
AitHted  iuftead  of  x  in  the  trinomial  quantity  x^  -*  ^x^ 
^  5QOJC,  will  make  the  faid  trinomial  qi^antity  be  ex"> 
^ly  equal  to  7^905,504,  or  the  abfolutc  term  of  the 
yropofed  equation  x^  —  5  v^  +  50CX  =  7,905,504 ;  or, 
4U  other  words,  the  root  of  the  fa^id  equation  will  1?q 

greatci:  tbarn  zo,  bm  kfs  than  30.  <^  e.  ;>. 


w^-  24.  Having  thus  fonnd  that  Xy  or  the  root  of  th^ 
tqij.9,tiQijk  x^  —  ^x^  +  500Ar  =  71905,504,  is  grcateip 
th^Xk  20,  bp.t  le£s  than  30,  Vieta  proceeds  to  inveftigatc 
lh$  additiou  that  muft  be  mad^  to  :^o  in  ordgr  to  make  it 

equal 


16(^1  to  4%  or  the  Iroot  of  the  faid  equaticm.  And  faii 
method  of  makiAg  this  in^eftigation  is  in  Ttthftance  eqm- 
iratent  to  itkc  following  train  pf  feafcmingy  though  ex^^ 
prefled  m  other  words. 

s 

Lee  the  letter  a  be  put  for  ao,  or  the  part  of  the  root » 
l|ut  is  already  Iqiown  i  and  let  s  be  put  for  the  unknowa 
jKmiinder  of  the  ibid  root* 

Then  will  xbc  ^  a  +  9j  and  confequently  x^  will  be 
(a  a +z\^)  =  tf»  +  ^a*z  +  ica'a*  +  10/1*2'  +  5tfiif* 

+  «%  and  «3  will  be  (=  a+»l')  s=  u'  +  ja**  + 
3422*  +  s3|  and  confequently  5^^  will  be  (  ss  5  x 
f^a  +  ja^  +  3^58*  +  jB*)  =3  5fli  +  i5a»»  +  i5da* 
H-  5»3,  and  500;^  will  be  (=t  500  X  a  4-z)  =  500* 
.  4-  joo^.  Therefore  the  trinomial  quantity  ^m*  —  cxZ 
+  5ooAr  will  be  =  the  multinomial  quantity 

0^  +    iafht  4-  po«V  +  lotf^s  +  5jwr^  +  %i    *-^ 

+  JOOtf  +  50096. 

I 

But  the  trinomial  quantity  x*  ^-^  gxi  4-  5001^  is  ss 

Therefore  the  multinomial  quantity 
'/•  «l  +    5tff«  +  lOflV  +  104*%'  +  jfijai*  +  »«    i 

J    —     54fS  —  i^aH  —  I5<t»«    —     5»*  i 

^  l  +  5ootf  +  5oo«  J 

will  alfo  be  =  79905>504* 

But 
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But  a^  — -  5iz3  4-  5004  has  been  (hewn  to  be   ^ 

3,170,0005  and  5£24is(=  5  X  2c|*  =  5  x  160,000) 
=  800,000,  and  15a*  is  (ss  15  X  400)  =  6000,  and 
confequently  50*  —  15^*  +  500  is  (=  8co,ooo  —  6oco 
4.  500  =  794,000  4-  500)  =  794,500;  and  10a}  is 
(=  10  X  8000)  =  80,000,  and  15^  is  (=  15  X  20> 
s=r  300,  and  coofecpiemly  I0d3—  15a  is  (=  80,000  -^ 
300)  =  79,7005  and  jo/j*  is  (=  10  X  400)  =  4000^ 
and  confequently  loa*  —  5  is  (=  40OQ  — .  5)  =  3995  \ 
and  5^  is  (=  5  X  20}  =:  lOQ, 

Therefore  the  multinomial  quantity 
Ir  fl*  +    $a^  -f -lOtfV  +  xoflV  +  5tffc4  +  25 

I  L    +  SQOtf  +  5003H 

is   =5=  the  fextinomial  quantity  3,170,000  +  794,500^ 

+   79>7oo«-  +  399552^  +  looz*  +  z\ 
* 

Therefore  the  fextinomial  quantity  3,170,000  + 
794)500«  +  79>70oz*  +  3995^3  +  looz*  +  z*  will  be 
s=  7>905j504.  And  confequently  (fubtrad>ing  3,170,000 
from  both  fides,)  the  quinquinomial  quantity  794,5002 
4-  79>7^02;*  +  39952'  4-  looz*  4-  2*  will  be  ( = 
7,905,504  —  3'i7o>ooo)  r^  4,735,504. 

Therefore  the  fingle  term  794,5005  will  be  lefs  than 
4>735>504>    and    confequently    z    will    be   lefs    than 

—7—— ,  or  than  5.96  &c.    We  will  therefore  fup- 

pofc 
9 
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pofe  2  to  be  =  5,  and  will  fubftittte  5  inftead  of  z  in' 
the  quinquinomial  quantity  794>500a   +  79,70O«i^  -h 
3995 jfc'  4-  ioo«*  +  »%  in  order  to  difeovef  whether  the 
value  of  the  faid  quinquinomial  quantity  refolting  from 
this  fubftitution  will  be  equal  to,  greater  than,  or  left ' 
than,  4^73SJ504>  or  the  abfolute  term  of  the  laft  equa- 
tion 794,5002  +  79,7002*  +  3p9i23  +  loo**  +  »5  33; 
4,735,504,  and  confequeptly  whether  5  will  be  equal  t%, 
greater  than,  or  Jefs  than, , the  tr^ie  yalue  of .»  i^  that, 
equation..   ,    .      ;  .    ,  .'.,..      .. ,  ,.     .  .J 

•  »  -_■■.••  ^  '.*...'■ 

4  ,•  •  :  •     •  •  •  .  ■^.- .  ■    V. 

I^ow,  if  jc  Jss^  5,  we  fttall  l)ave,:^*=r  25^  and  a?  =» 
124,  and  2*  =^.6:25,  and  »*  =r^.3;^f^S»»  and  confeque«nly , 
794,400*  (=  794iSCK>  X  5)  =*r.'Si99PiSOO>  Vid79>7^9i?- 
(t^  79^700  X  25)  r=^.ij99>,500.[  jThcrefore  794,5po«- 
+   79,7CO»*  will  be:  (r3  3,972^500+  1,992,500)  :» 
5,965,000,  wfai<^  is  greater  than  4,73 5,404.    Therefore^ : 
}l  firtioriy  the  whok:  qmiqninomial  quantity  794,500111- 
-h  79^7002*  -I-  3995*',  +  looa*  H-::**  miift  be.^eateri 
than.  4,735,504;  and  confequently' 5  muft  be  greater 
than  the  true  value  of  2  in  the  faid  equation  794,500s  H*;* 
79,7002'  +  3995*'  +  ioo«*  +  2$  =  4)73S>S04* 

(^   £.    I* 

We  will  therefore  in  the  next  place  fuppofe  2  to  be 
=  4,  and  will  fubftitute  4  inftead  of  %  in  the  term?  of 
the  faid  quinquinomial  quantity  794,5002  +  79,700a* 
+  39952^  +  ;ic02*  4-2*,  in  order  to.difcover  whether 
the  value  of  the  faid  quinquinomial  quantity  refulting 
from  fuch  fubftitution  will  be  equal  to,  greater  than,  or 

lefs 
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leCi  thaiit  the  nnmber  4973S»S<^4»  ot  the  abfolote  term  of 
the  equition  794i500x  +  79i7oo«*  +  3995s'  +  looa*^ 
4.  »&  s  4»735s504»  and  coniequently  whether  4  is  equal 
tOf  greater  thaii>  or  leCi  thao,  the  true  value  of  s  in  that 
e^uatioQ^ 

'  Now  If  a  is  =  4,  we  (hall  have  «•  =  16,  and  x*  = 
64»  and  z^  =  256^  and  s'  =  iQa4«  Therefore  794, 
50o«  will  be  (=  794,500  X  4)  =  3>i7S|000,  and 
79,70:**  will  be  (=  79,700  X  16)  =  i,275»iocH 
and  3995s^  will  be  (=s  3995  X  64 )  =  255/SBo^  and 
ioo«^  will  be  (s  100  X  256)  IS  25,600^  and  confe- 
qnendythe  whole  qtinqtunoniiai  .quantttf  794t5oos  •!- 
79,700k*  +  J995«*  +  i0o«*  +  «» wMbe  (ss  3^l^9fiOQ 
+  i*3t7S,2oo  -h  255,680  +  ft5,6ba+  1024)  =  4,735* 
504.  Therefore  4  ir  exaAlj  equal  to  the  true  value  of  % 
in.  the  equation  794,500ft  +  79,7000^  +  J99r^  +  ^lOQft^ 
4>  9s»  =  4,735,504;  and  coniequently  a^  »f  or  20  +  z, 
is  exz&lj  equal  to  20  +  4,  or  24,  or  the  root  x  of  the 
propofed  equation  x*  —  5;t'  -!•  50OT  =  7,905,504  is 
cxa^^Ijr  equal  to  24.  <^  s.  u 

Art*  15.    And,  accordingly,  if  we  fuppofe  *  to  be 
equal  to  24,  we  (hall  have  xx  (=  24)')  =  576,  and 

a'  (  =  ^0  =   '3)824,  and  x^  (=  Q*)  =   33i,77^> 

and  *«  (  =  "24^  * )  =  7,962,674,  and  5**  («  5  X 
J3>824>  =  69,120,  and  500;*:  (=  500  X  24)  =  12,00c, 
and  confequently  x^  —  5^3  +  500*  (  =  7,962,624  — ^ 
69,120  +  12,000  =  7>974,<J24  —  6jHi2o)  =  7,905, 

504. 
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504.    Therefore  24  is  the  true  Value  of  jr  hi  the  pro* 
pofed  equation  jp*  —  5jr3  +  500JP  =«  7»S^5>504» 


BBBaBSBSSSSSB 


J  Refohition  tf  tht  fatnt  Equation  x^  —  5Ji?3  +  jooir 
motion* 


Art.  t6.  I  will  now  refol?e  the  foregoing  equation 
x^  -.  5*3  +  5oo;r  =  71905,504  by  Mn  Raphfe«i*t 
method  of  approximation^  that  tlie  circumftanceo  lA 
which  it  agrees  with  Vieta's  method  of  refolving  jt|  ami 
thofe  in  which  the  methods  difier  from  each  other,  may 
be  the  more  apparent.  And^  in  order  to  obtain  the 
Talue  of  a^  or  a  firft  near  value  of  the  root  x^  to  be, 
made  the  ground,  or  bafis,  of  a  further  approach  to  it's 
true  value  in  the  n^anner  prefcribed  by  Mr.  Raphfoni  it 
will  be  cooTcnient  to  proceed  as  follows : 

Let  ttS|  firft,  fuppofe  .tr  to  be  =  10,  and  try  the  effeft 
of  that  fuppofition. 

Now»  Vt  »  \a  s  10,  we  ihali  have  xi  =5  ipoo,  and 
jH  s  X00,000,  and  i^x*  ss  5000,  and  500;r  (=s  500  X 
10)  «s  5000,  and  confcquently  x^  —  5;c3  +  5C0;r  ( a 
Z00|000  —  5^^^+  5000)  =  100,000 }  which  is  much, 

lefs 
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lefs  than  79905,50 ;,  or  the  abbliite  tenn  of  the  ptopofed 
equation  **  —  5^^^  +  500X  «=  7>905>504. 

We  will  therefore,  in  the  feeond  place^  fuppofe  x  to 
be  =  2O9  and  try  the  tSc€t  of  this  fuppoGtion. 

Now,  if  4?  18  ==  20,  we  Ihall  have  ««  =  860O9  and 
jr»  =  3,200,000  and  5A''  (=  5  X  8000}  =  40^000,  an4 
^QOx  (=  500  X  20)  =  10,000,  and  confcqucntly  x^  — 

5**    +    5OOJP    =    3,200,000   —   40,600    +    10,000    == 

3,210,000  —  40,000  =  3,170,000;  which  is  alfo  left 
than  7,905,504,  or  the  abfohtte^temrof  the  propofed 
equation. 

We  Will  therefore,  in  the  third  plate,  fuppofe  x  to  bo 
as  3O,  and  try  the  effcA  of  that  fuppofidon. 

'  Now,  if  JT  is  =  30,  we  (hall  have  x^  =  27,000,  and 
jts  =  24,360,000,  and  5^:*  (=  5  X  27,000)  =  135,000, 
and  500JJ:  (=  50O  X  30)  =  15,060,  and  confequcnily 
*5  —  S-^^.^  500,r  (  =  24,300,060  —  135,000  + 
15,060  =  24,315,000  —  135,000)  =  24,180,000; 
which  is  greater  than  7,905,504,  or  the  abfolutc  term  of 
the  propofed  equation. 

Therefore,  while  x  increafes  from  20  to  30,  the  tri-» 
nomial  quantity  x^  —  5;^*  +  500;?  will  increafe  from 
3,170,000  to  24,180000,  and  confequently  will,  at  foihe 
one  inilant  of  time  during  the  faid  increafe  of  x  from 
20  to  30,  be  equal  to  any  quantity  that  is  greater  than 
3,170,000  and  lefs  than  24,180,000,  and  therefore  to  the 

quantity 
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Quantity  7,905,504,  or  the  abfolute  term  of  the  propofed 
equation  x^  —'5^*  +  5004?  =  7,90^,5045  or,  there 
will  be  fomc  quantity  greater  than  20,  but  Icfs  than  30, 
that,  being  fubftituted  inftead  of  x  in  the  trinomial 
quantity  x*  —  5Jf3  +  500^,  will  make  the  faid  quantity 
be  equal  to  71905,504  5  that  is,  the  root  of  the  propofed 
equation  x^  —  $xi  +  j^ox  =  7,905,504  will  be  greater 
than  20,  but  lefs  than  30. 

Jlrt.  17.  We  might  now  proceed  to  make  further  coit- 
jedures  and  trials  concerning  the  magnitude  of  Xy  in 
order  to  approach  a  littie  nearer  to  it's  true  value  than 
%ve  have  hitherto  done,  before  we  have  recourfe  to  Mr. 
Raphfon*s  khethod  of  approximation  to  obtain  a  more 
cxz€t  value  of  it.  But,  as  in  Vieta's  method  of  refolving 
this  equation^,  l( which  has  been  defcribed  in  the  preceed- 
ing  articles,)  the  fecond  procefs  of  the  inveftigation 
begins  from  a  fuppofition  that  by  the  firft  procefs  of  it 
we  have  only  difcovered  that  x  is  greater  than  ao,  I  will 
take  20  for  the  value  of  a,  or  the  firft  neat  value  of  x, 
from  whidh  I  will  begin  the  further  approach  to  it's  true 
value  by  Mr.  Raphfon's  method ;  by  which  means  the 
fimilitude  of  the  two  methods  to  each  other,  and  like- 
wife  the  points  in  which  they  difier  iEroni  each  other^ 
will  be  feen  more  diftindlly. 

I  will  therefore  now  fuppofe  z  to  be  equal  to  the  ex« 
cefs  of  the  true  value  of  x  above  20,  or  a,  it's  near 
value,  and  fubftitute  20  +  2,  or  a  +  z,  inftead  of  x^ 
in  the  propofed  equation  x^  — •  54?'  +  5004:  =  7,905, 
5041  omitting  all  the  terms  that  involve  any  higher 

H  h  powers 
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powers  of  z  than  it's  fimple  power,  or  z  itfclf,  agreeaUf 
to  Mr.  Raphfon's  dire£Hons. 


Now,  i(  X  15  ^  a  +  Zf  vrc  (hall  have  x^  =  fl  +  x\* 

,5=  a^  +  3/1-2  +  &c,  and  x*  =  «  +  aTjs  =z:  ^s  4.  ^a*x 

+  &c,  and  5^^  (=  5  X  a^  +  3^*2  +  &c  )  =  5tf'  + 

I5a*z  +  &c,   and  500^:  (  =  500  X  a  4-  z  )  =  SCO# 
+  5002,  and  confequently  x*  —  5**  +  500jr  = 


+  Cootf  +   cooa 


3i20o,ooo  +  5  X  160,000  X  z  ■4-  &c 

400  X  X  -*•  5cc 


{3,200,000  "f  s  X  : 
—  5  X  8000  —  15  X 
+  500  X  20  -f-  500* 


3,200,000  +  800,000  X  z  -^  8cc 

6000  X  as  —  &C 

500  X  » 


{3,200,000  + 
—  40,000  — 
+       10,000    -f 

{3,210^000    +  800,500  X  «  +  &c  ^  ' 

—     40,000     —         6000  X  %  —  &C  J 

—   3,170,000  +   794,500  X  z  &c. 

But  #e»  —  5*''  -h  sooflf  is  =  7,905,504.. 

Therefore  3,170,000  +  794,500  X  z  &c  will  alfo  be 
*=  7>905»504  >  and  confequently  794,500  X  z  &c  will 
be  {^  7>90S>504  ^  3>i70><^oo)  =  4»735)504;  that  is. 
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^94,5'Oo  X  2t  together  with  the  omitted  terms  included 
under  the  &c,  will  be  =  4>735,504.  Therefore  794, 
500  X  z  alone  will  be  fomewhat  lefs  than,  but  ntarly 
equal  to,  4>73 59504;  and  confequently  z  will  be  fom^- 

what  lefs  than,  but  nearly  equal  to,     ^  ^^*^     ,   or  5.96 

&c.  Therefore  ^  -f-  2>  or  20  +  2,  or  the  root  of  the 
propofed  equation  x^  —  5;f^  +  5oojt:  =  7,905,504, 
will  be  fomewliat  lefs  than,  but  nearly  equal  to,  20  + 
5.96  8ctj  or  25.96  &c. 

We  will  therefore  fuppofc  z  to  be  equal  to  5,  and 
confe^uehtly  x,  or  20  +  z,  to  be  equal  to  25,  and  try 
the  efFeA  of  that  fuppoHtion. 

Now,  if  ;if  IS  =  25,  we  (hall  have  x^  {=:  25I  ^ )  = 
15,625,  and  *»  =  9,765,625,  and  5.r*  (=  5  X  15,625) 
==  78,1^5,  and  5004?  (=  500  x  25)  =  12,500,  and 
confequently  x^  —  5*'  +  500^  (  =  9,765,625  — * 
78,125  +  12,500  =  9^778,125  —  78,125)  =  9^700,000; 
which  is  conGderably  greater  than  7,905,504,  or  the 
abfolute  term  of  the  equation  x^  —  5^:3  +  500;*:  = 
7,905,504*  Therefore  25  is  greater  than  the  true  value 
of  X  in  that  equation. 

We  will  therefore,  in  the  next  ]jjac^,  fuppofe  z  to  be 
=  4,  and  confequently  20  +  2,  or  x,  to  be  =  20+4^ 
or  24,  and  try  the  eBFe£l  of  that  fuppoGtion. 

Now,  if  ;r  IS  =  24,  we  Ihall  have  x^  (  =  "24^^)  ae 

13,824,  and  at'  (=:l4|5)  =  7,962,624,  and  s^r'  (=  5 

H  h  2  X 
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X  13,824)  =  69,120,  and  5C0.r  ( =  500  X  24)  =^ 
12,000,    and    confequently    a*    —    ^x^    +    5004?    (  = 

7,96^,624    69,120     +     12,000     =     7,974,624     — 

69,120)  =  7,905,504,  or  the  abfolute  term  of  the 
propofed  equation  a;*  —  ^xS  -J-  500 ;c  =  7?9^5*S04» 
I'hereforc  24  is  the  true  value  of  .v  in  the  faid  equation. 

Q^  E.   I* 


A     SCHOLIUM. 


yfrt.  18.  We  may  obferve  th^lt  in  this  application  of 
Mr.  Raphfon's  ir.tithod  of  approximation  to  the  finding 
a  fecond  near  value  of  x  after  having  already  found  that 
it  vras  greater  than  20,  \vc  came  to  the  divifion  of  the 
fame  dividend  4,735,504,  by  the  fame  divifor  794iSOO^ 
by  means  of  which  we  had  obtained  the  value  of  z,  or 
the  difTerencc  between  20  and  the  true  value  of  x  m 
Vieta's  invefligation ;  fo  that  the  reafonings  ufed  in  the 
two  methods  in  this  part  of  the  invefligation  are  the  fame 
in  fubftance,  and  produce  the  fame  final  refult,  namely, 
a  near  value  of  z  equal  to  the  quotient,  5.96,  of  the 
divifion  of  the  number  4,735,504  by  the  number  794,500. 
But  in  iVlr.  Raphfon's  method  of  proceeding  the  four 
latter  terms  of  the  quinquinomial  quantity  ^a*z  +  ica^z^ 
+  loaz^  +  5^/2;*  4-  2%  or  794)50cz  +  79,700^*  -f 
3995s'  +  loos.'*'  -f  s5j  are  omitted,  as  unimportant   to 

the 


ALGEBRAICK  EQUATIONS  BY  APPROXIMATION.      469 

the  final  refult,  which  is  obtained  by  fuppofing  the  firft 
of  thofe  terms  alone,  to  wit,  the  term  5^^^,  or  794,so02;> 
to  be  equal  to  the  number  4>735>504,  and  dividing  the 
faid  number  (which  Vieta  calls  the  refolvendy  by  ^a\  or 
794,500,  or  the  co-efficient  of  %.  This  omiOion  is  a 
faving  of  unneccflary  labour  in  Mr.  Raphfon's  method  of 
proceeding,  and  feems^  to  be  the  only  advantage  it  has 
over  Vieta's  method  in  the  refolution  of  the  foregoing 
equation  :  But,  when  at,  or  the  known  part  of  the  value 
of  X  in  any  equation,  confifls  of  three,  or  four,  or  more, 
^  figures  that  are  all  true,  or  exa£t,Mr.  Raphfon's  method  has 
a  g^reat  advantage  over  Vieta's,  which  is  owing  to  his  conti- 
nuing the  quotient  arifing  from  the  divifion  of  the  refolvend 
by  5^*,  or  the  co-efficient  of  21,  (which  divifion  occurs  both 
in  Vleta's  method  and  in  Mr.  Raphfon's,)  to  more  figures 
than  Vieta  does,  namely,  to  as  many  figures,  wanting 
one,  as  there  are  figures  in  a^  or  the  part  of  the  value 
of  X  that  is  already  known  ;  all  which  figures  will  be 
cxaft  :  whereas  Vieta  continues  this  divifion  to  only  one 
figure  in  the  quotient,  and  fp  obtains  but  one  new  figure 
of  the  true  value  of  Xy  or  the  root,  of  the  propofed 
equation,  by  every  new  procefs  of  his  inveftigation ;  . 
which  makes  his  method  of  refolving  thefe  equations 
€xccflivcly  laborious  and  tedious,  when  their  roots  are  to 
be  obtained  to  ten  or  twelve  places  of  figures.  If  Vieta 
had  happened  to  obferve  that  thefe  divifions  might  be 
fiifely  continued  to  feveral  figures  in  the  quotients,  or 
that  feveral  figures  in  the  quotients,  (namely,  as  many, 
wanting  one,  as  there  are  figures  in  a^  or  the  part  of 
the  value  of  x  that  is  already  known,)  would  be  exaft, 
and  had  confequentlydirecSlcd  his  readers  to  continue  the 

H  h  3  divifions  • 
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dmfioiis  to  diat  number  of  figures  in  the  l^uotientSy  hit 
method  would,  as  I  conceire,  haTe  been  the  very 
fame  with  Mr.  Raphfon'si  and  the  art  of  refolTinK 
equations  of  all  kinds  hj  approximation  would  not  onlf 
have  been  invented  hj  him,  (as  it  has  been,}  bat  would 
have  been  brought  hj  him  at  once  to  the  higheft  degree 
of  perfedion  of  which  it,  probably,  is  capable*  He 
therefore  ought  to  be  confidered  as  the  original  founder 
of  the  whole  do£trine  of  refolving  equatidns  hj  approzi- 
tnation,  or  (as  Lucretius  fays  of  his  favourite  philofopher 
^kurujf)  as  the  Pater  it  nrum  Imjent&r  on  this  fnbje£l^ 
though  Sir  I(aac  Newton,  Mr. .  Raphfon,  Monfieur  de 
Lagny,  and  Dr«  Halley,  and  perhaps  fome  fubfequent 
Mathematicians,  have  made  valuable  improvements  on 
his  method,  by  which  the  pradtice  of  it  has  been  very 
much  facilitated* 


The  End  pf  the  Specimen  of  Vietas  Method  of  refolving 

Jl^ebraick  Equations. 
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JR. BM ARKS  on  the  Number  of  Negative  and 
Impoffible  Roots  in  Algebraick  Equations^ 


By  WILLIAM  TREND,  M.  A. 

FBLLOW  OF  JESUS  COLLEGB|  CAMBRIDOS. 


Article  I.  CIR  Ifaac  Newton,  Mr.  George  Campbell, 

the  celebrated  Mr.  Mac  Laurin  of  Edin* 
burgh,  the  late  Profeflbr  Waring  of  Cambridge,  and 
other  eminent  writers  on  Algebra  have  laid  down  rules 
for  finding  the  number  of  impoifible  roots  in  any  pro- 
pofcd  Algebraick  equation  ;  but  thefe  rules  are  far  from 
being  clear  and  fatisfaflpry,  and  fome  of  them  are  abfo- 
lutely  unintelligible  \  which  indeed  is  not  to  be  wonder* 
ed-at,  fmce  they  are  all  founded  on  a  falfe  fuppofition, 
which  vitiates  all  the  conclufions  derived  from  it.  This 
fuppofition,  (which  they  lay  down  as  an  indifputablei 
and  almoft.  felf-evident,  maxim,)  is,  ^^  That  every  Algem 
**  briilch  equation  has  as  mfny  roots  as  it  has  dimenfions^ 
though  in  truth  there  are  very  few  equations  in  which 
f bis  maxim  really  takes  place  \  to  wit^  only  one  fingle 


474     K^EMAILKS  ON  TH^  NUMBER  OF  KECATIVE  AKX> 

Torm  in  each  degree,  or  order,  of  equations.  Thus^  for 
'teanrpfe,  of  all  the  three  forms  of  affefled  quadratick 
equations,  to  wit,  xx  -f  px  ^  q^  xx  <^  px  ^=>  q,  and 
fx  —  xr  =  ^,  it  is  only  the  third  fqrm,  px  —  xx  =c  q^ 
that  call  ever  have  two  roots,  and  that  oaly  when  the 

abfolute  term  q  is  }efs  than  ^^,  or  than  the  fquaie  of 

—  ,   or  of  half   the  co-efficient,  /,  of  the  unknown 

quantity  .v:  and  of  all  the  thirteen  diflFcrent  forms  of 
affc£ied  cubick  equations,  to  wit,  x^  •^r  P^^  =  r,  ;r3  — 
px^  =  r,  /'**  —  jf ^  =  r,  X*  +  qx  =  r,  A'3  —  y.-^  =  r, 
qx  —  x^  =  r,  X*  +  px^  +  ^*  =  r,  jr*  +  px^  —  qx  =z  r^ 
x^  — px^  +  yx  =  r,  x^  •^Z^*  "^  J^  =  r,  — f  A-J  -h  px* 
+  qx  =  r,  —  Ar3  -4-  px*  —  qx  =i  r^  and  —  jr3  —  ^.r* 
-I-  qx  =  r,  it  is  only  the  ninth  form,  jt*  — ^  px*  +  ^x 
=  r,  that  can  evpr  have  three  roots,  and  thai  only  when 

pi  p 

the  abfolute  term  r  is  Icfs  than  -^-— ,  or  the  cube  of  —  • 

27  '  3 

or  of  the  third  part  of,  /►,  the  co-efilcient  of  x' :  and  of 
the  forty-five  difrcrent  forms  of  afFefted  biquadratick 
equations  it  is  only  the  form  —  .v**  4-  pxl  —  q^x*  +  rx 
=  /,  or  rx  —  (yc^  4-  p\^  —  .V*  =  /  that  can  ever  hare 
four  roots,  and  tl^at  only  when  the  abfolute  term  /  is  iefs 

th:fn    -^,  or  the  fourth  power  of   —,  or  of  the  fourth 

pr.rt  of,  />,  tlie  co-ciTiclent  of  Ar^     Thcr^loie,  when  thefc 

authors  have  laid  down  the  foregoing  njeneral  proponiion, 

..  (t>y  which  they  exttiid  what  is  true  in  ouiy  one  form  of 

every  new  degree,  or  order,  of  aifctted  equations,  arid 

not 
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not  always  even  in  that  one  form,  to  all  the  other  forms 
of  equations  of  the  fame  order,)  they  find  themfelves 
under  a  neceflity  of  giving  fpecious  names  to  a  parcell 
of  quantities  which  they  endeavour  to  make  pafs  for 
roots  of  thefe  equations,  though  in  trutli  they' are  not  fo^ 
in  order  to  cover  the  falfehood  of  their  general  propofi- 
tion,  and  give  it,  in  words  at  lead,  an  appearance  of 
truth  ;  and  with  this  view  they  call  fome  of  thefe  quan- 
tities negative  roots  of  the  equation  to  which  they  relatCf 
and  others  of  them  it's  impoffible  roots.  And  to  deter* 
mine  the  number  of  the  ilrange  quantities  fo  denomi- 
nated, ;and  difcover  how  many  of  the  fuppofed  roots  of 
a  propofed  Algcbraick  equation  are  negative^  and  how 
many  are  ^impojftble^  has  been  made  by  thefe  myfterious 
writers  an  objeft  of  great  importance  and  moft  fubtlc 
and  profound  inveftigation. 

Art.  2.  That  the  aforefaid  general  propoHtion  con«- 
ccrning  the  number  of  roots  of  an  equation  is  falfe, 
lyill  appear  by  examining  only  one  form  of  an  affe£ted 
cubick  equation  that  has  all  it's  terms  compleat;  and 
that  form  fhall  be  the  fimpleft  form  that  can  be  chofen^ 
namely,. that  in  which  all  the  terms  involving  the  un- 
known quantity  x  are  added  to  each  other,  and  cheir  fum 
is  declared  to  be  equal  to  a  certain  known  quantity,  to 
wit,  the  equation  x^  +  px^  ^f-  qx  =  r. 

Now  this  equation  evidently  can  have  only  one  root. 
For,  if  any  particular  humber,  being  fubftituted  inflead 
of  X  in  the  trinomial  quantity  x^  -f-  px'  +  qx^  would 
ipajw^  that  quantity,  (which  i$  the  fum  of  the  three  terms 
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*S  P^'i  *"^  ^** )  become  equal  to  the  known  quantity  ff 
or,  in  otlier  words,  is  -the  root  of  this  equation,  it  is 
evident  that  any  quantity  greater,  or  Icfs,  than  that  num- 
ber^ being  fubdituted  in  the  faid  trinomial  quantity, 
would  make  it  greater,  or  Icfs,  than  it  was  before,  and 
confequently  greater,  or  lefs,  than  the  abfolute  term  r, 
or,  in  other  words,  would  not  be  a  root  of  the  equation. 
Here  therefore  the  myrterious  Algebraifts,  who  maintain 
that  every  cubick  cquatioa.has  three  roots,  find  them- 
felves  at  a  lofs  to  fupport  their  affertion  by  alSgning  any 
pofTiblc  quantities  for  the  fecond  and  third  root>  of  the 
equation ;  and  therefore  they  get  out  of  the  diiliculty  by 
declaring  that  this  equation  x^  +  px^  ^  qx  -i^  r  has 
one  real  and  pofitivc,  or  afHrmatlvc,  root,  and  t'luo  im» 
pojjlhlc  rccts.  This  is  ftrange  language  to  be  ufed  in 
treating  of  Algebra,  or  Umvcrfal  ^rlthmct'uk^  which  i^t 
in  itfelf,  the  plaincft  and  cleared  of  all  fcieaccs  ! 

Art.  3,  In  the  foregoing  equation  x"^  -h  px''-  f  -yv  —  r 
we  have  fcon  how  the  myilcrious  .'^.Igebrr.iils,  in  filf^r 
to  fupport  their  funJaiVicntal,  falfc,  pofjtion,  ave  ,:i 

to  have  reccuvfe  to  the  introdu6lion  of  ih^pcfl]-  :  *i. 
We  will  now  t;rve  anotlicr  form  of  cubic!:  c  j.i:'  ;ri 

which  they  get  riJ  of  tl^.eir  d^iiiculties  by  the  inriod  :j 

of  onlv  tu'<j(itive  >oJs.  which  l";.  ^s  fo  be  a  lictsori  1  .  • 
what  lefs  bcld  and  r.bfurd,  cr,  •  jc.\<1,  lefs  iroc  .11  .  > 
the  enr,  tlian  tlutt  of  iirpcfjib  c  cots.  But  ir  is  I 
a  fii^lion,  or  falfc  aiTonion  ;  \l-:  '•.  is  iniroviu  .iiijy  i  -.: 
roots  of  another  equation,  aiid  >!.•  hiring  then  to  -i 
roots  of  the  cqiiarl -n  nndvT  conlid  :?aucn.  Let  us  iup- 
pofe  tlie  propcfcd  tcjuaticn  to  be  f:r  -f-  qx  —  ,v^  =  r  j 

which^ 
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which,  if  the  abfolute  term  r  is  lefs  than  a  certain  quan- 
tity, may,  have  tWto  roots,  but  never  can  have  three. 
Here  then  thefe  writers,  to  maintain  their  general  po- 
fition,  **  that  every  equation  has  as  many  roots  as  it  has 
dimenfions,"  (according  to  which  this  cubick  equation 
ought  to  have  three  roots,)  find  themfelvcs  under  a  nc- 
ceflity  of  providing  it  with  one  root  more ;  which  they 
do  in  the  following  manner.  They  change  the  figns  + 
and  —  of  the  terms  qx  and  .v^,  (which  involve  the  odd 
powers  of  x,)  into  the  contrary  figns  —  and  •+•,  and 
thereby  convert  the  original  equation  px'^  +  q^  —  x^ 
=  r  into  the  equation  pv^  — .  qx  -h  x^  =  r,  or  x^  + 
/jr^  ^^  qx  =i  fy  which  is  always  poflible,  and  has  only 
one  root;  and  this  one  root  of  this  latter  equation  x^  + 
px^  —  ^j;  =  r  they  call  a  negative  rcot  of  the  former 
equation  px^  +  qx  —  x^  =  r.  And  thus,  with  this 
negative  root  of  the  faid  original  equation  /).v*  +  qx  ■— 
j:'  -=  r  and  it's  two  former  roots,  (which  really  belong  to 
it,  if  r  is  lefs  than  a  certain  finite  quantity,)  they  compleat 
the  number  of  three  roots  which,  according  to  their  grand, 
fundamental,  propofition,  it  ought  to  have.  And,  if  r 
Ihould  be  greater  than  the  certain  finite  quantity  juft  now 
alludcd-to,  and  confequently  the  original  equation  px^  + 
^j:  —  x'  =  r  ihould  become  im poflible,  or,  rather,  falfe  *, 
they  then,  to  maintain  their  grand,  fundamental,  propo- 

♦  For  an  equation  is  nothing  more  than  a  propofition  affirm- 
ing the  equality  of  one,  or  more,  unknown  quantities,  or  terms 
involving  the  powers  of  an  unknown  quantity,  to  a  known 
quantity,  and,  therefore,  v/hen  the  former  quantities  cannot  be 
*qual  to  the  latter,  ought  rather  to  be  called /j^  than  tm^ 

poj^bk. 

Gtioxiy 


■    i 
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'fition,  (according  to  which  this  equation  onght  to  hMrt 
dnte  rootSi)  declare  that  this  eqiutkm  has  two  tmpoiEUe 

toots  and  one  negatiTC  root. 

# 

Art.  4*  By  the  negaihe  rotis  of  an  equation  we  are 
,dierefore  to  underftand  the  real  roots,  or,  in  the  Ian* 
guage  of  modem  writers  of  Algebra,  the  pofitifc,  or 
affirnutive,  roots,  of  another  equation  which  is  dernrcd 
fK>ni  the  propofed  equation  by  changing  the  £gns  -f- 
jmd  «-  that  are  prefijied  to  chofe  terms  of  it  which  in« 
Tolve  in  them  the  odd  powers  of  the  unknown  quantity 
H  into  the  contrary  (igns ;  which  mgsitve  roots  of  the ' 
propofed  equation  will  often  be  fufficient  in  number  to 
increafe  the  number  ^f  it's  real,  or  pofitive,  or  affirm^ 
ttive,  roots  to  the  number  required  by  the  abore  men* 
tioned  grand,  fundamental,  propofition  laid  down  by  the 
Inyfterious  Algebraifts,  to  wit,  the  number  of  dimenCcms 
of  9e  in  the  higheft  term  of  che  equation,  or  the'number 
of  units  contained  in  the  index  of  the  highed  power 
of  X.  And  by  ike  impqffible  roots  of  an  equation  we  are 
*to  undcrftand  certain  fitSlitious  quantities  which  are  not 
the  roots- of  any  equation  whatfoever,  and  of  which  no 
clear  and  diftindl  idea  can  be  formed,  but  which  arc  in 
number  equal  to  rhe  excefs  of  the  number  of  units  con- 
tained in  the  index  of  the  higheft  power  of  x  in  the 
equation  above  the  fum  of  botli  the  real  (or  pofitive,  or 
afHrmative)  roots  and  the  negative  roots  of  the  propofed 
equation,  and  are  therefore  fufEcient  to  make  the  whole 
number  of  roots  of  the  equation,  real,  or  pofitive,  ne- 
gative, and  impoflible,  be  equal  to  the  number  of  the 
dimcnf.ons  of  the  equation,  or  to  the  number  of  units 

4  .  in 


IMPOSSIBLE  ROOTS  IN  ALGEBRAICK  EC^ATIONS.     47^ 

In  the  index  of  the  higheft  power  of  x  ia  the  equation^ 
agreeably  to  the  grand,  fundamental,  ma.\im  above- 
mentioned  that  is  fo  much  infided-on  by  modern  A1- 
gebraifts. 

jirt,  5.  And  hence  it  is  •  evident  that,  to  find  the 
number  of  impoflible  roots  belonging  to  any  equation^ 
we  need  only,  firft,  afcertain  the  number  of  it's  real,  or 
pofitlve,  roots,  and,  then  that  of  it's  tiegative  roots,  or 
of  the  real,  or  pofitive,  roots  of  another  equation  that 
is  derived  from  the  firft  equation  by  changing  the  figns 
+  and  —  that  are  prefixed  to  all  thofe  of  it's  terms 
which  involve  any  odd  powers  of  4r,  and  then  add  thefe 
two  numbers  together,  and  fubtraft  their  fum  from  the 
number  of  the  dimenfions  of  the  equation,  or  the  num- 
ber of  units  in  the  index  of  the  higheft  power  of  x  in 
any  of  it's  terms :  for  the  remainder  arifing  from  this 
fubtra£tion  will  be  the  number  of  the  impoffible  roots 
of  the  equation. 

See  on  this  fubje£l  the  foregoing  part  of  this  prcfent 
Colle£tion  of  Traces,  pages  285,  286,  and  287. 


THE     END. 


FKXKTBD   BT   J.   DAYIS^   CSANCBRY-LANff. 
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